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dtor 0630p NOCBSLIeH, B OCHOBHOM, JIOKAJBLHOM TEOPHH OGHIK-
HOBEHHBIX zm(pqyepienuna.nhﬂmx ypaBHeHHH. B Hero He BKJIOY€HA
Teopus GHypKaLui; et 6yaeT mocesilieHa OTAe/bHas craThsi. Me-
TOJ, yCPeNHeHHsi H3Jaraercs B 063ope B. Y. Apuwospaa, B. B. Kos-
JgoBa, A. . Hefimrangra «MareMaTHyecKHe acneKTH KJacCHYECKOH
¥ HeGeCHON MeXaHHKH» (t. 3 HACTOSAINEro H3/aHHs).

Mu He KacaeMmcs CEKTPAJIbHOH TEOPHH AH(QepeHIHAIbHBX

ONepaToOpoB C OJHOH HE3aBHCHMOA nNepeMeHHOH (CM., HampuMep,
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[37]); mo umensaM H MeTOlLaM OHa OTHOCHTCH CKopee K (yHKUHO- -
HaJbHOMy aHanu3y. He BKiloueHH B 0630p TaKke TEODHSI HHTer-
pasbHBIX Npeo6pa3oBaHUil W ee TIpWIOXKeHHsT K AudbepeHun-
aJbHEIM ypaBHEHHSIM. ACHMIOTOTHYECKOH TeOpHH JubbepeHun-
aJbHBIX ypaBHeHH# rnocBsileH 0630p M. B. ®enopwoka «Acumnro-
THYECKHe METOAbl B aHaju3es; HEKOTOophle OflUiHe  TeopeMbr
acUMITOTHYEeCKOH TeopHu uMmeiorcss B raaBe 7. CoBceM He 3a-
TPOHYT BONPOC 00 HHTErpUPOBAHHH KOHKDETHHIX YPaBHEHHH; OCHOB-
HBIM nocoGHeM Ha 3Ty TeMmy siBastercss kHHra Kamke (E. Kamke)
«CripaBOYHHK 10 OGLIKHOBEHHEIM AH((epeHLHaNbHbIM YPABHEHHSIM>.

B mocneasHue romnl mpou3oilesn pe3KHH NOABEM aKTHBHOCTH B
HCCJISNOBAHMH KJAaCCHYeCKHX mpolbjem TeopHH AxdepeHUHANbHREIX.
ypaBHeHHH, CBI3aHHBIH C NPOHHKHOBEHHEM B 3TY TEOPHIO CMEXHBIX
OHCHHIIKH: aare6pul (Teopusi GOpPMaJbHHX HODMAJbHHIX (OpM),
ajarebpaHueckofl reoMeTpuu (paspenieHHe OCOGEHHOCTeH), KOMII-
J€KCHOTO aHaJju3a. Mbl cTapanauch, o0 BO3MOXKHOCTH, OTPAa3HTb 3TH
HCCJIe[IOBAHHUS B NpefJlaraeMof CTaThbe.

Hsnoxkenue Bemercs ¢ ©AMHOH TOYKM 3DEHHsST H C HCIIOJIb30Ba-
HHEM eJMHOH TepMHHOJIOTHH. MH HauHHaeM KaXAYIO IVIaBy C OI-
pedesleHHst OCHOBHHIX NMOHATHH C TeM, 4ToOBl clenath Hawl 0630p
AOCTYNHBIM H AJg YHTaTeJs-HecneluHanucta. B cyuiecTBylomei JH-
TepaType OTCYTCTBYeT €HHAasi TePMHUHOJOTHS — JaXe TEPMHH «OCO-.
6as TOukKa» ynorpebiaseTca B pa3JHYHHX 3HaueHUsx. Pasnuune B
TePMHHOJIOTHH H, YTO ellie Ba)XHee, B MaTeMaTUYECKOM SI3blKE NpPH-
BOJHT K TOMY, YTO B Pa3HBIX HCTOYHHKax O6J/H3KHe pe3yJ/bTaTH
GOpMYJAHDPYIOTCS COBceM NoO-pazHoMy. Has Toro, yTo6H OHH BOC-
NPHHHMAJHCh KaK YaCTH OJHOro LeJIOro, MH 3a4acTyio (popMyJH-
pPyeM HX He B TOM BHAE, KaK B N€DPBOHCTOYHHKAX,

HccnenoBanue kaxaoil npo6ieMbl MBI CTapajiHCh HAYMHATh C
paccMoTpeHHsi 06bekToB O0LUero MOJIOXKEHHS; OHH Haubojee NpoO-
CTHl U ONHOBPEMEHHO HMeloT OOJibllle BCero HNPHJIOXKEHHH, I10-
CKOJIbKY Yallle BCEro BCTPeyaloTcsl. BHIPOXKIEHHH BHICOKOH KOpas-
MEPHOCTH MbI KacaeMmcs TOVIbKO B JABYX caydyasix: ) ecau Bce BH-
POXJEHHS MeHblleli KOPa3MePHOCTH B H3ydyaeMol npobiieme yxke
ONHCaHH; 2) ecau NpobjeMa HCCAeAYyeTcs eIHHOOOpasHo JJIA BhH-
pOXKIeHHH BceX KOpa3MepHOCTed.

CnHCcOK JIHTEPaTYpHl He NpPeTeHAYeT Ha MOJHOTY. B Hero BKJIO- .
YyeHbl HEKOTOpble YYeOHHKH, a TakKxe MOHOTpaduu 06Iero Xapak-
Tepa. BoJsbliast yacTh CHHMCKAa COCTOHT H3 pabor, COfepKallHX
noApO6HOe M3JI0XKEeHHe Pe3yJbTaToB, CPOPMYJHPOBAHHLEIX B 0630pe.
Jlnsl corkpallleHHsl CIIHCKA JHTEPATYPBl ME TNOJIb30BAJHCL JBOHHH-
MH CCBIIKaMH: eci paboTa LUTHPOBaHa B MOHOTPadHH MJH CTaThbe,
BKJIIOUEHHOH B CIHCOK JIHTEPaTypHl, TO CCHJIKA HAa Hee HMeeT BHJ
[a:Db] uan [a, ctp. b]. IlepBoe O3rauaer paGory [b]. u3 cuucka
JHTEpaTypH B [a]; BTopoe — paboTy, LHTHPOBaHHyl0 B [a] Ha
cTp. b. 3Hak A YyKa3nBaeT KOHel] HEKOTOPHX (OPMYJIKHPOBOK.

B. H. Apnoasd, 10. C. Hasguwenko
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Taasa 1

OCHOBHDBIE HOHSATHUSA

B sroit rmaBe (§§ 1—6) gan KpaTkuit 6630p OCHOBHBIX INOHS-
THH W Pe3yJbTaToB OOINEro Xxapakrepa TeOPHH OOBIKHOBEHHBIX
nnddepeHnalbHEIX ypaBHeHH#. DBosee mnoppoGrHoe H3JOXEHHE
MOXKHO HaliTh B kuurax [7], [49], i[51], [61], {63], [64], {93]. Ila-
parpader 7 u 8 HocsAT GoJee CHENHAJbHHIH XapaKTep H COAEpXKar
HEKOTOphle HeJlaBHHe pe3y./bTaThl.

§ 1. Onpepenenus

1.1. Mona HanpaBJaeHnii ¥ MX HHTETpalibHble KpuBble. PaccMor-
pUM BeILeCTBEHHO® KOHEYHOMEPHOe JIHHEe{HOe TNpocTpaHcTBO V=
=R, Ilorem Hanpasaenuii B ob6aactu U npocrpaucrBa V  HasH-
BaeTCss COOTBETCTBHE, KOTOpPoe KaxKaoi touke x¥8U conocramiser
IPOXOASLLYIO Uepe3 X MPAMYIO.

Onpenenenue HureepasvHod Kpusold noas HanpasieHuil
Ha3hiBaeTCsl KPHBasi, KOTOpas B KaxkAoH CBOeH TOYKe KacaeTcs Ha-
npaBJeHUs NMOJS B 3TO TOUKE.

1.2. BekTopHbie noJsi, aBTOHOMHble AU depeHnnalbHbE YPaBHE-
Husl, HHTErpaibnble H ¢azoBble KpHBble. BexTOpHbiM nosem v, 3a-
JaHHbIM B o6nactu U npocrpaHcTBa V, HaselBaercss COOTBETCTBHE,
comocTaBJsiollee KaXA0H TouKe x€U NPHIOXKEHHBIA B HEH BEKTOP
v(x) npocrpancrBa V.

Juppepernyuaronsim ypasHenuem, cCOOTBETCTBYIOUIHM BEKTOp-
HOMY DOJIIO U, Ha3blBaeTCsl ypaBHEHHE

x=u(x), x6UcV, (1)

Touka Haj OykBoi o6o3Hayaer AuddepeHuUHpOBaHHEe 10 f: %=
=dx/dt".

O6aacts U HasbiBaeTcsi (pa3086im NPOCTPAHCTEOM 3TOrO ypaB-
HeHHs, a npsmoe npoussenenne RXU — pacwupennoim gasoseim
npocrpancreom; 3fecb R — ocb BpemeH (ocb f).

VpasHernne (1) Ha3HIBaIOT TaKkKe QBTOHOMHbIM  YPABHEHUEM
(Tak Kak 3aKOH 3BOJIIOUMH (PH3HUECKH ABTOHOMHOH, T. e. He B3aH-
MOJeHCTBYIOLIEH ¢ APYTHMHU CHCTeMaMH, (PU3HIECKOH CHCTEMbI OGbIU-
HO He 3aBHCUT OT BPEMEHH); HEABTOHOMHBIM ypABHEeHuem Ha3bl-
BaeTcst ypaBHeHHe, NpaBasi 4acTb KOTOPOIO 3aBHCHT TAKXKe H OT I

i=0(t, x). (2)

Onpenenenue. Pewenuen OJduppepenyuarsnozo ypasue-
Hus (2) HasplBaeTca AaudepeHunHpyeMoe ortofpakenne ¢ :[—U

D Tounee, sgech ¥ nmajee x WK dx/df o3HauaeT 3HaueHHE MPOH3BOXHOM
0ToGpaxKenna fw—»X Ha CTaHAApPTHOM OpTe ocH [,
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unteppana I= {t€R, a<{<b} BemecTBeHHOH oCH ! (IONYCKAIOTCA
@=—o0, b=+00) B (ha3osoe NPOCTPAHCTBO, eCJIH Al J106OTO
t€] BHIOJAHSAETCS COOTHOLIEHHE

2 9@, =0 (5 P ().

Onpenenenue. Hurezparbroii Kpusoil Ouppepenyuanbrozo
ypasHexus HaspiBaeTcs TpaduK ero pelienHs; (aszosol Kpusod —
NpoeKUHsT HHTerpasnbHOH KPHBOH Ha ()a3oBoe MPOCTPAHCTBO BAOJIL
ocH 1.

1.3. Tloas HanpaBieHuit M HEaBTOHOMHbie AU (epeHuHANbHBIEC
ypaBHenusi. [IycTb U — 3aBHcslllee OT BPeMEHH BeKTOpHOe ToJe,
T. e. OTOOpaKeHHe, CONOCTABJsIOLIee KaxX0i Touke (f, X) HEKOTO-
poit 061aCTH TPSIMOTO NPOH3BeleHHs ocu Bpemend R u dasosoro
npocTpaHcTBa V BeKTop (a30BOro NMPOCTPAHCTBA (IPHJIOKEHHBIH B
TOUKE X).

Onpeneaenue. Jlosem nHanpasrexuil OugppeperyuanrbHo2o
ypasHenus

i=0(t, x), (, x)SUCRXV 2y

Ha3LIBaeTCsl M0Jle HanpaBJeHHil, 3afanHoe B 00J1acTH PaCHIHPEHHO-
ro $a3oBOoro NpOCTPaHCTBa, Tle ONpeleleHa NpaBasg 4acTe, cje-
AYOUIAM TpaBHJIOM: ToUKe (f, X) COMNOCTaBJsAETCH NPOXOAsSILas ye-
pes Hee npsiMas, coldepxamasa Bekrop (1, v(¢, x)).

Jlerko nokaspiBaercs

Teopema. VHrerpaibHEIMM KDHBHIMH TOJISI  HanpaBJeHHE
ypaBHeHUsi (2) siBAsOTCS rpaduKH pelleHMH 3TOTO ypaBHEHHS H
TOJIBKO OHH.

He Bcsikoe mosie HampaB/ieHHH sBJseTcs NOJEM Hanpasle-
Huii g ¢epenunanbHoro  ypaBHenus (2). Hanpumep, mnoae
nyaeit 1-dopmur f(x, y)dx+g(x, y)dy=0 onpenpenser (nmpu yc/o-
BHM f24+g?+0) nosne wanpasienuit. [lone Hynelt dopmer d(x2+ y?)
Ha IJIOCKOCTH 6e3 HyJas He sBJseTCs 1oJeM HalpaBJeHHH ypaBHe-
Hus BuAa (2).

1.4. Nuddeomopdusmnt u ¢asosnie noroxu.Juddeomoppuzmom
o6nactu U ma obinacte W Ha3piBaeTcs B3aHMHO OAHO3HAYHOE OTOO-
paxenHe, AudhdepennupyeMoe BMecte ¢ o6paTHHM. Beiogy B Hajb-
HelilleM, ecj¥ He OrOBOPeHO NpPOTHBHOe, AudbbepeHUHpyeMOCTb 03-
HayaeT HaJHYHe HENpephBHBHIX MPOH3BOAHEIX BCEX INOPSIKOB.

Onpenenenne. Odwonapamerpuueckod epynnod {g'} Ougp-
(peomoppusmos obnactn U HasbiBaeTcs Takoe 0TOOpaxeHHe g
npamoro npoussefenns RXU B U:

g : RXU—=U, g(t, x)=g'x, teR, x€U,

4T0

1) g — nuddepenuupyemoe otobpakenne,

2) cemeiictBo {g‘|/€R} sBisieTcs oAHONMapaMeTPHUUECKO# rpyim-
noit npeofpasoBaHui: glog’=g'**" Aas mobux f, s€R; g®=id.
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M3 1) n 2) BHTEKaer ,

3) mpu kaxngom (€R orobpaxenue g*:U—U — nuddeomop-
dusM.

Daszosbim nOTOKOM, 3alaHHHM B 00J1aCTH, Ha3bBaeTCs OJHONA-
paMeTpuuecKas rpymnna ee AudeoMopdu3MoB.

Onpenenenue. Ilorem pasosoii cxopocru mnoroka {g'}
HA3HBAETCH NoJle CKOpocTeH, ¢ KOTOPHMH NOTOK CABHIaeT TOUKH
c Mecra: v(x)=dg'x/dt|,—o. DTo mose Ha3BIBAaETCS] TAKXKe MNpPoOU3-
800AwuM nosem OLHONApaMeTpHuecKoi rpynnsl {g'}.

Teopewma. JIBuKeHHe TOUKH Noj JAeficTBHeM (pa3oBOro nortoka,
p(f) =g'(x0), aBAsieTcs pemleHHeM ypaBHeHus (l), sazanHOro no-
7eM ($a30BOii CKOPOCTH.

OGpaTHO, B HEKOTOPHX cjayuasx (a HMEHHO, KOrga pelleHHs
ypaBHenHsi (1) mpopoakarTCd Ha BCIO OCb BPEMEHH) MOXKHO NO-
CTPOHTb N0 AAHHOMY BEKTOPHOMY moJio v ¢asoBHll MHOTOK, s
KOTOpPOro U fiBAsieTcst moJjiem (a3oBoll ckKopoctd. OAHAaKO 3TO He
BcerJa TaK (nmpumep — ypaBHeHHe i=x2). B artoM cayuae, Kak

JIErKO COCYUMTATh, €JMHCTBEHHO BO3MOXHBHIH NOTOK AaeTcs ¢Gopmy-
Cnoit gix=x[/(1—tx). Xota g't*=g’° g*, aTa dopmyna He 3amgaer
¢asoBoro noroka Ha aduHHON NpaAMOH, a JHIIb Ha NPOEKTHBHOH,
noJiyyaeMOH H3 OCH X J0OaBJeHHeM TOYKH oo.

C_KaXAHM BEKTODHBIM HOJIEM H KaXKAOH TOYKOH (a3oBoro npo-
CTPAHCTBAa CBA3aH A0KAAbHbLLE (pa308bli NOTOK: OAHOIApaMeTpHUe-
ckoe ceMmelcTBo AHPdeoMop(PH3MOB, onpelneseHHHX B HEKOTOPOH
OKPeCTHOCTH 3ToH TOukH. OToOpaKeHHs JOKaJabHOro ¢$as3oBOro Ino-
TOKa COOTBETCTBYIOT HEKOTOPOMY HHTepBaJy OCH BpeMeH H o6.ja-
Aal0T IPYNIOBLHIM CBOHCTBOM:

ghtr=g" o g% gr=(g"""

neppoe PaBeHCTBO CNpaBelJHBO TIpH BceX ! M § H3 HEKOTOPOH
OKPeCTHOCTH HyJsl H NPH BCeX X U3 HEKOTOPOH OKPECTHOCTH HaH-
Hoi ToukH. Ilosme a3oBHIX CKOpOCTeH JIOKaJbHOrO ()a3oBOro MHo-
TOKa COBNAJaeT C MCXOAHHIM BEeKTOPHBIM INOJEM B 3TOH OKpecT-
HOCTH.

JlokaabHble ¢asoBble notoku {g,'} H {g'} ABYX BeKTOPHHIX
NMojledl B TOUKAX X H Y TONOAOSUHECKU IKBUBANEHTHbL (CONPSIKEHH),
€CJH CcylkecTByeT roMeoMopdu3m f1 OKpeCTHOCTEeHl 3THUX TOueK, ne-
PEBOAAMIKA X B Y H CONPSraloHi NpeoGpa3oBaHHs JOKAJLHHIX (a-
30BLIX IIOTOKOB: gy'ocH=H og!.

1.5. OcoGble TOUKH.

Onpenenenne. Ocobas To4Kka BeKTOPHO20 NOAS — 3TO TOU-
Ka, B KOTOpBII BeKTOp noas obpamaercsi B Hydb. Ocobas Touka
Ougppepenyuanstozo ypasnenus i=v(x) — 510 ocobas TOUKa Co-
OTBEeTCTBYIOILIEro BeKTOPHOrO IOJIS U. ,

[Tyers f — nuddepennupyemoe oro6paxenue obaactu U npocr-
paicrBa R™ B o6aacte W npocrpancrsa R™ [Ipoussodnod orobpa-
¥enus [ B TOYKe Xp HA3BIBAGTCSl «INiaBHAsi JHMHeHHAas 4YacTh»
OToGpaxeHHsl [ B TOYKe Xo, TOUHEE — JHHeHHHIH onepatop A: R*—
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—R™ takoi, uto
f(x)~=f (x0) = A (x~—x0) +0(x—xo).

IMycts x= (X4, ..., X¥s) B Y= (Y1,..., Yn) — KOOPAMHATE B 1p000-
pase u obpase cooTBeTcTBeHHO. Torna oTo6pakeHHe [ 3alHCHIBaET:
cs B Bufe BekTOp-QyHKuHH y= (fi(X),..., [m(x)). D0 O3Hauaer,
9T0 Yno [=fr Marpuuna omepatopa A B KOOpJAHHATAX X, Y — 3TO
sikoOHeBa MaTpHia BekTop-Qynkuuu = (fi,..., fn). IIpousBoanas
oTo6paKeHHss H COOTBETCTByIoOLlasf MaTpHia 0003HAYalOTCs OAHHA-
KOBO:

(7]
A=% (x0) = falx0), A=(a:), aii"‘T,]:j-(xO)‘

Huddepennupyemoe BeKTOpHOe mOJe—3TO Toje ¢ Auddeped-
1HpYyEeMbIMU KOMIIOHEHTAMH.

[lycts xp—ocobast Touka JuddepeHIHPYEeMOro BeKTOPHOro
ot ¥, 0v/0X — Npou3BOLHAS OTOOpaXeHus V:xX—v (X).

YpaBHeHue

. 0 '
x“——Ax, A=_—“—0?;(X())

HasnBaeTcs AuHeapusayued ypasHenus (1) 8 ocoboil TOUKe Xo,
nosne Ax — AUHEHOU 4aCT60 NOAA U B TOYKe Xo, A — omepartop
STOH JIHHEHHOH YacTH, HHOrJa BMeCTO O0u/0x NHIIeTCS U..
Oco6ast TOYKa BEKTOPHOTO MOJISi HAa3bIBAETCST HEBbLPONIEHHOU,
€CJ/ld ollepaTop JUHEHHON YyacTd NoJs B 3TOH TOYKe HEBHIPOMKIEH.
Oco6ble ToukH AuddepeHnIHaNbHOIO ypPaBHEHHS HHOTAa Ha3bl-
BAIOT TakKXe NOoJoXeHHsiMH paBHOBecHs. CoOCTBeHHble 3HaYeHHS
omepartopa JHHeapH3aLHH BEKTOPDHOrO MoJsi B ocoboli Touke &
(onepatopa 9dv/dx(a)) Ha3bIBAIOT HHOTAA COGCTBEHHBIMH 3HAUYEHH-
SIMH 0cOB0H TOUKH.
1.6. Heiicreue auddeomopdn3ma Ha BEKTOPHOE MOJeE.
Onpenenenune. Ilpu nuddeomopdusme f: U-W BektopHOE
nose v, 3ajaHHoe B o6sacTH U, NMepexoAHT B BEKTOPHOE moJje U,
3afanHoe B obaactH W mo caenyroomemy npaBuay. Ilycts aBHXKYy-
wasica B U touka ¢(f) B MoMeHT ¢=0 BHIXOJZHT H3 X CO CKO-
pocteio v(x). Toraa Touka f(g(f)) BBHIXOAHT M3 y=f(X) co cKo-
pocteio v(y).

dro ompejeNeHHe KOPPeKTHO (v He 3aBHCHT OoT BHbOpa JBH-
JeHHs ). JTO TOKa3bIBAeT, Hanpumep, Teopema o AH(depeHuHpo-
BaHH H cjaoXkHOH ¢yHKuuH: v(y) = (f.v) (x), y=[(x). UnbIMH caoBa-
MH, TPOM3BOJHAR OTOOparXkeHHs [ B X NMePEBOAUT BEKTOP IO U B
TOYKe X B BeKTOp IIOJIsk U B TOUKE f(x).

1.7. Tlepsbie uHTErpabL.

Onpenenenune. I'manxas QyHKUHS, NOCTOSHHAA Ha (ha30BHIX
KPHBBIX aBTOHOMHOro JIu¢(depeHLHa bHOr0 ypaBHEHHS, Ha3LIBaeT-
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csi (He 3aBHCALIHM OT BpPEMEHH) nepsuim UHTEZPaLOM 3TOTO ypas-
HEHHS.

3apucAuMi OT BpeMeHH NEepBHIY HHTerpasa (Booblie roBops, He-
ABTOHOMHOTO ypaBHEHHs) — 3T0 (YHKUHS B paclIHpeHHOM ¢aso-
BOM IIPOCTPaHCTBE, IOCTOSIHHAS Ha HHTErpajbHBIX KPHBHIX.

Ioanoii cucremoli nepsbix uHTezpaaos Au(QepeHLHANLHOTO
ypaBHeHHs (aBTOHOMHOTO HJIM HEaBTOHOMHOIO), 3aBHCSLIMX HJH He
3aBHCSIIHX OT BpPeMeHH, Ha3blBaeTcsi TakoH Habop NepBHX HH-
Terpajos, YTo JI000H Ipyroil mepBBIH MHTerpasi sABjsieTcs (QyHK-
IHeH OT IMepBLHIX HHTerpajoB Habopa.

Ilpumep. ¥YpaBHeHUe £=x, y=y Ha IJIOCKOCTH He HMeeT Hemo-
CTOSIHHBIX (OTJIMYHBIX OT KOHCTAHTHI) HEPBHIX HMHTETrpa’ioB, He 3a-
BHCSIIIHX OT BpeMeHH. To e ypaBHeHHe HMeeT NOJHYIO CHCTEMY
43 ABYX 3aBUCAIIHX OT BpPeMeHH NepPBHIX HHTErpajoB, 8 HMEHHO
xe™t, yet.

1.8. Nuddepennnanibible ypaBHeHUs ¢ KOMIUIEKCHBIM BpPEMEHEM.
BexkTtoproe nose, 3agaHHoe B ob6aactd npoctpaHncTBa C°, HasbiBaeT-
Csl 20A0MOpPHbIM, €CIH ero KOMIOHEHTH — rosoMopdHue QyHK-
nue. AHaNOTHYHO onpefensieTcss rosomopdHoe oTobpaxkenune U—-
—~W, UcCr, Wc=Cr,

JuddepennualpHbiM ypaBHEHHEM C KOMIUIEKCHBIM BpeMeHeM
(MM KOMILIEKCHEIM aBTOHOMHBIM YpaBHEHHEM) Ha3hBaeTcsl ypaB-
HeHHe BUJA

%—='v(z), U cCr, teC.

Bce onpenenenuss nm. 1.1—1.7 nepenocstcs o4eBUAHBIM o6pa-
30M C BelleCTBEHHBIX aBTOHOMHBLIX YpPaBHEHHH Ha KOMIJIEKCHBIE.

1.9. Tonomophubie noJst HaANpaBJIEHHA B KOMIJEKCHOH 06JacTH.
Fosromopproe nose Hanpasrenuti — 310 COOTBETCTBHE, KOTOPOE
KaxxJ0H# TOuKe HeKortopoi obiacth U npoctparcrBa C" comocras-
JileT TMPOXOMSILYI0 yepe3 Hee KOMILIEKCHYIO NPSIMYIO, aHAJHTHUECKH
3aBHCALLYI0 OT TOYKH. DTO 3HAYHT, YTO B OKPECTHOCTH KaXIOH
ToukH obsacty U MOXKHO TakK BHIOpaThb roJOMOpGHYIO CHCTEMY KO-
OpAHMHAT, UTO IpsiMas, NPOXOAsllas uyepe3 TOUKy U, uMeer Ha-
npaBaswoomuit Bektop (1, v2(2),..., vU,(2)); OyHKIHH ©U; TOJIO-
Mopbubl. HHTe2pasbHOl Kpusol 20A0MOPPHO20 NOAS HANPABACHUL
Ha3blBaeTcsl roJOMOp(pHAas KpHBasi, KOTOpasi BO BCeX CBOHX TOYKAX
Kacaercsl HanpabJeHHH HOJs, CBS3HA M MaKCHMaJbHa, TO eCTh He
siBAsieTcsI COGCTBEHHBIM INOAMHOXKECTBOM CBSI3HOH  rosomop ol
KPHBOH, KacalouieHcsl BO BCeX CBOMX TOYKAX HaNMpaBJeHHH NOJIS.

I[Tpumep 1. Tlone wanpaBieHuidi, 3agaBaeMoe 3SHJIEPOBHM
BEKTODHBIM TOJIEM 210/02)+2,0/02,, onpeneseHo Ha  NPOKOJOTOM
nnockoctd €2\ {0}. Ero HHTerpanbHBIMH KPHBLIMU SBJASIOTCH HpS-
MBble, NPOXOASIiHe yepe3 HyJb, C BHKOJOTOH TOUKOH HYJb. 3Ta
TOYKa, N0 ONpeJeseHHI0, He NMPHHALTIEXKHT HHTErPaJbHHM KDUBHIM,
NOCKOJIbKY MOJie HanpaBJeHHH He NPOJONXKAeTCs B Hee aHaJHTH-
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yeckd. Touka {0} He NpHHAMNTENKHT HHTErPAJBHBIM KPHBHIM, XOTd
ee no6GaBJieHHe OCTaBJsieT KPHBBIE TOJOMOP(HBIMH.

IIpumep 2. VHTerpaibHBIMH KDHBBLIMH MOJSI HaNpaBJeHHH
dH=0, rae H (2, @) — MHOTOYJIeH, SBJAIOTCH JHHHH yDOBHSA MHO-
rouneHa H 6e3 UX KPHTHYECKHX TOYeK. JTO — KOMNAKTHEIE PHMa-
HOBBI II0BEDPXHOCTH C BBIKOJIOTHIMH TOYKaMH.

TeM caMbiM, HHTErpaJbHEIE KPHBBHIE IOJsI HaNpaB/JeHHH B KOMII-
JIeKCHOH 006/1aCTH TOMOJIOrHYECKH MOTyT OBITH CJIOXKHee, 4eM Be-
liecTBeHHble HHTErpaJjbHble KPHBBHIE, KOTOPble BCerfia roMeoMOp (PHE
npsmoit R. OTMeTHM, YTO BelilecTBeHHble (a3oBble KDHBHIE JHGO
TOMOJIOTHYECKH 3SKBHBAJIEHTHBI NpPSMOH HJH OKPYXKHOCTH, JHGO co-
CTOST U3 OJHOH TOUKH.

1.10. duddepenunanbible ypaBHEHHs BHICIUMX NOPAAKOB. [Hd-
¢epeHlHaAbHOC YDaBHEHHE :

x(”)zf(t’ X, /{:7 A ] x(lz—l))’ xERl’ (3)

CBOAMTCA K cHCTeMe BAa (2) C MOMOUIBIO 3aMeHBl y=(X, X, ...
<., XD}, Toraa

y=Ay+f(t y)en e=(0,0,...,01),

MaTpHla A — »KOpJAaHOBa BepXHETPeyro/ibHas KJeTKa ¢ HyJAsMH Ha
AHaroHa M. Pelnenne ypaBHeHHs (3) ¢ HauyaJabHBIM  YCJIOBHEM

x(to) =yo, x(lo) =41,..., X V(fy) =yn—1 — 3TO NepBast KOMIIOHEH-
Ta pelleHHs COOTBETCTBYIOIEH CHCTEMBl C HAyajJbHBIM  yCJIOBHEM
Y(to) = (Yo, ..., Yn—1). OCHOBHBEIE TeOPEeMbl IJIsi YPaBHEHHH BBICLIHX

MOPSIIKOB BHIBOASATCS H3 OCHOBHBIX TEOpEeM JJisl CHCTEM YypaBHEHHH
NepPBOrO NOPSAKA.

1.11. JuddepeHuuanbubie ypaBHeHHsi Ha MHorooGpasuu. Bce
onpejeneHHs NpeAbAYIIHX pa3aenoB 0606INAIOTCS HA caydai, Kor-
JAa BMeCTO 00J1acTH BeLIeCTBEHHOTO HJIH KOMIJIEKCHOTO JIHHEHHOrO
NIPOCTPAHCTBA PAacCCMATPHBAETCSl BelleCTBEHHOE MM KOMIJIEKCHOe
mHoroo6passe M. Hanpumep, aBToHOMHOe auddepenumanpHoe
ypaBHeHHe 3aJaeTcs BEKTOPHBIM II0JIeM Ha MHOrooGpas3ud (cede-
HHeM KacaTejbHOro paccioeHusi). [TogpoGHOCTH MOXHO HaiiTh
B kHHrax [7], [24], [47].

§ 2. OcHoBHble TeopeMbl

B stoM naparpade u3snaraercsa TeopemMa O BHIIPSMJEHHH BeK-
TOPHOIO MOJS M CJIEACTBHsA M3 Hee. Bcioay aast npocrots dopmy-
JHPOBOK TpebyeTcst MIaAKoCcTh (TO ecTh GeckoHeuHas AH(depeHIH-
pyeMocTb) paccMaTpUBaeMbIX BeKTOpHHIX Nosell. OnHako BCiofy,
Kpome In. 2.6, moctaToyso noTpe6oBaTh TOJABKO C!— rmagkocTu
nojeit; B n. 2.6 HeoOXoxuMble TPeGOBaHMS IVIAAKOCTH chOpMYJH-
POBaHH! ABHO.

2.1. Teopema 0 BHINPSIMJEHHH BEKTOPHOrO MOJS.

OcHoBHas TeopeMa TEOPHH OOLIKHOBEHHBIX AU bepeHiy-
aJIbHBIX ypaBHEHHH. ‘
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B Z0CTaTOYHO MaJiOM OKPECTHOCTH HeocoGoi TOUKH AH(GepeHIHpy-
eMO€ BeKTOpHOoe moJsie AHPGHeoMOpPPHO NOCTOSHHOMY TMOJMID €=
=(1,0,..., 0). [IpyrumMu ciroBaMH, B HEKOTOPOH# OKpPECTHOCTH He-
ocoboil ToukHu cyulecTByeT Au¢deomopdn3M, nepeBOASLIHA HCXOA-
Hoe fnoJe B NoJe é;.

Judpdeomopdusm B 3TOl TeopeMe HA3LIBACTCS BbINPAMAIIOWUM.

AnajiornuHasi TeopemMa BepHA AJAA TOJOMODGHEX  BEKTOPHBIX
noneit. Ecau ucxoanoe mone — Kiaacca C7, 1<Cr=Coo, TO BHIIPAM-
asiomui nuddeomopdusM Toxe MoxKeT ObITh BhIOpaH Kiacca C.

JanpHeliuide TeopeMHl 3Toro naparpada SABJSIOTCA OPOCTHIMH
CJEJCTBUSIMH TEOPEMBI O BHINPAMJEHHH BEKTOPHONO HOJIS.

2.2. Teopema CylieCTBOBAHUS U €AHHCTBEHHOCTH.

Teopema. Uepes Kaxiylo TOUKYy paclIBpeHHOro (as3oBoro
npocTpaHcTBa nuddepeHuupyeMoro (rogoMopdHOro)  BeKTOPHOro
I0JsT NPOXOAUT OLHA M TOJNbKO ONHA MHTErpa/ibHasi KpHBas COOTBET-
cTByMolero AuddepeHnHalbHOTO  YPaBHEHHS C  BEIUECTBEHHHIM
(KOMMJIEKCHBIM) BpeMEHeM.

Teopema., Yepes kKaxiayw TOYKy 00JacTH, Trje 3a1aHO Be-
uecTeeHHoe AuGdepeHLHpyeMOoe HJIH KOMIJIEKCHO-aHaJHTHYECKOe
noJle HampaBJeHHH, NPOXOAHT OXHA W TOJbKO OJHA HHTErpajbHAas
KpPUBAs 3TOTO IOJS,

Teopema CTaHOBHTCS HeBepHOi, ecid B ee (HOPMyJHPOBKe MO-
Jle HamnpaBJeHHH 3aMeHHTh Ha noJie IWIOCKocTe#. [lose nAOCKO-
crell — 3TO COOTBETCTBHE, CONOCTABJSIONIee KaXAoH Touke 06-
JIACTH BEKTOPHOTO NPOCTPAHCTBA NPOXOAAILYIO Yyepe3 Hee MJIOCKOCTb.
Hurerpasbiasi NOBepXHOCTb MOJS NJIOCKOCTeH — 3T0 AU pepenuu-
pyeMasi OBEPXHOCTb, KacaTe/bHOe MPOCTPAHCTBO K KOTOpPOH B
Ka)XJoH TOYKe COBIajaeT C IJIOCKOCTLIO MOJS.

[Tone nJockocTel o61ero NMOJOXKEHUST PAa3MEPHOCTH 2 HJH BHI-
mie He HMeeT HH OJHOH HHTerpaJbHOd nosepxHocTH. [Tpumep: mouse
nysaei popmbl dz—ydx B R3. JlocTaTouHble YCJIOBHS CYLIeCTBOBa-
HUSI MHTErpaJbHBIX NOBepXHOCTeH AocraBiser Teopema Ppobenuy-
ca [8], [47].

YenoBHe TAaKOCTH NpaBoH 4YacTH B NpPeABAYILHX TeopeMax
MO¥KeT OBITh 0c1abJeHo.

Onpepneaenune Orto6paxenne f[:U—>W, UcR", WcRm,
yIOBJIETBOPSieT yc.108ur0 Jlunwiuya, ecid CyIlecTByeT TakKas I0JO0-
XKHTesbHAA KOHCTaHTa L, uro

[F () —f (x2) | <L |x1—x2|

ais Beex x,6U, x0€U.
Teopewma. Ilycts npaBas uactb ypaBHEHHS

x=0v(t, x) @

B HekoTopoii o6sactu npocrpaHctBa R™*! HenpephiBHa M YAOBJET-
BopsieT YcJOBHIO Jlumiuuina no X (To ecTb B KamJOH IJIOCKOCTH
t=const) ¢ ognoit u ToH xke KoHcrautoi L. Torma yepes Kaxayw
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Touky ob6sactd U mnpoxoaur OQHA M TOJMBKO OJHA HHTerpasbHas
«pHBasi ypaBHeHHA (2).

Ecnu npapas 4acTb ypPaBHEHHs (2) TOJbKO HeNpPephiBHA, TO H
TOra yepe3 KakAyK TOYKY NMPOXOAHT XOTS OBl OfHa HHTErpaJbHad
gpuBasg, OfHAaKO €JHHCTBEHHOCTh HApylIaeTcs, Kak MOKa3hBaeT
npuMep ypaBHenus x=x'3 (puc. 1).

2.3. Teopema 0 BHINPAMJEHHH M0JisI HanpaBJeHHH.

Teopema. Kaxnas toyka o6Jacty,
rie 3alaHo BeliecTBeHHO Au(depeHUHUpYe-
Moe WJIH KOMILIEKCHO-aHaJHTHYECKOe IoJje
HampaBJ/ieHuil, HMeeT OKPeCTHOCTh, B KOTO-
poit cyuiectsyer auddeomopdusm (cooT-
BeTCTBEHHO, OHrojioMopdHoe oTOGpaxe-
Hue), MepeBOASIIME HHTerpajibHbHE KpH-
BhHle BEKTODHOTO IO B TapaJjielibHbie

JpAMEe.
Puc. 1. Hapymesne [Tosie niockocTel pasMepHOCTH Bbie 1
€IHHCTBEHHOCTH . BBINIPAMJIAETCA He BCErja (HpHMep—'—I‘IOJIe
dz=ydx B R?).

2.4, NpubauxenHoe pemeHue AHGPepeHUHANBHBIX YPaBHEHHIL.

a) UeTerpupoBaHue c IOMOILbIO CTENEeHHKBX pd-
I 0B.

Pemenne nuddepennuanbHOro ypaBHEHHS ¢  aHAJHTHIECKOH
MPaBofl YacThi0 MOXKHO HCKaTb B BHJAE CTENEHHOrO psia METOLOM
HeonpeneneHHbx koadduuuentor, Hampumep, NoacTaBiads B X=X
pan 14-ait+4 ..., nocnenoBaTelbHO HaX0AHM KO03G(QHUHEHTH a;= 1,
ay;=1/2,...,ap=1/k! pemenns ¢ HauaJbHEIM YycJoBHeM x(0)=1.

6) JlomaHbe Ditaepa.

JloManne Diljiepa cOCTOAT U3 OTPE3KOB, BO3HHKAIOUIUX IPH an-
TIPOKCUMAINH pellieHus JUHEeHHbIMU (PYHKUHUSIMH Ha NOC/eLOoBaTe  b-
HEIX MaJIblX OTPe3KaX BPeMeHH.

Bumecro aH¢¢epeHuHanbHOro ypaBHeHHs1 (2) pacCMOTPHM pas-
HOCTHOE

(Ph+1'—(Ph=U(th, (Pk)h, th=t0+kh.

H3 5TOr0 ypaBHEHHS H HAYAJBHOIO YCJIOBHS (o= Xg [10CJIeJ0BATENbHO
Haxousircs @i, @2, ..., Q. JIOMaHast ¢ BepwHHaMH (fy, pr) HA3H-
Baerca aomanod disepa. Ha nocratouno majnom orpeske (Nh<Ca)
JIoMaHHe Dijepa paBHOMEPHO CXOAATCA mpu A—0 K HHTETpaJbHOH
KpuBol nuddepeHnHaNbHOrO YPaBHEeHHsi x=v(f, x), NPOXOAsILEH
Yepes HavaJbHYIO TOUKY (%o, Xo) (A CXOAHMOCTH HOCTATOYHA He-
TIPepHIBHOCTDL V).

Boablyio TOYHOCTL NP MajiOM Hiare A LaOT Pa3sHOCTHHE YPaB-
HEHHs!, alIPOKCUMHPYIOLIHE PEIleHHsT MHOTOUIeHaMH 6osiee BHICOKHX
creneneil, ueM nepBasd. Hanpumep, onya u3 Haubosee ynorpe6UTEb-
HHX PopMyn meroda Pynee—KyrTa Tak 3ajaeT BepLIKHY JIOMaHOI
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(x-+h, y+Ay), caenyomyio sa (x,y) [13, c. 455]:
1 op
Ay=§ (R1-+3ky -+ 3k3 k),

rae

k1=h’U (JC, y), kz’—_—h’() (X“{—g’ y+’§—1)'

\

25 ks )
ks=hv {x—“—g—a !/—“—3‘+kz), Ry=hv(x+h, y4-k—ky+k3).

Briunciennoe no atoil Gopmyae npupaileHne Ay npHOamKaer npH+
pailleHHe HCKOMOIo pelieHHs ¢ TouHocthio O (K5).
B) MeTox mocaenoBaTeNbHBIX NPHOGJIHUKEHHH.
PaccmoTpuM  nocienoBatenbHOCTh  oTOGpameHHd ¢ : [—>R®,
3aflaHHBIX PeKyPPeHTHO:
t

BB)=%0 s ()=%o+ v (r, % (@) dr.

to

OrobpaxeHHus: ¢p HA3HIBAIOTCH NMHKAapPOBCKHMH NPHOJHKEHHSMH pe-
IIeHHs] ¢ ypaBHeHHsa (2) ¢ HayaJbHBIM YCJaOBHeM ¢ (fp) =xo. Ecan
HHTepBaJ | JOCTAaTOYHO MaJ, TO NOCJeA0BaTeJbHOCTh NMHKAPOBCKHX
MPUOJHKEHHH PaBHOMEPHO CXOAHMTCH K DPELIEHHIO ¢ Ha HHTepBale
[ He MeJJleHHee reOMeTPHYECKOH NMPOrpecCHH co 3HaMeHaTeJseM, Ipo-
NOpUHOHANbHLIM AJMHe uHTepBana. (Ha camom paene, nmHkapoBcKHe
NpUOJUKEHUsT cXoaTcs OblcTpee 060 NPOTPECCHE.)

2.5. TeopemMa 0 NpoOAOJKEHHH.

Onpenenenue. Ilpodoanenuem pewnenus ¢ Iubbdepenunu-
aJbHOTO yPaBHEHHs Ha3blBaercs pelleHHe, onpelejeHHoe Ha 6OJb-
lueM HMHTEPBaje OCH BpeMeHH U COBIajlalolilee C ¢ HAa HHTepBaje
onpenesnenus ¢. [IpogoskeHue HasblBaeTCsl HeOrpaHHYEHHBIM BIipa-
BO (BJIEBO), €CIM OHO ONpelesieHO Ha HEeOrpaHMYEeHHOM BIPaBO
(B1eBO) Jyde, BelleCTBEHHO# ocu. PeleHue mpomosxaercs IO He-
KOTOpOro IOAMHOXecTBa (pasoBOro NPOCTPAHCTBA (MJIH pacCUIHPeH-
HOro ¢a3oBOro NMpOCTPAHCTBA), €CJAH CYIIECTBYET TaKoe ero nponoJ-
XKEeHHe, YTO COOTBETCTBYIOIIas (a3oBas KpuBas (MHTerpasbHas KpH«
Basi) mepecekaeT yKa3aHHOE MHOXKECTBO.

TeopeMa, IIycts npaBas wactb ypaBuenus (1)

x=0v(x), x6UcR"

IudpdepenunpyeMa 1 K — KoMIakTHOe 3aMBKaHHe nomobiacti 06+
Jactn U, cogepxkameecss B U. Torga Kaxmoe peuleHHe ypaBHEHHS
(1) ¢ HavanbubIM ycaoBHEM H3 K NPOAOJIKAeTcs BHpaBo (BJIEBO)
Ju60 [0 rpaHHIbl MHOXecTBa K, 1H60 HeOTPaHHYEHHO MO BPEMEHH.
Peulenne HeaBTOHOMHOrO YPaBHEHHs ¢ HaYalbHBIM YCJOBHEM H3
KOMNaKra B pacIIHpeHHOM (Pa30BOM NpPOCTPAHCTBE NPOJOJIKAETCH
Z0 TpaHHIE STOr0 KOMNAKTa.
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SaMmeuanue Jduddepenunanrupie YPaBHEHHSI CO CKOJIb YTol-
HO I'JIaJKOH NpaBOH 4acTbl0 MOTYT HMeTh pelieHHs], He NpojoJxKae-
Mbi€ Ha BCIO OCb BPeMEHH.

[Tpumep. Pemlesre ypaBHeHHss X¥=x2 yXOAUT Ha OECKOHEYHOCTH
3a BpeMmst t=x(0)"".

2.6. Teopema o auddepenunpyemoil ¥ aHAIUTHUECKOH 3ABHCH-
MOCTH pellleHHH OT HaYaJbHBIX YCJOBHI U MapamMeTpOB.

Teopewma. Paccmorpum ceMmeiicTBo nuddepeHHHaNbHBIX YPaB-
HeHHH

i=v(t, x, o), x6U, Uc=R", (a)

3ajaHdbX B ($asoBom mnpocTpaHcTBe U BEKTODHBIMH TOJSMH U
kaacca C7, nudpdepenunpyemo (kmaacca Cr) 3aBUCALIMMH OT napa-
MeTpa a€A, rae A — 06s1acTh B BEIECTBEHHO JIMHEHHOM KOHEYHO-
MepHoM npocrpanctBe Re, Torga peumienne ¢ ypaBHenHs (a) ¢ Ha-
YaJibHBIM ycJoBHeM @ () =x nuddepenuupyemo (kaacca CT) 3aBH-
CHT OT %, X, @ TPH AOCTAaTOYHO MaJbix |f—f|, |x—xo|, la—ag] -A

Ananoruynas TeopeMa BepHa [Jisl yPaBHEHHH C KOMIIEKCHBIM
BpeMeHeM, Toibko U v A sisasiotes obaactamu B C* u C¢ coorBer-
CTBEHHO (@ — KOMIJIEKCHAsI Pa3MEePHOCTb NMPOCTPAHCTBA Iapamer-
POB), a BeKTOp-pyHKUHst v rosomopdHa B 06sacTH, NpHHALJIEkKa-
miei npsimoMy npoussegenuo CXUXA.

2.7. YpaBHeHHe B BapHalUMsiX. YpaBHEHHe JIJisi MePBOH IPOH3-
BOJHOH DEILEHHS 1O Haya/JbHBIM YCJOBHSIM MOXKHO JIETKO BBIIIHCATh
AIBHO. A HMEHHO, NyCTh @; — PeLIeHHe ypaBHeHHst x=v(f, x) ¢ Ha-
yanbHbiM yciaoBHeM @¢(0) =E. dukcupyeM § H NOJOKHM

X (£)— 09 (¢)
e
X (¢) —nunefinpift onepatop R”—R”, saBucsmusi ot #. OnepatopHo-
3HayHasd QyHkuMa X yHOBJETBOpAET CJAEAYIOUIEMY YPABHEHUO
8 8apuauuUAXx:

XO=A@B)X @), rae A(t)=(00/0x)|cmg,, )

10— /MHejiHOé OXHOPOAHOE HEAaBTOHOMHOE ypaBHEHHE.

3anvueM ypaBHEHMs] B BapHaluaX /A NMPOH3BOJHOf pElUeHHs IO
napameTpaMm. [lycTb @q,:—pelleHne ypaBHeHus (@) C HayaJbHBIM
ycaoBueM Pq,¢ (0)=E. PuxcupyeM E=x¢ H a =0, U NOJOXKUM

0ge o (2)
Y(t)=—%~ §=x.,’
A=0q

Y (¢) — muneiinuiii onepatop Rt—R", 3asucamumit ot £. OnepartopHo-
3HayHas (QyHKUHA Y YAOBIETBOPAET CJEAYIOULeMy YpaBHEHHIO B Ba-
pHanusax

Y(()=A(@)Y (£)+0b(t), rae A(£)=(00/0X)|rm0q, ., >
b(t)=(0v/0a)|,

- au,xo(f)'
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3T0 — JIHHelHOe HeOJHOPOAHOE HEeaBTOHOMHOe ypaBHEHHe.

2.8. Teopema 0 HenpepbiBHOH 3aBHCHUMOCTH. Ecanm B mnpegblay-
ieHd TeopeMme 3aBHCHMOCTb MOJISI U OT mapaMeTpa o JHLIb Henpe-
pBIBHAS, TO TOLAA H 33aBHCHMOCTb pelleHHs OT napaMerpa Hempe-
pHIBHA.

3aBHCHMOCTb PEIICHHS OT Ha4YaJbHOrO YCJOBHS AJS YpaBHEHHS
¢ au¢depennpyeMoi NpaBoOfl YacTbi0 BCErAa HE TOJbKO Hempe-
pbiBHas, HO H AHddepeHuHpyeMas.

2.9 Teopema o JokaabHOM (a3oBoM notoke. M3 Teopem cymect-
BOBAHHS, €JHHCTBEHHOCTH U JH(P(depeHUHPYEeMOH 3aBHCHMOCTH pe-
UIeHHH OT HayaJbHBIX YCJOBHH clelyeT, dYTO AubepeHHHpyeMOe
BEKTOPHOE TO0Jle B OKPECTHOCTH J1060# TOUKH (ha3oBOro IpoCTpaH-
CTBA 3ajlaeT JOKaJbHHH (PasoBbil NOTOK

2.10. Teopema o nepBbix HHTerpajsaxXx. ABTOHOMHOE ypaBHeHHe C
nubdepeHHpyeMoil NpaBofl YacTbl0 B HEKOTOPOH OKPECTHOCTH
KaxJ0H Heoco60H TOUKH n-MepHOro ¢as3oBOro mpoCTpaHCTBA HMEET
10NHYI0 cHCTeMY H3 (n—1) QYyHKUHOHAJIbHO HE3aBHCHMBIX H He 3a-
BHCALIHMX OT BPEMEHH NepBbiX HHTerpados [y, ..., [,-;. Pa3osbie
KpHBble ypaBHenust (1) B 3TOH OKPeCTHOCTH 3a[alTCs CHCTEMOH
]1=C1, ey In—l=Cn—l-

Ilnsi HeaBTOHOMHOrO ypaBHeHHs (2) ¢ n-mMepHBIM  (a3oBbIM
IIPOCTPAHCTBOM CYIIECTBYeT MNOJHas CHCTeMa W3 f 33aBHCAIIHX OT
BPEMEHH JIOKA/JbHBIX (YHKUHOHAJbHO HE3aBHCUMBIX II€PBHIX HH-
terpanos Iy, ..., I,. Cucrema Iy=cy,..., I,=c¢, 3ajaer JOKa/b-
Hble HHTEerpaJbHble KPHBbIe YPaBHEHHS.

§ 3. Jluneiinsle AuddepenHHaTbHBE YPABHEHHS]

JluueliHble aBTOHOMHble YpaBHEHMs — eABa JH HE €JHHCTBEH-
HBIH GousblOH KJjacce AudbepeHUHANbHBIX YPaBHEHHH, AJS KOTO-
PBIX HMeeTCs MOJiHasi TeopHsA. DTa TeopHs, SIBJAAKIIANACH, B CYIL-
HOCTH, BETBbIO JIHHEHHOH asre6pH, MO3BOJISIET MOJHOCTBIO PEIIHTb
BCe JIHHEHHble aBTOHOMHbIE YDaBHEHHS,

3.1. OxcnoHeHTa JuHedHoro oneparopa. Ilyctb V-—n-mepHoe
BEUIECTBEHHOE MJM KOMIIJIEKCHOE MpPOCTPAHCTBO, HaJesIeHHOE €B-
KJIMIOBOH HJIH 3PMHTOBOH CTPYKTYypPOH COOTBETCTBEHHO, |-| — HOp-
Ma BEKTOpa B 3TOM NPOCTPAHCTBE,

Hopmoig aunedinozo oneparopa A : V-V HasblBaercsa cympe-
MyM:

| A]= sup|Ax
[x{=1
3toT cympeMyM AOCTHraeTcsi BBHAY KOMIAKTHOCTH KOHEYHOMep-
HOH cephl.
[TocsenoBaTenbHOCTh JHHEHHBIX omepaTopoB A : V-V cxoxur-

ca x oneparopy A : V=V, ecru ||4,—A|—0 npu k—oo.
OnpeneuneHuedLcnonenTol nuneiiHoro oneparopa A : V-V
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Ha3biBaercs oneparop u3 V B V:
A® Ak
eA=E+A+G+. .. o+
rie E —ToxnecTBeHHB onepaTop: £x=x.
OxBuBaJEeHTHO® OTpejeeHye:

eA=lim{E +

koo \

Ar
7 -

3.2. Teopema 0 cBfi3M (a30BbIX NIOTOKOB JHHEHHbIX BEKTOPHBIX
noJieil ¥ IKCNOKEHT JIMHEHHBIX ONnepaTopoB.

Teopema. Jlwo6Gas oaHonapameTpuyeckass rpynmna auddeo-
MOp®H3MOB, COCTOALIAs H3 JHUHEWHBIX npeobGpasoBanuit gt: V-V,
uMeeT BHA: gi=e4!, rae A:V—V — HekoToph#l JuHeHHbIH onepa-
Top (mpOM3BOAAIIMHA omepaTop Trpynnbl). Pelenue JjHEeflHOro
ypaBHenus x=Ax, x€V c navanbueiMm ycioBueM ¢(0) =E uMeer BHR

@ (t)=e?E.

3.3. Kommekcutpuxanua (Pa3osoro mnpoctpancTBa. Koun-
AeKcuurayuell  BelmleCTBEHHOTO  N-MEPHOrO  JIMHEHHOrO npo-
cTpaHcTBa V HasbiBaeTCst n-MepHOe KOMIWIEKCHOE HPOCTPAaHCTBO
‘v, KOTOpOe CTpOMTCH clelyiolliuM o0pasoM. Touxu mnpocTpaHCTBa
VvV —s10 nape (§, n), o6o3navaemeie E-in, EEV, n€V. Onepaunnu

C/IOXEHUSs M YMHOXEeHus Ha KOMIVIEKCHBIE YMCJAa OnpejeisioTcs
OOBIUHLIM CTIOCOGOM.

Komnmexgn¢nxaum JuHefinoro onepatopa A:V —V —s3t0 one-
patop “A:°V -V, nejictBylommi no caefyoiieMy —npapuay:

CA g+ in)= At +iAn.

Pemenna nuHEAHOrO aBTOHOMHOIG ypPaBHEHHS TNPOMOIKAMOTCS
HeorpaHuyeHHo. Jlasee HOX pelIeHHEM JHHEHHOTO YPaBHEHHs MO-
HHMaeTCsl PellieHHe, ONpele/ieHHOe HAa BCeH OCH BPEMEHH.

W3 rteopembl 1. 3.2 cieayer, 4TO NPOCTPAHCTBO peIUCHHH ypaB-
HeHus x=Ax, x€V, qmuefino n usoMopduo V. Basuc B 3TOM npo-
CTPAHCTBE HA3LIBACTCA PYHOAMERMAABHOL cucmemol pewenu.
INlepexon or ypaBHeHus

x=Ax, Xx€EV,
K YpaBHEHHIO

z=CAz, 26V, (4)

Ha3bIBAeTCS KOMIVIeK CHduKanyeii (BpeMsi 0CTaeTCs BeLleCTBEHHBIM).
KommiekcuduuupoBanHoe ypasHenue (4) OTHOCHTEJNBHO 2 ==X -+

+ iy sKBHBalEHTHO cHCTeMe x=— Ax, y= Ay (x€V, yeV).
JlunefiHoe aBTOHOMHOE ypaBHEHHE C KOMILIEKCHBIM (Da30BHIM
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NPOCTPAHCTBOM (Hampumep, ypaBHeHne (4)) Jerko peliaercss nepe-
XOJOM K XOpJAaHOBY 0a3ucy.

C
[lycts &, ..., E;—xopAaHoBa uenouka omepatropa A ¢ cob-
CTBEHHBIM YHCJOM A, TO eCTh TaKas NOC/AeJ0BaTeNbHOCThL BEKTOPOB,

uro onepatop ‘A —AE (rae A— KOMINIEKCHOE HHCJO) [EPEBOAHT HX
ApYyr B Jpyra:

L& g0

BEKTOp Ej Ha3bIBaeTCs COﬁCTBEHHbIM, a4 OCTaJbHBIE BEKTOpH LENou-
KW — IpUCOe JHHCHHBIMU BEKTOpaMu CcoOCTBEHHOTO YHCJA A.
Bexrop-pynkuus

G T o R

—pemenue ypaBHeHus z— Az C HayalbHBIM YCJOBHEM &,

¥ KaXA0ro KOMIIEKCHOro JIHHEHHOro omeparopa €cTb 06asuc us
JKOPAaHOBHIX 1enoyek. Ilo3ToMy H3 pelleHHH yKa3aHHOTO Bhillle
BHJ@a MOXHO COCTaBHTb (YyHAaMEHTAJbHYIO CHCTEMY pelleHH.

3.4. Cenno, y3ea, dokyc, neurp. Hesbipoxaenunas oco6ast Touka
JIHHEHHOr0 BEKTODHOIO MOJI Ha BEHIECTBEHHOH IJIOCKOCTH GhiBaeTr
OJHOrO H3 CJEAYIOMIMX YeThipeX THIIOB: ce0.10, y3es, (Pokyc, yexTp
(puc. 2). Ilyctb Ay B Ap — COGCTBEHHble 3HAUEHHT COOTBETCTBYIO-
Liero JuHHe#HOro omepartopa A, oTJiHYHBIE OT HYJA B CHJY Hpemmo-
JIOXKEHHs1 HeBhIpOXKJAeHHOCTH. Toraa ecan Ay Ap<0, ocobast Toyka
ypaBHEHHUS

x=Ax

—ceano (pHC. 2a); ecaH A; U Ap BElECTBEHHH H OJHOr0 3HaKa —
y3ea (puc. 26, B, T'); eclu A U Ao HeBEUIeCTBEHHH M HE UHCTO
MHHMH — QOKyc (pHC. 24); ecJH Ay M Ay YHCTO MHHMBI — IEHTP
(puc. 2e). Cpenu y3/10B BBLISTSIOTCS HOPOAHO8bL y34bl): MaTpHLA
A >KBHBaJIeHTHa KODPJaHOBOH KJeTke mopsjka 2 (puc. 2B), ¥ Ju-
KpHTHYUeCKHe Y3/h: Marpuua A ckaaspHa (puc. 2r). Pucysks
26—21 HapHCOBaHBI AJs caydyasi, korga Rei;>0.

Bce 3TH KapTHHKH, KpoMe NOCJELHEH, COXPAHSIOTCS IIPH MaJIbIX
BO3MYLIEHHSX, KaK INOKa3bBAaIT (GoOpMyJHpPyeMbie B rjaaBe 3 Teo-
pembl ['po6Mana—Xaprtmana (P. Hartman) u Apamapa—Ileppona
(J. Hadamard, O. Perron).

3.5. dopmyaa JluyBuaas—Ocrporpanckoro. Ilycts oneparop-
HO3HayHasi (PYHKUHS OJHOIO NEepPEeMEHHOrO YAOBJETBOPSieT ypaBHe-
HHIO

X=A@#)X, teIcR.

) TpaguuHOHHOE Ha3BaHHe 3TOH HEBHPOMAEHHOH OCOGOH TOYKH — «BHDOXK-
JNeHHHH y3eJ».
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MU (LS (=
,37/5}/7 =

N0

Puc. 2.

a) ceano, 6) ysex, B) KOPLAHOB Y3eJ, T) NHKDHTHYECKHR yaeds,
n) ¢oxyc, e) LeHTp.

Torma onpeneautenr W=detX (nasciBaeMmblit onpedesuresem
Bporckoeo) yROBAETBOPSIET yPaBHEHHUIO

W=tr A@)W, (5

rae trA —caen omepatopa A (cymma co6cTBeHHBIX 3HaueHuit). U3
(5) cnenyer ¢opmyaa aas W:

W (£)=W (to) exp | tr A (v)dr.

CanencrBue. O6osnauum uepe3 V(f) eBkaumoB ob6bem obJa-
cTH g'M, B KOTOpylo nepeBOAHT obsacte M ¢asoBell NOTOK Bek-
TOPHOro moJid v (3aflaHHOro B OOJIACTH eBKJHIOBA MPOCTPAHCTBA).
Torna

av j . .
—-= div vdx,
g'm
rlle dx-— eBKJUAOB 3JeMeHT obbema.

V3 ¢dopmys (5) ¥ M3 ypaBHeHHMs B BapHauMaX MO HayalbHOMY

ycaosuo (. 2.7) caepyet q)opM‘yJIta AJs uCKaxeHus (a30BOro
) . o (08
obvema: sxoGuan W (¢, x)=det | —— )’(m) paBeH

W (¢, x)=exp 5 (div v)o(g7x) dx.
0
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B uacrHocty, ecnu divu=0, To a30BBi NOTOK ypaBHEHHS
x=u(x) coxpanser obbeM. Ecan divu<0 Bciony B ¢daszosom npo-
CTpaHCTBe, TO NpeoGpa3oBaHHe (DA30BOT0 MOTOKA 3d IMOJIOKHTE/b-
HOE BpeMs yMeHbHIaeT 0O0beM. YDaBHEHHE Ha3hiB4eTCs B 3TOM
caydae OUCCUNATUBHbLM.

3.6. Jluneiinble ypaBHeHHs BBLICIUIMX NOPSAKOB. PaccMOTpHM
au¢depennnasbHOe ypaBHEeHHe

XMW Lq (#) x-V+4 ... +a,(t) x=0. 6

MakcumaJsbHbIH HHTEPBaJ, Ha KOTOPOM Bce KO3(QHUHEHTH a;
HEIIPEPBIBHbI, HA3BIBAETCSl HHTEPBAJOM HENPephIBHOCTH KO3(PduiH-
eHTOB ypasHenus (6). OH ompelesieH HeOLHO3HAUHO; HampHMep,
ecnn a;(f) =f{"!, To cyumecTByeT aBa HHTepBajsa HENpPEpPBLIBHOCTH
ko3 dunuenton: >0 n £<0.

Teopema. Bce pewenus ypaBHeHus (6), omnpefeneHHbie B
HEKOTOPOHl TOYKe HHTEPBaJa HENPephIBHOCTH K03((HUHEHTOB, npo-
LOJIXKAIOTCS O PelleHHH, ONnpeleJeHHBIX Ha BCEM 3TOM HHTEpBaJe.

ITpoctpancTBo pewlenuit ypaBHeHHst (6), onpelesneHHbIX Ha 06-
uleM HHTepBaje  HeNpephiBHOCTH KO3(P(HLUHEHTOB, JHHEHHO H
n-MepHO. basuc B 3TOM IpoCTpaHCTBe Ha3biBaeTc @yHOaAMeHTanb-
HoU cuctemod peweHud.

ITycTs @y, ..., @a — cHCTEMA pelleHHit ypaBHeHHs (6). PyHKuUS
Pre.. Pn
W=, TP
(p{n—l) v q)/(ln—])

HasblBaeTcsl onpedeaumenem BporcKko20 3TOH CHCTEME.
Popmyra Juysuira—Ocrpoepadckozo:

W (t)=W (0)exp{ — g a; (v)dt ).

0

§ 4. YcroiiuuBocTtb

3aech NMpUBeEeHBl NPOCTEHLIHEe Pe3y/abTaThl TEOPHH YCTOHYHBO-
crd. Bosee moapo6Hoe o6cyxIeHHe pas3HbIX BHAOB YCTOHYHBOCTH
cM. B [48], [71], [42].

4.1. YcroiiuuBocTb No JIANYHOBY W acHMNTOTHYECKAf.

Onpenenenne. CrauHoHapHoe pelieHHe aBTOHOMHOIO AH(-
tbepeHUHaIbHOTO ypaBHEHUS] (pelleHHe, TOXKAECTBEHHO PaBHOE IIO-
JIOXKeHHIO DaBHOBECHS!) HasblBaercs ycroduusem (no Jianynoey),
€CJH BCe DelleHHS 3TOr0 ypaBHEHHS C HAYaJbHBIMH YCJIOBHSIMH H3
JOCTATOYHO MaJIOH OKPECTHOCTH YKa3aHHOrO IOJIOXKEHHS paBHOBe-
CHsi Ompefie/sieHbl Ha BCei IOJIOXHTEIBHON NOJYyOCH BPEMEHH H PaB-
HOMEPHO 10 BPEMEHH CXOAATCA K HCCIENyeMOMY CTalHOHAPHOMY
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PeUleHHI0 TPH CTPEMJICHWH HAYalbHOIO YCJIOBHSA K YKa3aHHOMY
HOJIOXKEHHIO PaBHOBECHS!.

Onpenenexue. CrauuoHapHOe  pelleHHe  Ha3bIBaeTcsd
ACUMNTOTUYECKU YCTOU4UBLIM, €CJIH OHO YCTOHYHBO N0 JIAnyHOBY
H, KpOMe TOTO, BCe pelIeHHs, ¢ J0CTaTOYHO OJH3KHMH K H3yyaeMo-
My TOJIOXKEHHIO PaBHOBECHS] HauaJbHBIMH YCJIOBHAMH, CTPEMSATCS K
3TOMY IOJIOXKEHHIO PaBHOBECHS NPH {—-+ 0o,

3ameuanune 1. Onpenenesue yCTOHYHBOCTH IHPELyCMAaTpPH-
BaeT 3ajaHHe B ()a30BOM MPOCTPAHCTBE HEKOTOPOH METPHKH, NPH
NOMOLIE KOTOPOI Onpejessercs paBHOMepHast cxoaumoctb. OaHako
HH YCTOHYHBOCTb, HH aCHMITOTHYECKAS YCTOHYHBOCTbL IOJOXKEHHSE
PaBHOBECHSI OT 3TOH METPHKH He 3aBHCHT.

3aMeyaHHe 2. YcToiunBOCTb (M ACHMITOTHYECKAas YCTOH-
YHBOCTb) CTAUHOHAPHOTO pelIeHHs — JOKalbHOe CBOHCTBO BEKTOP-
HOrO WoJs, 3ajawoulero nuddepeHuvanbHoe ypaBHeHHe, B H3yda-
€MOM HOJIOK€HHH DaBHOBECHS: OHH He TepsIIoTC H He npHoOpe-
TAlOTCSl NPH H3MEHEHHH IOJSl BHE OKDECTHOCTH 3TOTO TNOJIOXKEeHHS
paBHOBECHS. :

3ameuanne 3. CTpeM/eHHe pellleHHt K NOJNOXKEHHIO paBHO-
BECHSI NPH f{~>0c HEAOCTATOYHO [Ji ACHMITOTHYECKOIl yCTOHYHBO-
CTH, KaK NOKasblBaeT puUC. 3 (M He SABAAETCH JOKaJIbHBIM CBOHACT-
BOM).

a )

Puc. 3. HeycrofiumBasi ocofasg TOuKa, K KOTOPOH cCTpeMATCS
Bce (ha30BHe KDHBHE C HayalOM B €€ OKPECTHOCTH.

SameyaHue 4. AHaJOTHYHO NpPEABIAYIUEMY, ONpeAessercs
ycToiiyHBOCTh NO JIsAmyHOBY J1060ro pemeHHs Jw6oro auddepen-
IIHaJbHOTO ypaBHeHHMst (aBTOHOMHOTO MJM HET); 3TO — PaBHOMEp-
Hasi CXOJMMOCTb pellleHHii Ha noayocH (=0 K paccMaTpHBaeMoMy
pelueHHI0 NpPH CTPEMJEHHH HayaJbHBIX 3HAYeHMH 3THX peIUeHHH
npu t=0 K HayaJbHOMY 3HAYEHHIO M3y4YaeMOro peuieHus. PaBHO-
MepHasi CXOAMMOCTb 3/eChb ONpefle/isieTcss NPH NOMOUIH HEeKOTOpPOi
MeTPHKH B (a30BOM (HJH paciuHpeHHOM ¢$a30BOM) MPOCTPAHCTBE
(v Muoroo6pasuu). B OT/IHUMe OT cayuasi MOJIOKeHHs paBHOBe-
CHsl aBTOHOMHON CHCTeMBl, ONpejieleHHasi TaKUM 06pa3oM YCTOHUH-
BOCTb 3aBHCHT OT BhIOpaHHOH MeTpHKH. Hanpumep, ycroiiunBoe
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pellieHHe aBTOHOMHOTO YPaBHEHHsI C €BKJIMAOBHM (asoBeIM HPOCT-
PaHCTBOM MOXKeT CAeJaTbCid HEYCTOHYUMBHIM MOCTIE nmpcpeowxopcbns-
ma (a3oBoro npocrpaHcrBa. TakuM o6pasoM, yCTOHYHBOCTb IBH-
JKeHHs] 3aBHCHT OT KOOPAMHAT, NPH INOMOINH KOTOPHIX [BHXKEHHE
OINHCLIBAETCH.

AnanoruyHoe 3aMeyaHHe OTHOCHTCS K MNOHATHIO aCHMITOTHYe-
CKOH YCTOHUHBOCTH.

YcToHuMBOCTh NMEPHOAMYECKOrO pellleHusT aBTOHOMHOILO ypaBHe-
#ug (Kak W JJIst CTAallMOHAPHOTO peLIeHHsI) — IOHSATHe reoMeTpHUe-
cKOe, He 3aBHcdlllee OT BbIGOpa KOOpPAMHAT HJIM METPHKH B (a30BOM
gpocrpaHcTBe. (Boo6ine, Takas He3aBHCHMOCTb HMeeT MeECTO BCH-
Kuii pas, Korga 3aMblKaHHe (a30BOH KDUBOH KOMIIAKTHO.)

4.2. Teopema JlsnyHoBa 00 YCTOHYMBOCTH IO NEPBOMY ApubGJau-
JKEHHIO.

Teopema. Eciu oneparop snHHeapusauuu Ax(depeHnupyemo-
r0 BEKTOPHOro 1oJst v B ocobofl Touke HMeeT coOCTBeHHble 3Haye-
#iHs TOJBKO C OTPHLATEJ]bHOIl BelleCTBEHHOH 4YacThio, TO 3Ta 0OCO-
6as TOYKA aCHMITOTHYECKH ycroiunBa. EciM 0QHO H3 yNOMSIHYTHIX
COOCTBEHHBIX 3HAUEHHH HMeeT NOJO0XKHTEJIbHYI0 BelleCTBEHHYIO
gacTh, TO 3Ta ocobasi TOUKa He ycToiiuMBa 1o JIsmyHOBY.

4.3. dynkuus JisnyHosa u ¢pyHkuua Yeraea.

Onpeneaenne. dubdepennupyemas dbyHkiuus [ HasbiBaer-
s pyuxyued Jlanyrnosa nas ocoboil TOYKM Xo BEKTOPHOrO NOJS U,
eCJIH OHA YJOBJETBOPSET CJAEAYIOUIHM YCIOBHSIM:

Gyukuua f onpeneseHa B HEKOTOPOI OKDPECTHOCTH TOUYKH Xo H
¥MeeT B TOH TOYKe CTPOrHH JIOKAJbHBIH MHHHMYM.

IlponsBogHas ¢yHKIUU [ BLONb BEKTOPHOTO IOJSI U B HEKOTOPOW
OKPECTHOCTH TOUYKH Xo HENOJIOKHTeabHA: L.f<OV.

Teopema ([49]). Ocobast Touka auddepeHUHPYEMOro BEKTOP-
HOro MoJs, AJs KOTOPOH cymiecTByeT (yHKuMs JIsnyHoBa, yCTOH-
4HBa.

Onpenenenue. Jubdepesunpyemas GyHKuHs [ Ha3wBaer-
sl pyHkyueld Yeraesa Aasi 0co60ON TOUKH Xo BEKTOPHOrO HOJS U,
eCJIH OHA YAOBJETBOPSET CAEAYIOMIHM YCAOBHSIM:

dyuknus f onpeneneHa B obnactu W, Ha rpaHulle KOTOPOH Jie-
JKHT TOYKA Xp; Ta 4acTb TPAHHIEl 3TOH OO6JIaCTH, KOTOpPast JIEXKHT
CTPOr0 BHYTPH AOCTATOYHO MAaJOr0 Iiapa C BHIKOJOTHIM LEHTPOM
Xo, SIBJASIETCS KYCOYHO-TJIaJKO! TI'MIIEPIIOBEPXHOCThIO KJaacca C!' M B
ee TOYKax BEKTOPHl MOJISi U HAanpaBiieHbl BHYTPb obaactu (puc. 4);
f(x)—>0 npu x—»xo, x€W; f>0 u L,f>0 Bciony B d

Teopema ([71]). Ocobas touka C!-auddeperuupyemoro
BEKTOPHOrO TOJi%, /A KOTOpoH cymectByeT ¢yHKIHS Ueraesa,
HEeyCTOHUMBA.

4.4. OcoOble ToukH oOmero nogoxenusi. Onepatop A nHHeHHOH
YacTH BEKTOPHOro moJs B 0co60# ToYyKe Moast O6UIEro NOJOXKeHHS

Y IMpousBonno# (GYHKIHH BROJL BEKTODHOIO NOJsS HA3HBAETCH CKOPOCTb H3-

da
MeHeHHsl QYHKUHH BAOJb $a30BHX KPHBHX noasa: Ly f(x) =dtfog’x[z=o.
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He HMeeT cOOCTBEeHHbIX 3HAuYeHHH Ha MHHMOH ocH. B 3toM cayyae
NpHMeHHMa TeopeMma JlanyHoBa 00 yCTOHYHBOCTH IO IepPBOMY
npubanxkeruio. B kauectse dyskuuu JlsnysHoBa (mam  yHKuHH
YeraeBa) MOXKHO B3ATb KBaApaTHuHylo dopmy. Ilycth KoMmnuiaekcH-
¢unupoBaHHbIi onepaTop MMeeT GasHc H3 COOCTBEHHEIX BEKTOPOB.
Ecnn Bce co6CTBeHHble 3HAUEHHS JeXaT B JIEBOH MNOJYIJIOCKOCTH,.
TO B KauecTBe QYyHKIHH JIANyHOBa MOXHO B3SiTb CYMMYy KBajipaTOB
MoayJed KOOpAMHAT B coOcTBenHOM 6asuce (orpaHHYeHHYIO Ha
BeLieCTBEHHOE NMOJNPOCTPAHCTRO).

a J

Puc. 4. O6nacts onpenenenus ¢ynxkuuu Yerae-

Ba! TOHKHe JIHHHH H306DpaxaloT [OBEPXHOCTH

YPOBHSi (DYHKLHH, TOJCTHE — FPaHHULB 06JacTH
H (Gas3oBHE KpPHBHE IO,

Sameuanue. Ecam cobecrBennoro 6asuca HeT, TO AAS JIO-
6oro €>0 ecTb nouTH cOGCTBEHHHIH 6as3Hc, B KOTOPOM MAaTpHUE
onepaTtopa BepXHeTPeyroJbHash W HAJAMATrOHAJbHBIE 3JEMEHTH MO
Monymio MeHbiule e. Ilpnm JdocTraToyHo Masom & cyMMa KBajpaToB
MozyJsed KoopAMHAT B 3TOM Gasuce — pynkuus JlsanyHosa. [das
OCOOHIX TOYEK OOIIEero IOJOXKEeHHS COGCTBEHHHIH 6a3HC eCTb.

Ilycts onepatop A uMeer xoTa 6n 04HO COGCTBEHHOE 3HAYEHHE
B NpaBo#i mnojymiockocTd. Torga B KadecTBe ¢yHkuuu UYeraepa
ropuTCsi Ta XKe (Qopma [, paccMaTpuBaeMasi B INOAXOASLIEM KOHYCe
W ¢ Bepunnoii ) B npoctpancte R™ (puc. 46).

3amevanne. CrauuoHapHOe pellleHHe HeaBTOHOMHOIO ypaB-
HeHuss X=Ax+f(f, x), x€R", 113 KOTOpOrO BCe COGCTBEHHBIE UHCJA
omepatopa A Jexar CTPOro B JIEBOH NOJYMJIOCKOCTH, aCHMITOTH-
yecKH ycroiuuso, ecatd |f(f, x)|<<C|x|? npn Bcex {=0, |x|<a.
CTpeMmsieHHe pelleHHH K HYJI0 [PH 3TOM SKCHOHEHIHAJbHOE:
lo(f) | <Ka(exp(—at)) |@(0)]| npu =0 nas awéoro a>0 Ta-
Koro, 4to Bce Rel;<—a.

§ 5. Hukan

B ¢usnuecknx cHcTeMax, 3aKOH 3BOJIOLHH KOTOPHIX HE MEHSIeTCs
CO BpeMeHeM, MOTYT yCTaHABNMBATbCS IIEPHOAHYECKHE peKHMBI.
MatemaTHyeckoe OMHCAaHHe 3TOTO SIBJIEHHs NaeT TeOPHs LHKJOB
(3aMKHYThIX (a30BBIX KPHBLIX), pasButast A. ITyankape (H. Poin-
caré).

30



5.1. CtpoeHne (a30BBiX KPHBBbIX BellleCTBeHHBIX auddepeHun-
aJIbHBIX YpaBHEHHH.

Teopema. PazoBas KpuBas BelleCTBeHHOro Au¢depeHnHaNb-
HOro ypaBHeHHsi X=0(X) ¢ IJaAKo# nmpaBod 4acTbio JHOO COCTOHT
H3 ONHOH TOYKH, JHOO nudPeoMopdHa OKPYKHOCTH HJIH NPAMOH.

TakuMm o6pasoMm, HHAHBHAya/JbHass ¢$aszoBas KpHBas ypaBHEHHS
C BeIIeCTBEHHBIM BpEMEHEeM BCerja HMeeT INPOCTYI BHYTPEHHIOIO
reOMeTpPHIO; CJIOXKHBIM MOXKeT OHITh TOJBKO €€ pacio/ioXeHHe B
da3oBoM npocTpaHCTBE.

®PasoBasi kpuBas, AuddeoMopdHas OKPYNKHOCTH, Ha3LIBAeTCS
YUKAOM.

5.2, MpeoGpa3osaHue MOHOAPOMHH 3aMKHYTO# (ha30Boil KpHBOIi.
Npeneapnpie UuKALL [IpennosioxkuM, UTO IVaAKOe BEKTODHOEe MNOJIE
HMeeT 3aMKHYTy0 (a3oByio KpHuByw (uukia). Bribepem Ha 3T0#
KPHBOH TOYKY H NpOBeJeM dYepe3 3Ty TOYKY TPAHCBepCab K LHKAY
(rnagKyio THNepNnOBEPXHOCTb, TO €CTbh IOBEPXHOCTb DPa3MEPHOCTH
n—1, ecqtu pasmepHocTh (azoBoro npocrpancTBa n). PaszoBhe
KpUBHIE, HAYHHAIOUIHECS B TOYKaX TPAHCBEpPCaJH, JOCTATOYHO 0JH3-
KHX K HCXONHO# TOYKe IMKJa, BO3BpAllalOTcsi Ha TpaHCBepcadb.
ConocraBuM TOUKEe TpPaHCBepcaJd (LOCTATOYHO OJH3KOH K HCXOIZHOH
TOYKE LHKJIa) NEePBYI0 TOYKY BO3BPAMICHHS BHIXOAMIIEH H3 TOUKH
tasopoit KpHBOH Ha TpaHcBepcasas. OmpenesieHHBl TakuM 0O6pasoM
POCTOK OTOOpaKeHHsI TpaHCBepcasau Ha cebsl (B TOUKe LHKJA) HA3HI-
BaeTCs 0TO6pajceHuem nocAe008anUs WIH npeobpas’osanuem MOHO-
opomuu. -

Puc. 5. Ilpeo6Gpasopanue MOHOAPO-
MHH IHKJA.

Touka u¥KJIa ABJIsSieTCs HENOABHIKHOM TOUKOH npeoO6pa3oBaHHUsA
monoapoMun, IIpeo6pasoBaHve MOHO/JPOMHH He 3aBHCHT OT BhI6Opa
TPaHCBEpCaJH U Jaxe OT BbIGOpAa HCXOAHOH TOYKH B TOM CMBICJE,
yTo npeo6pa3oBaHHsT MOHOAPOMHH, OTBeualOllHe Pa3HbHIM TPaHCBEp-
caJjisiM, COMPSIKeHHl (IepeBOASTCH OAHO B APYroe pocTKoM AH(deo-
mMopdH3Ma TpaHcBepcaeil).

OnpeneneHnue, [Ipedesvnbim yuxaom aBTOHOMHOTO AHPde-
PEHIMAJbHOTO YPaBHEHHSI HA IUIOCKOCTH Ha3bIBAeTCs H30JHpPOBaH-
nHast (pudcdeomopduasi okKpyxHocTH) (pasoBasi KpHBasg 3TOrO ypas-
HeHus. VHmMH cloBamH, 3aMKHyrasi (ha3oBasi KpuBasi Ha3LIBaer-
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CSl TpeleNbHBHIM LHKJIOM, €CiH COOTBETCTBYIOIIAS el HeNOABHXKHAsA
Touxa npeoGpa3oBaHHs MOHOAPOMHH H30JHPOBAHA.

OxpecTHOCTb NIPENeJNbHOrO HHKJIa Ha NJIOCKOCTH COCTOHT M3 CIH-
paneli, HaMaTHIBAIOWHKUXCA HA IMKA [PH f{—-}oo HIH [—>—o00;
ACHMOTOTHYECKOE NOBelleHHe (a30BBIX KDHBHIX, PacOoJIOXEHHBIX
10 OIHYy CTODOHY OT lHMKJia BOJIH3H ero, oinHakoBoe (puc. 6). Ha
pucynkax 6a u 66 H300pakeHBl NMpefejbHble IMHKJAB O6LIEro MoJjo-
JKeHHMsI; KapTHHa OB paspyllaercst MasnbM Bo3MyLleHHeMm (pHc. 6r).

a ) g 2

Puec. 6. Buusy HapucoBaHbl rpaduku npeo6pa3oBaHui MOHOAPOMHH,
COOTBETCTBYIOLIHE IIPeleJNbHBIM LHKJAaM HaBepxy:

a) ycrofiyupbll LHKA, 6) HeycTORuuBHIi, B) MoayycrolyuBbi, KapTuHa T) nony-
' YaeTcss MaJlbiM BO3MYILIEHMEM KapPTHHBI B).

5.3. KparHocTb LIHKJOB.

Onpenenenne. KpaThocTero yuxaa HasplBaeTcs JOKaJbHAS
KPaTHOCTb COOTBETCTBYIOILEH eMy HelOJBHKHOH TOYKH NMpeo6paso-
BaHHS MOHOJPOMHH.

Ecau da3oBoe npocTpaHCTBO ABYMEpPHO, TO TpaHCBEPCAaJb ONHO-
MEpHAa, U TNpeoOpa3oBaHHe MOHOAPOMHM 3alaeTcs (QYHKIHeH OXHOro
nepeMenHoro, x+—A(x), A(0)=0. B 3TtoM cayuae KpaTHOCTL — IO~
PAROK HyJIs QyHKIHM A (X)—x B Touke O.

Kpamunocme omob pancenus x—A(X) 8 Henodsuxroi mou-
re O mpoctpanctBa R” ¢ koopAmHaTamMu (X, ...!X,) Ompejensercs
KaK

dimgR [[x, .« oy Xa]]/ (A1 () — Xy, oo Ay (X) — X0),

rle YHCJAUTENb — ajreOpa QOpPMajbHBIX CTENEeHHBIX PSJOB, a 3Ha-
MeHaTesJb — HJeasJ B HeH, HOPOXKAEHHH psSEaMH KOMIOHEHT BeK-
Topa A(x)—x. ITogpoGuee o kpaTHocTH cM., Hanpumep, [10]P.
5.4, MyJabTHIJIHKATOPLI.
Onpenenenune. Myasbrunsukaropamy yuxkaa Ha3HBAOTCA

1) AHaJMOTHYHO, KpATHOCT® 0CO6oU TOwku ( BEKTOPHOTO n[OAS U OUpene-
JISIeTCSL KaK KPaTHOCTh HeMOJABHXKHOH TouxH O orobpaxeHus x+-v(x), [TompoGHee
oM. [10, c. 212].
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cOOCTBeHHble 3HAYEeHHs JuuefiHO# 9acTH 1peo6pa3oBAHHA  MOHO-
IPOMHK 3TOr0 LHKJA B COOTBETCTBYIOUIEH HHKJIY HENOABHIKHOH
ToukKeD,

Lluksn HaswBaercs HegolpOxcOeHHoiM, €CAH BCe €ro  MYJbTH-
MVIHKATOPHl ‘OTJIHYHEL OT 12:

HeBbipoxkAesHbIl IHKI COXPAHAECTCS MPH MajblX BO3MYHIEHHAX;
BO3MylleHHOe AH(depeHNnaJbHOe yPpaBHeHHe IO-NPeXHeMYy HMeer
HEeBHIDOXKAEHHKIH LHKJ, GJH3KUA K uUCXoAHOMY. LIHMKJABI BEKTOPHBIX
noJsiell 0611ero NoJioXKeHHs1 HeBLIPOXKIEHHbIE,

Jns ypaBHenu#t (1) Ha IIOCKOCTH MYJIBTHINVIHKATOpP ILHKJA BH-
yucJasercs no popmyse

A=exp S (div v) dt,
Y

rle UMKJ y NapaMmeTpH3oBan BpeMeHeMm f. Ilns mukia s R™ npa-
Bast 4aCTb paBHa MPOH3BEAEHUIO BCEX MYJAbTHIIUKATOPOB.

Onpenenenne, Llukn HasbiBaercs OpOUTAALHO YCTOUUUBLIM
(no JlsanyHoBYy), eciau s CKOJIb YTrOLHO MaJjioiff ero OKPecTHOCTH
U Bce nonoXXUTeJbHBIE NOJYTPAGKTOPHH, HayUHalollHecss B AOCTa-
TOYHO MaJIOil OKPecTHOCTH IHKJIa, He BHIXOAAT u3 U.

Onpexnenenue, Lluka HasbiBaercs opbuUTAAbHO QCUMNTOTU-
4eCKU YCTOUUUBLIM, €CIH OH OpOHTANbHO YCTOHYHB 1o JISnyHOBY
H Bce (a30BbHe KPUBHE C AOCTATOUHO OJIM3KUM K LHKJAY HadyaJbHBIM
yCJAOBHEM HeOrpDaHHYeHHO npubauKarmoTCs K HeMy Ipu f—-+ oo.

3amMeuaHnue. ACHUMNTOTHYECKH YCTOHUHBBIM HENOCTOSTHHOE
[IepHOJHYECKOe pellleHHe HHKaK He MOXKeT OBITb, H6O pellleHHs ¢
HayaJbHBIMH YCJAOBHSIMH B Pa3HbIX TOYKaX LHKJIa He CONHKAIOTCA
npH t—-oco,

.Ecnn Bce MynbTHOAMKATOpH LMK 1O MOAYJIO MeHbiie 1, TO
OH OPOGHTaNbHO ACHMNTOTHYECKH YCTOHYHB, YCTOHUHBOCTH CJAEAYeT
H3 TOrO, YTO OTOGpax<eHHe MOHOAPOMHH NpH |A;| <<l — cxKHMalO-
ulee NpH NOAXOAsILEM BbIOOpe METPHKH Ha TpPaHCBepcadH. ITa
MeTPHKa CTPOMTCSI TaK XKe, Kak GyHKuus JIsnyHoBa BGJIH3M OCO-
601 TOYKH, ACHMNTOTHYECKH YCTOMYHBOH N0 NEPBOMY IPHOJIHKe-
Mo, M3 cxkarus BeiTekaer opbOuTajbHAasg aCHMITOTHYECKAsl YCTOH-
4YUBOCTb: OJ1H3KHe (ha30BEIe KPHBHIE HAMATHIBAIOTCS HA LMKJI KakK
cnupanu. Moxuo Iokazath, 4To (asa ABHKEHHA BAOJb LHKJAA NPH
3TOM CTpPEMHTCS K (pase ABHKEHHS OJHOH M3 TOUEK [0 LHKJY.
Orcioga cienayer paBHOMepHass 6susocTb (Ha moayocd (==0)
He TOJbKO (pa3oBON KPHBCH, HO M JIIOGOro peIlleHHs, OTBEYANIUero
OMH3KOMY K LHKJNY HAYaJbHOMY YCJOBHIO, K OLHOMY H3 pELIEHHH,
ONMHCHBAIOIKX JBHMKEHHE NI0 LHUKIY.

D MyJbTHIJIHKATODH NHKJIa ONPEeeNsIOT YaCTO KaX COGCTBEHHHWE 3HAUEHHS
onepatopa MOHOAPOMHH (cM. HHXe m. 3.1, I 6) ypaBHeHUs B BapHaUHAX; 3TO
onpenesNeHHe OT/JIHYAeTCH OT TNPHHATOrO B Halledl CTaTbe HAMHYHEM M IbTHILIH-
Karopa 1, COOTBETCTBYIOLIEr0 COGCTBEHHOMY BEKTODY, KacalolleMyCs LHUKJa.

2 HeBHpOX1eHHHH UHXJ HA3bIBAIOT UHOTAZ PPyOBIM.
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5.5. Mpeneabnbie MHOxecTBa M Teopema Ilyankape — benank-
coHa. Pacno/oxenne (asoBbiX KPHBBIX Ha BeI[ECTBEHHOH IJIOCKO-
CTH CYIWIECTBEHHO NpOINE, YeM B MHOTOMEDHOM MPOCTPAHCTBE
(B Teopuu aHpdepeHUHANBHBIX YPAaBHEHHH «MHOTO» 3HAYHT <«TPH
H 6oaee»). Dro pasnanyxe 06YCIOBIEHO TeM, YTO KPHBAsi JIOKAJbHO
pasjessieT IJIOCKOCTb H He pasjielisieT IPOCTPAHCTBA.

Onpenpenenus, 1. ITorooxuressroid noayrpaexropuet aBTO-
HOMHOrO YpaBHEHHS Ha3BIBaeTcsl yacTh (Pa3oBOi KPUBOH, COOTBET-
CTBYIOILLASl MOJOXKHTEJbHO OPHEHTHPOBAHHOMY JIydy OCH BPEMEH:

¢+ ={p(t) |1€[lo, +-o0)},

rie ¢ — pelleHdHe ypaBHEHHS.

2. AHaJIOrHYHO ONpele/sieTcs OTPUYATENAbHAS NOAYTPAEKTOPUSL.

3. w-npedeavHoim  (a-npedesbrbim)  mHONECTEOM  Ha30BOH
KPHBOH Ha3hBaeTcs lepeceyeHHe 3aMbIKaHMH BCeX ee HMOJIOXKHTEJb-
HBIX (OTpHLIATeNbHBIX) NOMyTpaeKkTopuil. JPyrHMH CJOBaMH, © —
npefesbHOe MHOMECTBO £ COCTOHT U3 TOYEK, MHMO KOTOpbIX
(v uyepes KOTOpble) MOJOXKHTE/bHAasi NOJYTPAeKTOPHS MNPOXOAHT
CYETHOE YHCJO Pas:

x6Q, ecJH H TOJbKO €CJAH CYHUIECTBYeT NOCJHeJ0BaTebHOCTh
{t,} Taxas, uto t,—+ oo, ¢(f,)—X npu n~>o0.

O603HayeHne MOTHBHPYETCS TeM, YTO @ — IepBasi, o — MOCJEelL-
Hsig OyKBa rpeyeckoro audgaHTa.

Teopema I[lyaukape—DBenaukcouna (I. Bendixson).
Ilycts nomoxwurtenbHast noayrpaekropusi C'-rialkoro BeKTOPHOTO
IOJsT C H30JHPOBAHHBIMH OCOOBIMH TOYKAaMH Ha BellleCTBEHHO# mJoc-
KOCTH pacloJioXeHa B OrpaHuuyeHHoll o6sactd. Toraa w-npenenb-
HOe MHOXKEeCTBO COOTBETCTBYIWOWIEH (a30BOH KPHBOH MOXKeT OHITH
OJHOTO H3 CJEeAYIOIIMX TpPex THMOB: 1) ocobast Touka, 2) UHKI]
(3amxHyTas ¢asoBas KpuBas), 3) oGbelHHEHHe OCOOBIX TOYEK H
($a30BBIX KPHBHIX, KaXJasi H3 KOTOPHIX CTPEMHTCH IIPH f—>-4o0o0 K
OJHOH H NpH f—-—oo, BoOGlLle TOBOPS, K APyro# oco6oft TouKe
o6benuHenus (pHuc. 7).

B nocnenHem ciayyae @-TpefleJIbHOE MHOMKECTBO  MOXKeT
HMeThb NaTOJNIOTHMUYECKHH XapakTep Aaxe IJs GeCKOHEUHO TIJ1alKo-
TO BEKTOPHOrO NOJIS ¢ KOHEUHBIM YHCJOM OCOOBIX TOUeK: 4Hcjo (a-
30BBIX KDHBBIX, NMPHHALJIEXKAUHX MHOMKECTBY, BBIXOIASIUHX M3 Of-
HOH OCOGOH TOYKH H BXOASALIHX B Hee Xe, MOXKeT OLTh 6eCcKOHey-

6 6O

Puc, 7. @-npenejapHule MHOXKECTBA



ubiM (pHc. 7r). UHcTOo TOmOJIOrHueCKHEe coOGpaXkeHHs, CBA3aHHHE C
TEOpPeMOH CylleCTBOBAHHS H €AMHCTBEHHOCTH, 3TOTO He 3alpelna-
1oT. OfHaKo 3TO HEBO3MOXHO A AHAJHTHYECKMX BEKTOPHHIX IIO-
JeH H JAJs BceX IVIaJKHX NOJIed, He NPHHAJ/IEXKAUIHX HEKOTOPOMY
HCKJIIOYHTEJBHOMY MHOXKECTBY KOPa3MEPHOCTH GEeCKOHeYHOCTh., JTO
clelyer H3 TeopeM o paspeilledHu ocobGenHocteft (ra, 5). Teope-
ma Ilyankape—DeHnukcona Bepra Takxe s ypaBHeHud Ha cde-
pe, Ho He Ha cdepe c pyukaMu (cM. 1. 2): 3aMKHyTas KpHBag
paszensier cdepy, HO, BOOGLle rOBOps, He pasfensier cdepy ¢ pyy-
kamu (cM. [6]).

§ 6. CucremMbl ¢ CHMMETPHSMH

B stom naparpade usnaraiorcs o6wHe cooGpaKeHHs, M03BO-
JSOlHe NMOHH3HTh NMOpsiJoK AHbdepeHuHaJpbHONO ypaBHEHHsd, a
HHOIAa UM NPOHHTEIrPHPOBATH €rO0,

6.1. I'pynna cummerpuit aAuddepeHnnasbHOro ypaBHEHHS.

Onpenenenne, Jduddeomopdpusm ¢asoBoro npocrpancrsa B
cebst Ha3biBaeTCsd CuMMmeTpueli 3ajlaHHOTO Ha HeM BEKTOPHOrO IOJst
¥ COOTBETCTBYIOLIEro aBTOHOMHOI'O AU(depeHHalbHOrO YpaBHEHHS,
€CJIM ‘OH NePeBOAHT mmoJje B cebs. B ToM cayuae roBopsiT, 4To moJe
HHBapHaHTHO OTHOCHUTeJNbHO AU deomopdHuama.

Onpenenenne. Jdupdpeomoppusm pacuiupensHoro ¢asoBoro
IIPOCTPaHCTBa Ha celsi HA3BIBAETCS cummeTpueil noAs HANPABACHUL
(M COOTBETCTBYIOLIEr0 HEaBTOHOMHOTO yPaBHEHHS), e€CJH OH Ilepe-
BOJAHUT foJie B ce6st (IpPyrHMu CJIOBaMH, I0Jie HANpaBJEHHH HHBa-
pPHaHTHO OTHOCHTENbHO AHPdeomopduama).

Bce cummerpun aud¢epeHNHaNbHONO ypaBHEHHs 06pasyloT
Tpynny ¢ omepaiuedl CyneprHO3HLHMH, Ha3blBaeMyio epynnou scex
cummeTpull 3TOTO ypaBHEHHUS.

ITpumep, Bce cHMMeTpHH aBTOHOMHOro YPaBHEHHS] Xx=x, X6
€R", 00pasylOT B TOUHOCTH MOJHYIO JHHefiHyo rpynny GL(n, R)..

6.2. PakTOpPCHCTEMBI.

Onpenenenue. PaccMOTPHM riiajkoe orobpaxenue f obma-
CTH BeLIEeCTBEHHO-JIHHEHHOr0 NpOCTpaHcTBa Ha o6GJacTh MeHblIeH
pasMepHOCTH. Bekrophoe nosne v B npooGpase 3TOro oTo6parkeHHust
HasbiBaercs f-onyckaemoim, eclid CyWeCTBYeT Takoe IOJe U Ha
o6Jiactu- o6pase, KOTOPOe MOJYdYaeTcst 3 HCXOLHOTO IOA AeHCTBH-

eMm orobpaxenus f. [Tone v=f,v onpelenserca paBeHCTBOM:

V()= f4 () v (%), rAe y=f (¥);

YCJI0BHe [-OMyCKaeMOCTH COCTOMT B TOM, 4TO BeKTOp u(y) He 3a-
BHCHT OT BhIfopa npoobpasa Toukd y. Cucrema y=uv(y) HasbiBaeTcst

¢axropcucremold ans cucteMbl x=u(x). BekTopHoe moae, nas KO-
TOPOro H3BeCTHA O/IHOMApaMeTpHYecKasi rpynna CHMMETDHH, 4acto
ONycKaeMo. :
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[pumep. YpaBHenne Ha miIockocTH R?, MHBapHaHTHOE OTHO-
CHTeJbHO BpallleHH#H, ¢ HCIOJb30BAHHEM KOMIJIEKCHOH KOOPAHHATH
g=Xx-}-iy 3aNHCHBAETCS B BHIE

z=2g(p), )

rie p—=zz, g:R"—>C—xoumiexcHosHauHas (YHKUNA HA MOAOXKH-
TenbHOH M0AyOCH. BexTopHOe mnose ITOH cucTeMB  f-OMyCKaeMo
JAns oToOpaxenus f:z—p. CooTBeTcTBYIOUad (aKTOPCHCTEMA HMEET

BHA
p=2pReg(p).

VpaBuenne (7) mpu Re g(0)=0 (ueHTp no JHHEHHHIM UYJeHaM)
HCIoMb3yercsi B Teopuu yeroiuusoctd (§ 5, rit. 3).

HuxXe yKasaHbl IpocTeiilide NPHJIOXKEHHS CHMMETPHH K HcCle-
JIOBAHMIO H HHTETPUPOBAHHUIO YPaBHEHHH.

6.3. OpHOpOAHBle ypaBHEHUS.
.~ Onpenpenenwue. [lose HanpaB/ieHuil HasbiBaeTcs O00HOPOO-
HblM, €CJU OHO HHBAPHAHTHO OTHOCHTEJIBHO BCEX PaCTAXKeHHH

gh (x)=¢e*x, AER,

(mosie KOJKHO OBITH 3aXaHO B KOHYyCe, HHBADHAHTHOM OTHOCHTE/bHO
pacrsxkenuii, Hanpumep B R*\ {0}). CoorBercTByIOIEe AU pepeH-
1UHaJbHOe ypaBHeHHe TaKKe Ha3HBaeTCss OOHOPOOHbLLM.
~ O6osnauuM uepes G rpynny pactsikenuit {g*|A€R} obnactu
U=R"\.{0}. ®axkropnpocrpatcrBo U/G — 310 cpepa S*~'. Onuo-
ponHomy ypaBHenuio B R™N\ {0} cooTBeTcTByeT noJie HalpaBJeHHH
Ha chepe S"-!—o6pas mons B U npn mnpoekTHpoBaHWH U—-
-8l

Jlio60oe (BO3MOXHO ¢ OCOGEHHOCTSIMH) MOJe HanpaBjeHHH Ha
chepe S™! MoxKeT BO3HHKHYTb M3 OIHODOJZHOrO ypaBHeHHs B R™\
N\ {0}. ITosToMy Bce TPYAHOCTH, BO3HHKAlOUWHe B «rJ006a/bHOM»
Teopuu AHdPepeHIHANbHBIX YPaBHEHHH Ha S™~!, BOSHHKAIOT TaKxke
B JOKaJbHOl TeopHH AudepeHIHATbHBIX ypaBHeHH# Ha R™
" 6.4. Ucnosib30BaHHe CHMMETPHUR JJiS TOHMIKEHUs nopsaka. 3Ha-
HHe OJHONApaMETPHUYECKON TIPYMIE CHMMETPHH BEKTOPHOrO MOJS
no3BoJsieT Ha | NOHH3HUTL pa3MepHOCTh (a30BOro IPOCTPAHCTBA.
Has storo Hajgo paccMoTpeTb MHOroo6pasue OpOHT OJHONMAapaMmer-
pUUeCKOH rpynnsl cuMMeTpHil. JlokajsbHO (B OKDECTHOCTH He He-
TOABHXHOH TOYKH TPYNNBI) 3TH OPOHTHl — KPHBHIE; HUCXOJHOe (a-
30BO€ NPOCTPAHCTBO PAaCC/HOEHO Ha OPOMTHI; MO TEOpeMe O BHINPAM-
JieHHH OpGUTHI CTAHOBSITCSL MapasJie/lbHBIMH  HPSIMBIME  NOCJE
moaxonsiuero audodeomopdusma. Ipocrpanctso opOGHT HMeeT pas-
MepHOCTb Ha | MeHbIe, YeM HCXOAHOe (a3oBoe MPOCTPAHCTBO.
' BekTopHOe nOJe B HCXOAHOM (pa30BOM NPOCTPAHCTBE INPOEKTH-
PYeTCs Ha NPOCTPAHCTBO OPOGHT H 3alaeT Ha HEM BEKTODHOE INOJe.
Hdubdepenunanbioe ypaBHeHHe, COOTBETCTBYIOIlEe 3TOMY MNOJIO,
#HaseBaercst ¢akropcucremoi. Ecam daxrtopcucremy ypaercs mpo-
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HHTETPHPOBAaTb, TO YPaBHeHHe, 3aJaHHOe HCXOJHHM BEKTODHHM
NoJIeM, TaK:Ke JIETKO HHTErPHPYeTCs.

B uacrHOCTH, ecM HcxofHoe $a3oBoe NPOCTPAHCTBO ABYMEpHO,
10 (pa3oBoe NpOCTpaHCTBO HAKTOPCHCTEMEl OoJHOMepHO. B 3ToM cay-
yae ¢akropcucrema unrerpupyercs. Ilostomy aBroHOMHOE nHDDe-
peHlHalbHOEe YDaBHeHHe C AByMepHBIM (a30BBIM NPOCTPAHCTBOM,
4751 KOTOPOTO HM3BeCTHa OAHONAapaMeTpHUecKas rpynna CHMMETpPHH,
SIBHO HMHTerpHpyeTcss B KBaapartypax. Bce nmpHeMbl 3/1eMeHTAapHOro
HHTerpHpOBaHNd AH(bepeHIHa bHEIX YpaBHEeHHH CHenHaJbHEX TH-
noB (c pas3fessilOIIMMUCS TepEeMEHHBIMH, JHHEHHBIX OZHOPOHBIX H
HEOAHOPAHBLIX, KBa3HOJHOPOJAHEIX M T. H.) OCHOBaHBl Ha TOM, UTQ
B 3THX CJIy4asx MMEIOTCS OYeBHAHBIE I'DYNNbl CHMMETPHH.

Ilpumep. ['pynnoii kea3uOOHOPOOHbLIX pACTANEHUD JHHEeH-
HOTO NPOCTPaHCTBa ¢ KOODIMHATAMH Xi,..., X, BECOB @, ..., Un
Ha3HBaeTcsl OJHONapaMeTpHyeckass Ipynna JHHeHHHX npeobpaso-
BaHHUH

85:(Xyy ooy X)) (€%5Ky, . . ., €770 ).

OYHKUHSA B 3TOM NPOCTPAHCTBe HA3HIBAETCS KBA3UOOHOPOOHOM
CTENIeHHU 7, e€CJU OHa 4BJseTcs COOGCTBEHHbIM BEKTOPOM  IeHCTBUS
KBa3sHOJHOPOJHKEIX PacTsXKeHHH Ha mpocTpaHcTBe GyHKIHE ¢ c0b-
CTBEHHBIM YHCJIOM €™, T. €. f(g°x) =e’5f(x).

Hanpumep, MHOrounen Xa.X™ KBasHOXHOPOJEH CTENeHH r, ec-
an (m, a)=r 4as BceX IIOKaszaTelell m OXHOYJNEHOB, BXOJASIIUX
B CyMMY C HeHyJeBHMH KO03(h(HIHEHTaMH. ,

Jl1si KBa3HOAHODOAHOCTH (GYHKUHHM TNpPH MNOJOXHTEJIBHHX Becax
a; HeoOXOIHMO H JOCTaTOYHO BHINOJHEHHE TOXJecTBa Jiljepa

Za;x,vaf/ax; =f'f,

03Hayalolero, 4To f — coO6CTBeHHbIH BeKTOp AubGdepeHnHpOBaHHS
o HalpaBJeHHIO 3H1epoBa BeKTOPHOTrO nois ($as3oBHi NOTOK KO-
TOPOTO SIBJSIETCS TPYNINOH KBa3HOAHODPOIHBIX PACTSXKEHHN). ‘
BexTtopHoe moJie HasbIBaeTCs K8A3UOOHOPOOHBIM CTENeHH T,
ec/IM KaXJ0e M3 KBa3HONHODOAHBIX DACTSKEHHE TPYINbl YMHOXKa-
eT ero Ha e*. BekropHoe nose v=23uv;(x)0/0X, KBa3HOLHOPOAHO
CTeNEeHU r TOTAA M TOJBKO TOT[a, KOTJAA €r0 KOMMOHEHTHl — KBa3H-
OZHOpOAHble (YHKLUHH, CTENEHH KOTOPHX OTJIHUYAIOTCH OT cTeneHei
COOTBETCTBYIOLINX KOOPAMHAT Ha r: deg Uy=a+7, deg 8/0x,=as.
i PatcmoTpum cuctemy auddepennualbHbX ypaBHeHul x = a(x,y),
y=">b(x, y), 3a1aHHYI0 KBA3MOAHOPOXHHIM BEKTODHLIM [IOJEM CTele-
i 0 Ha miockocTH ¢ KoopAmHatamu Becos deg x=—a, degy=p.
Op6uThl TPyNmbl HMEIOT BHA X==X,e%, y==y,efs. 3a KoOpAuHATY
Ha (aKTOPNPOCTPAHCTBE (HOMEP OpOuTH) MOxHO (ipu X >0, y>0)
NpHHATL L ==y*/xPB. PaxkTopcucTema uveeT Bull = f (x). Wnrerpu-
POBaHHME CHCTEMBl 3aBEpINAETCA NePeXOfOM K KOOpAMHATAM (X, Z)
B (pa30BOM NPOCTpAHCTBeE.
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§ 7. NuddepeHunanbuble ypaBHEHUs, He pa3pemieHHbIe
OTHOCHTEJIbHO NPOU3BOAHOMY

3necy GopMyJIHPYIOTCS OCHOBHBIE Pe3yJIbTaThl o? ocofeHHOCTAX
peilleHnii HeABHBIX JH((epeHUHANbHHX YPaBHEHHH TIeEpBOro mo-
psiaka.

7.1. OcHOBHBHIE MOHATHS: KPHMHHAHTA, HHTErpajbHbie KPHBHIE.
HuppepenyuarbHoin ypasresuem nepsozo nopaoka, He pazpeuien-
HbLM OTHOCUTENbHO Npou3soOHOl, HasbBaercst ypaBHeHue F(x, y.
p) =0, roe p=dy/dx. dna raankoit ¢pyHkuuu F obuiero mosaoxe-
HHSI 3TO ypaBHeHHe 3ajJaeT IVIAJKyl0 NOBEPXHOCTb6 YPABHEHUA B
npoctpaHcTBe l-cTpy# ¢ynkuuit y(x). ITIpoekTHpOBaHHe MOBEPXHO-
CTH YDaBHEHHs Ha IUIOCKOCTh (X, Y) BAOJb OCH p Ha3bBaeTcs
cknradvisanuem. KpHTHUECKHE TQUKH CKJAaJblBaHHS  HAa3HBAIOTCH
0cobbIMU TOYKGMU YPaBHEHHS.

B oxpecrHoctu Heoco6oii TOuKH ypaBHeHne F=0 MOXHO pas-
PelIHTh OTHOCHTENBHO p, T. €. CBeCTH K OOBIYHOMY YyPaBHEHHIO
dyldx=v(x, y), no TeopeMe O HeIBHOH GYHKUHH.

Ocobble Touku ypaBHeHHs [=0 00pasyioT ero KpuUMUHAHTY.
Has yuknun F o6uiero nosoxeHHs: KpUMHHAHTA — IVIafKasl KpH-
Bas. Ilpoekuyss KPpMMHHAHTH Ha IJIOCKOCTh (X, Y) Ha3bpiBaercs
duckpumunantroti kpusod. Oas ¢yuxkunuun F o6iuero noJoXeHHs
JHCKPHMHHAHTHAsl KpHBasi HMeeT OCOOEHHOCTSIMH JIHIIb HOJYKyOH-
gecKHe TOYKH BO3BpaTa M TOUYKH TPAHCBEPCAJBLHOIO caMolepeceye-
Husi. Otob6paxKeHHe CKJaAblBaHHA HaJi TOYKAMH BO3BpaTa HMeer
oco6eHHOCTh THHa cOopka (HopMaibHast ¢opma: (4, v) — (43+
+uv, v)), B OCTaJIbHHIX TOYKAX KPHMHHAHTH — ckAa0ky ((4, U) —
- (% v)). _

ITpocrpancTBo 1-cTpy#i GyHKUMA CHAGKEHO noseM KOHTAKTHbLLX
naockocred dy=pdx. KoOHTaKTHHE IJIOCKOCTH BHICEKAalOT Ha mo-
BEPXHOCTH yDaBHEHHS noae Hanpasierutl 3Toro ypaBHeHHs. HMHrer-
pasibHble KPHBBIE 3TOrO IOJSI HA3bIBAIOTCH UHTE2PANbHbIMU  KDU-
8bIMU YPABHEHUS,

7.2. Perynapusie ocoGble TO4KM. Ocofasi TOUKa ypaBHEHHS 06-
LIero MOJIOXKEHHSl peeyAsipHd, eCNH KPHMHHAHT4 B Hedl He Kacaert-
Csi KOHTAKTHOH IJIOCKOCTH.

JlBa ypaBHeHHSI Ha3HIBAlOTCS I9KBUBAAEHTHLIMI, €CJH ONHO H3
HHX TEepPexXoJuT B Apyroe npH aubddeoMopdusme miockoctd (X, y).

Teopema Uunbpapuo ((M. Cibrario), KokazaTesbcTBO CM.
B '[8, § 4x]). B okpectHocTH peryaspHOE 0co60oii TOUKH ypabHe-
HHe 3KBHBAJIEHTHO YpaBHEHHIO p’=x. JTa 3KBUBAJEHTHOCTb IJal-
Kas 1Js FIaJKuX ypaBHEHHUi, aHaJuTHYeCKas IJs aHaJHTHYeCKHX.

Ha puc. 8a sapo npoH3BOAHOM CKAaABIBAHHS BEePTHKAJBHO,
KPHMHUHAHTa — rOpH30HTaabHa. IIpoekuuH yacTelt HHTErpajbHHIX

) 3tor naparpad Hanucar npu ywactuu A. A. daswposa. O mcmonnayer
TNPOCTeAllIHe NMOHATHA TEOPHH OCOGeHHOCTell H AH(OEpeHNHAIBLHON TeOMeTpHH IO-
BepxHocrel B R3.
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Puc. 8. Oco6nle TOYKH ypaBHeHHH, He Pa3pelleHHHX OTHOCHTEJbHO NMPOH3BOAHOM.

a) peryasapHas ocofasi Touka, 6) CJAOKEHHOe CeAJo, B) CAOXKEHHHWA yseld, F) CAOXKEHHBIH
doxyc.

KPDHBBIX C OIHOFO JIHCTa HaKPBITHS H300pa’KeHH CIVIOLIHHIMH, a C
ApYyroro — INTPHXOBHMH JIHHHSIMH.

7.3. Cnoxennle cepja, yaam W ¢okycH. KoHrakTHas IJ1O-
CKOCTb MOJeT KOCHYTbCS IIOBEPXHOCTH ypaBHeHdsi. Ilus ypaBHe-
HHsA OOLLEro NOJIOXKEHHsT KacaHHe IMPOHCXOJHT B OTJAEJbHHIX TOYKAX.
ITH TOYKH 0053aTesbHO JIeXKAaT Ha KPDHMHHaHTe. B OKpecTHOCTH
TOYKH KacaHHsi IloJle HalpaBJeHHH HOpoXJAaeTcsl IVIaJKHM BeKTOp-
HHIM [I0JleM Ha [I0BEPXHOCTH ypaBHeHHs, o0pallalolHMCsi B TOYKe
Kacanus B 0.

Hasi ypaBHeHHs1 ofiiero mnoJoxeHus: 1) ocobas ToYyKa NOPOXK-
Jaonlero BEKTOPHOTO IOJI — HEBLIPOXKIEHHOe Cei/l0, y3ed HJIH
¢oxkyc, nprHueM MOAYJAH 0OOHX COGCTBEHHHX YHCEJN y3Jaa H ceina
PasJHYHH; 2) coOCTBeHHHe BEKTOPH JHHEAapH3aUHH MOJsS B OCO-
60ofi TOuKe He KacalTCs HH KPHMHHAHTH, HH siipa CKJAaAHBaHHSA
(HanpaB/ieHHs OCH p).

Oco6nle TOUYKH, YAOBJETBODPSIOIIHE NEPEeYHCIEHHEIM YCIOBHAM
B TOYKE CKJAIKH, Ha3hBAIOTCH CAONCEHHbIM Ce0NOM, Y3A0M H (POKY-
Com cOOTBeTCTBeHHO. KX HHTerpasibHble KPUBble M HX IPOEKIHUH
Ha IJOCKOCThb (X, y) H306paxeHn Ha pHC. 86, B, r (0603HauYeHHS
Te e, 4TO ¥ Ha pHc. 8 a).

7.4. Hopmaabuble ¢opMbl CJHOMKEHHBIX 0OCOOGLIX ToueK. Husonto-
yuer HasbpiBaeTcs AHPPeEOMOpPHU3M, KBAAPAT KOTOPOTO — TOXKEECT-
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BeHHOe npeo6pasoBanue. HazoBeM HHBOJIOLMIO TIUIOCKOCTH dony-
CTumoti ]Sl BEeKTOPHOTO MOJsi Ha MJIOCKOCTH € 0cO6OH TOYKOH HYJb,
€CJTH HeNOJBHKHHE TOYKH HHBOJIONHH 00DPas3yloT MPOXOAsINYyIo ye-
pe3 HyJab KPHBYIO, HHBOJIIOLHS NEePEeBOLHT II0Je Ha 3TOH KPHBOH B
NPOTHBONOJIOXKHOE M HH HHBADHAHTHHIA, HH aHTHMHBAPHAHTHbLIA
COOCTBEHHBI  BeKTOD  JIMHeapH3alluH  HHBOJIOIHH B HYyJe
He SBAAIOTCA COGCTBEHHBIMM [Js ONepatopa JIHHEHHOH YacTH
TIOJIST B HyJle.

Teopema (A. A. Hapwaos, 1984). Bce uHBOJIONHH, JONYCTH-
MHle AJIsT JaHHOTO BEKTOPHOro noJs ¢ oco6oit Touko#t 0 THna ¢okyc
HJIH celio, HGO y3es ¢ HePaBHEIMH N0 MOAYJII0 COGCTBEHHBIMH UHC-
JaMH, KPHBHE HENOJBHIKHELIX TOUEK KOTOPHIX He pa3jesieHb COb-
CTBEHHHIMH BeKTOpPaMH onepaTopa JHHeHHOH YacTH MNOJd B HyJe,
JIOKaJbHO NepeBOAATCA ApPYyr B Apyra AxddeomopdusmaMmu 1nJo-
CKOCTH, OCTaBJISIOINAMH KaXAYyH TOUKY Ha NpOXOojslled depe3 Hee
(a30BoOi KPHBOH HOJS.

JTa TeopeMa H ee CJAEICTBHS BePHH H B IV1aJKOM, H B aHAaJH-
THUECKOM cayyae.

CuaencrBue 1. Crnoxennbe ceana (y3nb, GOKych) 3KBHBa-
JIEHTHBl, €CJIH COOTBETCTBYIOIIHe (HecJoXKeHHble) OcoOble TOYKH
BEeKTOPDHHIX MNOJeH, MOPOX/JAIOIIUX MOJS HanpaBJjeHHH Ha NoBepx-
HOCTSIX ypaBHeHHH, opOHTanbHO 3KBHBAJEHTHH (T. €. UMeOT AHD-
tdeomopdHbe ¢pa3oBble nopTpeTh) .

Caencrere 2. YpaBHeHHe 06IIero NOJNOXKeHHs, He pa3pelleH-
HOEe OTHOCHTEeJbHO MPOH3BOAHOH, B OKPECTHOCTH KaX/0#H CBoeH
0CO60H TOYKH THIA CJIOXKEeHHOe cel1o (ysed, (GOKyC) 3KBUBAJIEHTHO
HOpMaJbHO#i ¢opMme (p+kx)i=y.

CobcTBeHHbIe YHCAA JMHEeAaPH3allMM BEKTOPHOrO IO, MOpOXIaio-
Iero mnoje HanpaBleHuH ypaBHeHWusi?), HODPMHPOBAHHEIE YCJOBHEM

M+h,=2, paBunl 1 +} 1—8k. Cnoxensne cegaa (k>0) Bce
TONOJIOTHYECKH IKBUBAJEHTHHl APYT APYry: roMeoMopdH3M IIOCKOCTH
(X, y) mepeBOUT IPYT B JApyra NPOEKIHH CeMeHCTB UX HHTErpajb-
HEIX KPUBBIX. TOYHO TaK jxe TOMOJOrMYeCKH OJHHAKOBEI BCE CJOXKEH-
neie y3us (0 <k < 1/8) u Bce caoxenusie GoxycH (&> 1/8).

Mpumep. Cerb aCHMNTOTHYECKHX JIHHHA HAa NOBEPXHOCTH 06-
IIEro NOJOXKEHUS B TPEXMEPHOM NPOCTPAHCTBE UMEET peryaspHule
0COGEHHOCTH B OOIIHX TOYKAX NapabO/IMYecKOH KPHBOH H CJOMKeH-
Hble — B OTAeJbHHX TOYKax napaboJrueckoii KpUBOH.

7.5. C6opku. Kpome CJI0XKeHHBEIX 0COBHX TOUYeK, ypaBHeHHe 06-
IIero MNOJIOXEeHHsl, He pa3peliieHHOe OTHOCHTEJIbHO NPOH3BOAHOIL,
MOXKET HMeTb ellle TOJbKO ONHH THII HEPEryJspHHX OCOBHIX TOYEK:
c6opru cknapviBanus. [lose HanpaBjeHuii Ha NOBEPXHOCTH ypaB-
HeHHs B TaKOH TOuYKe HEOCO00O, HO KacaeTcsi KDHMHHaHTH. Kpumu-

) Onpenenesuss OpGHTANbHOM SKBHBAJEHTHOCTH CM. BO BBEJEHHH X 1. 3.

2 3TH uHCAA ONpPefesieHH C TOYHOCTBIG A0 YMHOMKEHHS] H2 OAHY H Ty Xe He-
HYJIEBYIO KOHCTaHTY, NOCKOJBKY BEKTOPHOE IIOJ]e, NOPOXKAalollee AaHHOE IIOJE Ha-
TNpaBJieRHH, ONpefeeH0 C TOYHOCTHIO 10 YMHOXEHHS Ha (YHKIHIO,
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HaHTa Heoco6a, HO KacaeTcs siipa NPOEKTHPOBaHHS, H AHCKPHMH-
HaHTHasl KPUBAsi HMeeT TOUKY BO3BpaTa.

TonosoruyeckH pa3HbBIX OCOOEHHOCTEH 3TOro THNa OGeCKOHEUHO
MHOTO, HO CYNIeCTBEHHO Pa3/HyaloTCs JIHIIb ABa Kjacca: a ¥ 6 Ha
puc. 9. M3obpaxennble 31ech NPOEKUHH HHTErPajbHbBIX KPHBHIX Ha
IJIOCKOCTb MOXHO BOnH3H TOukH cO6opkH onucate Ttak (Bproc
(J. Bruce), 1983).

a) 5)

Puc. 9. Ocofas Touka Tuna cOOPKH CKJAaXHBaHHA.

Paccmorpum aacroukun xgoct (puc. 98), T. €. TNOBEPXHOCTb B
NpOCTPAaHCTBe ¢ KoopauHatamu (a, b, c¢), o6pa3oBaHHYI0 MHOTrO-
ujeHaMu 2%+4az?+bz-+c, UMeMHUMH KpaTHble KOpHH. [liockocTH
a=const BHICEKalOT Ha JIACTOUKHHOM XBOCTe KpHBHe. UTOOGH IO-
JY4HTb CeMeHCTBO NPOEKUHH HHTerpabHBIX KPHBHX yDaBHeHHS 00-
Iero NOJOXKeHHs BOJM3H TOYKH COODKH Ha MJOCKOCTb, AOCTAaTOY-
HO CIPOEKTHPOBAaTh NOJYYEHHBIE Ha IMOBEPXHOCTH JAaCTOYKHHOIO
XBOCTa KPHBHE€ Ha MJOCKOCTh IIpU Nomomu cy6Mepcur (oTobpaxe-
HHs paHra 2) ofliero nojsoXeHHS TpeXMepPHOTrO0 NpPOCTPaHCTBA
(a, b, ¢) na miaockocTh (X, y).

B wacTHOCTH, NpoeknHsi KaxXJ0# HHAMBHAYaJbHOH HHTErpajbHOH
KpuBOi AHPGeoMopdHA COOTBETCTBYIOLIEMY IJNOCKOMY  CEYEHHIO
JIaCTOYKHHOTO XBocTa. Hanpumep, npoekudsi KpHBOH, Npoxoasuiei
yepe3 TOYKY COOpDKH, HMeeT OCOGEHHOCTb NOpsiiKa 4/3 H JOKaJbHO
aupdeomopdHa KpuBOH ut= 103,

§ 8. ArTpakropm

B HameMm o630pe «aTTpakTop» O3HAudeT, <«IPUTACHBAKOLIEE
MHOXKecTBO». B aTOM naparpacde o6cyxKaarmoTcsi, B OCHOBHOM, OLEH-
KH CBEPXy pa3MepHOCTH aTTPaKTOpPOB.

IMpennonoxuM, uto (azoBble KPHBHIE 3BOJIOUHOHHONO lpouecca
HEeOTDAHHUEHHO NPHOIHXAOTCS NpH f—-+ 00 K HEKOTOPOMY KOM-
NaKTHOMY MHoOXecTBy M — artpakrtopy. Habmwonarens, o6aanaio-
muiA npu6OpPOM OrpaHHYeHHOH TOUHOCTH W CJHESIIHA 33 3BOJIOLHEH
COCTOSIHHSI BAOJb (HKCHPDOBaHHOH (a30BOH KpHBOH, uepe3 HEKOTO-
poe BpeMsi Inepecraer OTJIHYaTb TOYKH 3TOH KPHBOH OT TOYEK ar-
TpakTopa. TeMm caMhbiM, aTTPaKTOp CONEDPIKHT eCTeCTBeHHoe «da-
30BOe NpPOCTPAHCTBO YCTAaHOBHMBIUHXCS peXHMOB». B psajge 3anau
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MaTteMaTH4eckol GH3HKH $a3oBoe NPOCTPaHCTBO GECKOHEYHOMEPHO,
a aTTpakTop — KoHeyHoMepeH (cM. m. 8.3).

8.1, Onpeneaenns. O6jactb ($a30BOro NPOCTPAHCTBA IOIVIOLIA-
€T, €C/JIH BCe TNOJOMKHTeJIbHEE INOJYTPAaeKTOPHH ¢ HayaJoM B Hed
HeqHKOM elt mpuHaanexat. OHa rio6ajbHO MOTJIOMIAeT eCJH, Kpo-
Me TOro, B Hee Nonajaer Kaxkjaasi (a3oBas TOUKA 3a KOHEYHOe
(HeoTpHLATEILHOE) BpeMs.

Onpenenenue, Ilycrp g'— mpeoGpasoBaHue 3a BpeMs !
¢ azoBoro noroka AHdPepeHUHANBHOIO YPaBHEHHS

X =1 (xX)
¢ morsowaiomelt o6aacTeio B, 3aMbIKaHHe KOTOpOi B KOMIAKTHO.
Torga MHOXECTBO

M= g’g

>0

Ha3mnBaercst arrpaxropom? ypasueHus (1). Ecam obaacts B riuo-
6asbHO MoOrJoumaplas, To aTTPAaKTOP Ha3bIBAeTCsl MaKCHMaJbHBIM.
3amMeuanne. Arrpakrop Bceria HHBapHaHTeH: g'M=M.

IipuMep. AcHMOTOTHYECKH yCTOHYMBHEe OcOOble TOYKH H Op-
GHTAIbHO ACHMITOTHYECKH YCTOHYMBBIE LHKJH SIBISAIOTCH aTTPak-
TOPaMH.

Onpenenenune. Crpanuelm arTpaKTOpoM HA3BIBAETCH aT-
TPaKTOP, OTJIHYHBI OT KOHEYHOro OO'befHHEeHHS HOAMHOroobpasHit
¢$asoBoro npocrpancTBa (TepMHH BBeleH B [104], rae o3HauaJt
aTTPAKTOP, OTVIMYHKEIH OT TOYKH H LHKJA).

3ameuyanue. Pa3oBoe NPOCTPAHCTBO YCTAHOBHBUIMXCS pe-
KHMOB MOXeT ObITb y’Ke, YeM MaxkCUMaJjbHbIH aTTpakrop. Hampu-
Mep, Ha puc. 36 u3obpaxeH $Ha30BbIH NOPTPET CHCTEMBI, MAaKCH-
MaJbHBIH aTTPAKTOP, KOTOPHH — OKPYXKHOCTb, & BCE PelIeHHs CTpe-
MSTCS K orn6OH TOUKe.

ITo-BuaMMOMY, afeKBaTHOe MaTeMaTHYeCcKoe onpee/eHHe GH3H-
yecKH HabJi0JaeMoro aTrpakropa paer npuxHamiexaumee $1. I'. Cu-
Halo INOHATHe <«CTOXacTHYeckoro arrpakropa» [59]. «Croxacruye-
CKHil aTTPaKTOP» Heo0d3aTeJbHO SIBJASIETCH CTPaHHBIM.

8.2. OueHka CBepXy pa3MepHOCTH MAKCHMAJbHBIX ATTPAKTOPOB.
AtrTpakTop MoXeT He OhITb MHOroo6pasneM. PaccMOTPHM KOMIAakT
B MeTpHueckoM npoctpanctBe. HasoBem d-mepumM ob6bemoM Ko-
HeYHOro MOKPHITHS KOMNaKTa IapaMH CyMMy d-HIX cTeneHe#l pa-
JMyCOB IIApPOB.

Onpenenenune XayciopoBa pa3mepHOCTb KOMNaKTa —
3TO HHXKHSS IPaHb TexX d, A/ KOTOPHIX KOMNAKT AOMyCKaeT KOHeYy-
Hble MOKPHITHS IUAPaMH, HMEIOUIHe CKOJIb YrOAHO MaJjni d-Mep-
HHi 06BbeM.

D B jmTeparype NPHHATH M ADYTHE, HE IKBHBAJEHTHHE STOMY, ONpEACNEHHS
aTTpaKTopa.
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IIpumeps. 1. XaycoopthoBa pasmMepHOCTb IJIaAKOrO MOAMHO-
roo6pa3usi eBKJAKAOBA NPOCTPAHCTBA PaBHAa OOBIYHOH pa3MepHOCTH.

2. XaycnopdoBa pa3MepHOCTb CTaHZAPTHOTO KaHTOPOBa COBEp-
HIEHHOTO MHOXKecTBa paBHA logs2.

3ameuanne XaycgopdoBa pa3MepHOCTh JAeKapToBa IPOH3-
BelcHHSl JBYX KOMIIAKTOB MOXeT OHTh 6oJibllle CyMMbl PasMepHO-
creil comHoxurened ([31]: B. M. baxrun [1]).

Onpenenenne. OrobpaxeHHe 06JacTH €BKJHIOBA [POCT-
paHCTBa B cebsi HA3BIBAETCS] R-CHUMAIOUJUM, €CJIH OHO YMEHbLIAeT
k-mepHble 00beMHb; TOUHee, €CJAH ero NPOH3BOAHOE OTOOpaKeHHe
yMeHblIaeT o6beM JI060ro k-MepHOro napanJjienHnela B KacaTelb-
HOM TNIDOCTPAHCTBe, H OTHOLIeHHe 00BeMOB o6pasa M mpoo(pasa He
NPEBOCXOJMT HEKOTODOH He 3aBHCslLlel OT TOYKH M mapaJJelernH-
neaa KOHCTaHTH, MeHbluel 1.

Teopema ([83], [31]). XaycnopdoBa pasmepHOCTb KOMIAKT-
HOro MHBAaDHAHTHOIO MHOXeCTBa k-cxkumaromero auddeomopdnama
00/1aCTH €BKJHAO0Ba NPOCTPAaHCTBAa B cefs He NpPeBOCXOMHT &.

ITycts cuctema (1) umeer rio6anpHo noryomAmMILy 06JacTb
C KOMIIAaKTHHIM 3aMblKaHHeM, ob6o3Hauaemylo B, u ¢as3oBoe mpocr-
PaAHCTBO €BKJIHLOBO.

Onpenenenue. Cucrema (1) HaswiBaerca k-cocumarowed,
ecaH npeobpasoBaHHe (a3oBoro MOTOKa 3TOH CHCTEMH 33 I0JO-
KHTEJbHOE BpeMs sBJASETCA KR-CKHMawluM B obaacta B.

Teopema. XaycaopdoBa pa3MepHOCTb aTTPaKTOpa K-CKH-
MamIel CHCTeMBl He NPEBOCXONHT K.

CoopMyanpyeM [0CTaTOYHOe ycsaoBHe TOro, uToGel cucrema (1)
Onna k-cxumawomei. B kaxjaoi Touke x obaactH B paccMoTpHM
KBaJApaTHUYHYIO (OpMy

F (x):57 (04 ()& B), EET,B.

IMycts A1 (X) = ... =Aa(X) — coGCTBeHHbIE 3HAYEHHA 3TOH KBajpa-
THYHOH (DOpPMHIL.

Jlemma. Has Ttoro yro6ni cHcrema (1) 6buta k-ckumaoumei,
JMOCTATOYHO BHINOJIHEHHSI HEPaBeHCTBA

M(x)+ .o+ M(x) <0

BCIOAY B KoMnakTte B.

8.3. Mpuaoxenus. Jlokaszanel GeCKOHEYHOMEPHbIE AHAJNOTH TeO-
pem npeamayumiero nyHkra (cM. '[l11]) u ykasauuywo TaM JuTepa-
TYpy); OHH IIO3BOJISIIOT AOKa3aTh KOHEYHOMEPHOCTb AaTTPAKTOPOB
AJs psila IBOJNIOUMOHHBIX YPaBHeHHH MaTeMaTHuecKOH (H3MKH.
Hanpuwmep, xaycnopdoBa pasmepHocTh aTTpakTopa JIBYMEpHOTO
ypaBuenuss HaBbe—CTOKCa C JBOSIKONEPHOAUYECKHMH IPaHHYHLIMH
ycaoBusiMy He npeBboinaer CR2In®R, roe R — uncao Pelimoasaca
(BenmunHa, obpatHas o6espasMmepenHolt BsiskoctH) [11], [31],
[401. Koncranta C 3aBHCHT OT pelleTKH NepHOAOB.
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laasa 2

AU P SEPEHUHAJIBHBIE YPABHEHHSI HA TOBEPXHOCTAX

Orta raaBa nocBsieHa auddepeHUHANbHEIM YDABHEHHSIM  Ha
cepe, a TakkKe ypaBHEHHM Ha TOpe, AONMyCKAOUIHM Npeobpasona-
HHe MOHOApPOMHH. OCHOBHOe BHHMaHHe YAeJeHO CTPYKTYPHOH YCTOH-
YHBOCTH 3THUX ypaBHeHHH H TeopHH AHGb(PeoMop(PU3IMOB OKPYNKHOCTH.

§ 1. CTpyKTypHO yCTOMYHBLIE ypaBHEHHS
Ha OKpPYXHOCTH H cdepe

CornacHo miee, Bocxoisimell K KJaccHKaM, nupdepeHnuasbHoe
YpaBHeHHe aNeKBaTHO ONHCHIBaeT (PH3NUYECKYIO PeaNbHOCThb, €CIH Ka-
YECTBEHHOE NOBeJeHHE ero pelieHHil MaJjio MeHseTCsA IPH MaJioM H3-
MeHEeHHH npapod yactu. [leficTBuTeNbHO, (U3HYECKHE TapaMeTpH,
BXOAALHE B ypaBHEHHe, KAK NPABHJIO, H3BECTHH JIHIIb npubau3u-
TeJbHO; €CJAH NPH MaJjoM H3MeHEeHUH NapaMeTPOB CBONCTBa pelie-
HHH pe3KO MEHSIIOTCS, TO BLIBOAH, CHeJaHHEE OTHOCHTENbHO ypaB-
HEHHs], ONHCBIBAIOUIEr0 MOJeNb, MOryT OBITb HEeNPUMEHHUMBl K HC-
X0#HOH ¢u3Hyeckoll 3anave. OfHA H3 NONKTOK (GOpMaJH3aLUKE
3TOH TOYKH 3pEHHs NpHBesaa K CO3JAHHIO TIOHATHS CTPYKTYpPHOI:
ycroiiunBoctH [4], BBeaeHHoro A. A. AuaponoseiM u JI. C. ITont-
PSTHHBIM, PasBUBABIIMM HccaeloBaHHa IlyaHkape no npepeabHHIM
ILHKJIaM.

1.1. Onpenenennsi. [IBa nubdbepeHuuasbHbIX ypaBHEHHS Ha3bl-
BAIOTCA TONOAO2UHECKU OPOUTAALHO 3KBUBANEHTHOLIMU, eCAH  CY-
IeCTByeT roMeoMop(H3M (a3oBOro NpoOCTPaHCTBA NEPBOH CHCTe-
MH Ha (azoBoe NPOCTPAHCTBO BTOPOH, MEPEBOASILIHA OPUEHTHPO-
BaHHble (a30Bble KPHBhHIE MEePBOH CHCTEMbB B OPHEHTHPOBAHHEIE
(asoBrle KpHBHIE BTOPOH.

[Tycte M — KOMNakTHOe IJiafikoe MHOroofpasue, v — IJafKoe
BekTOpHOe noJie Ha M. Cucrema (M, v) HasmBaercs (TPYKTYPHO
YyCTod4usoL, ecu CyLeCTBYeT Takask OKPeCTHOCTh foas v B Cl-tono-
JIOTHH, YTO BCAKOE BEKTOPHOE II0JIe H3 3TOH OKPECTHOCTH 3aJaeT CH-
CTeMY, TOMOJOTHYECKH OPOHTaJbHO SKBHBAJEHTHYIO HCXOAHOMH, NpH-
YeM TroMeOMOp(H3M, OCYINECTBJSIOUIHE SKBHBAJEHTHOCTb, OJH30K
K TOXIEeCTBEHHOMY.

1.2. OpHOMepHBIH cayYaii.

Teopema. BekropHoe mose Ha OKPYXXHOCTH 3a1aeT CTPYKTYp-
HO YCTOHYHMBYIO CHCTEMY, €ClH H TOJBKO €CJIH OHO HMeeT JHIIb He-
BBIDOJK/JIeHHbIe 0COOble TOYKH (0cobasi TOuKa MOJS U HA3LIBAGTCSH
HEBBIDOKIEHHOH, ecnH JHHeapH3aulHs NoJasg B ocobofi TOYKe — He-
BHIPOXKIEHHBIH 0nepartop). [IBa BEKTOPHBIX MOJIS ¢ HEBBIPOXIEHHH-
MH OCOGBIMH TOYKAMH Ha OKPYXKHOCTH TONOJOTHYECKH OpGHTAJIbHO
SKBHBAJeHTHbl, €CJIH H TOJbKO €CHAH YHCIA OCOOHIX TOYEK Y HHX.
OAHHAKOBH. CTPYKTYPHO YCTOHUHBHE NnOJsi 0GPasyloT B NPOCTPaH-
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CTB€ BCEX BEKTOPHBIX MOJIe#l Ha OKPYXKHOCTH OTKPBITOE BCIOLY NJIOT-
goe MHOXKecTBO B Cl-TOMOJIOTHH. 4

1.3. CTpyKTypHO YCTOMYMBBIC CHCTEeMbi Ha JBYMepHOH cdepe
([4], [8]). B npocTpancTBe BEKTOPHHIX NOJeH Ha KOMIAKTHOM MHO-
r0006pa3H¥ OTKPHITOE BCIOAY IJIOTHOe MHOXKecTBO B Cl-TOMOJIOTHH
06pasyioT n0Js, Bce 0cobble TO4YKU KOTOPHIX eunepbonudeckue”
([8], ra. 6). B nByMepHOM cayyae rHrepOoJHYecKHe 0COGbE TOYKH
TONOJIOTHUECKH JHO0 cenna, qubo y3nnl. PaszoBass KpHBas, CTpeMs-
masics K cefJly npu f—+ oo, HasblBaeTcs BXOAALleH cenaparpucol
cenya, a mnpu I{——oo — BHIXOJsIIEH.

Teopema. BekropHoe none Ha AByMepHOH cdepe CTPYKTyp-
HO YCTOHUYHBO, €CJH H TOJbKO €CJH BEINOJHEHH CJAeAylollHe yCJo-
BHSL:
1°. Tlose nMeeT KOHEUHOE YHCJIO OCOOBIX TOYEK.
2°. Bce ocofple TOYKM MOJs runepbosHYeCcKHe.
3°. Hu oznHa BeIXOAsLIAsi cemapaTpuca CeisNa He SIBJISIeTCS BXO-
Adled.

4°, Tlone uMeeT KOHEYHOE YHCJIO IIHKJIOB.

5°. Bce LUHKJIBE HEBBIPOXKAEHHI.

3ameuaHue. YcaoBus 1° ¥ 4° creayioT M3 TpPeX OCTAJbHHIX.
Bce nsaTh ycJOBUH NPHBEAEHH OTAENbHO, YTOOB NMOAYEPKHYTB, UYTO
OHH CJEAYIOT U3 CTPYKTYPHOH YCTOHUYMBOCTH NOJS.

Teopema. CTpPyKTypHO YCTOHuMBble BEKTOpHBIE MoJjs obpa-
3YIOT OTKPBITOE BCIOAY IJIOTHOE MHOXKECTBO B INPOCTPAHCTBe BCeX
BEKTOPHBIX Tosell Ha cdepe, HaneneHHoM Cl-tomosorueil.

3aMeuaHHe. AHaJIOTHYHBIE Pe3yJbTaThl COPABENJHBH MAJS
BEKTOPHBIX NOJIefl HA KPyre, KOTOpble He KacalTcsl TIpPaHHYHOH
OKDYKHOCTH. DTH JBa cJjydas JIeTKO CBOISITCS APYT K JAPYry.

§ 2. dnddepenuunanbHbie ypaBHeHUsI HA JBYMePHOM Tope

3aecy Hceaenyioress AudepeHlHalbHEE ypaBHEHHS Ha TOpe,
Jomyckawuiie npeobpa3oBaHue MOHOLPOMHH.

2.1, BymepHblii TOp M BEKTOpHble moJs Ha HeM. Mmu OyaeM
paccMaTpHBaTbh BeKTOpHBle mHojis Ha tope I?={(x, y)mod 2n},
IJIst KOTOPHIX TepBasi KOMIIOHEHTa He paBHAa HyJo. Bcesikoe BekTop-
HOoe noje 6e3 0coOblX TOYEK H LHUKJIOB Ha IBYMEPHOM TOpe mnpe-
BpalllaeTcst nocje NOAXoAsimlel 3aMeHbl KOOPAHHAT B BEKTOPHOE MO-
Je ¢ HeHyJeBOH mepBod KoMmnoHeHTo# (3uresp (C. L. Sie-
gel), cm. § 7, [62]). Iro, BoOGLIE rOBOPS, HE TaK [N BEKTOPHHIX
nosefl 6e3 0co6HIX TOUEK, HO ¢ LHKJIaMu (puc. 10).

[TpoussosbHOe AuddepennHanbHOe ypaBHEHHE Ha TOpPe MOKeT
OBITh 3akaHO B BHJE

2=0(2), 2€R?, 9 (z42ne)=2v(z+2ne,)=1(2),
e=(1,0), e=(0,1).

1) T. e. BelecTBeHHHE YaCTH COGCTBEHHHX YHCEJ ONEPaTOpa JHHEHHOR YacTH
{10211 B 0COGOH TOUYKE OTJHYHH OT HYAd,
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Puc. 10. Ypasuenue Ha Tope Ges npeobpasoBanus MmoHoxpomuu. Cnpa-
Ba M306paxeHn (a30BHe KPHBEHE Ha TOpe, CJeBAa— (ha3oBHH MOPTpeT
COOTBETCTBYIOLLLEr0 RBOSIKOMEPHOAHYECKOTO IOJIE Ha ILIOCKOCTH.

da30Bhie KpUBLIE YPaBHEHHsd, 3aJaHHOrO BEKTOPDHBIM TNOJEM C He-
HyJIeBOH I1epBOfi KOMIIOHEHTOH, COBNAJAlOT C HHTArPa/ibHbIMH KDHBBIMH
HEe4BTOHOMHOI'O ypaBHEHHs

e fty) Sty =f(xy+20=r(x1. (1)

Toabko TakHe ypaBHEHHs Ha TOpe pacCMaTpHBAIOTCS HUXKe.

2.2. TlpeoGpasoBanue nonoapomuu. I[Ipeobpasosaruem MOHO-
Opomuu (unu QyHKUHEH NocieNoBaHMs) AIs ypaBHeHus (1) HasH-
Baerca oToOpaxKeHHe ocH y Ha cebsi, COMOCTaBJAfIOIIee KaXIoH
touke (0, y) 3HayeHHe NpH X=27 pelleHHs C 3THM HayaJbHbIM
YyCJI0OBHEM, a TaKXe COOTBeTCTByollee OTOOpaXKeHHe OKPYKHOCTH
R/2nZ.

[Ipeo6GpasoBanue Monompomuu A nubdepeHuEpyeMo BMecTe C
o6paTHLIM U OTIMYAeTCsi OT TOXAECTBEHHOro OTOOpaKeHHs Ha ne-
pHOJAHUecKyl0 QYHKIMIO, Ha3biBaeMylo y24080i:

AW)=y+a(y), ay+2m)=a(), @)
a (y)>—1.

Onpeaenenus. 1. Tpaekropued TOYKH TOR AeHcTBHEM Aud-
¢peoMopdH3Ma npocTpaHCTBa Ha cebs Ha3bIBAeTCss MHOMXKeCTBO, CO-
cTosillee M3 3TOH TOYKH H ee 06pas3oB HOJ JAEHCTBHEM BCeX HTepa-
uui guddeomopdusMa u ero obpaTHoro.

2. I[lepuoduueckas rouxa Jugpeomopdusma — 510 Takas TOU-
Ka, TPaeKTODHs KOTOPOH KOHEUHAa; 3Ta TPAEKTODHS Ha3hBaercs
YUKAOM, & YHCJIO TOYEK LHKJIa — €ro nepuooom.

3. Kparxocrero yuxkaa ¢ nepuonoM ¢ anddeomopdusma A Ha-
3plBaeTcsd KPATHOCTb JI060H mpHHaMIeXaled HHKAY HeNoABHKHON
touky audpdeomopduama A? (3Ta KPaTHOCTb OAMHAKOBA AJS BCEX
TOYeK LHKJIa). Lluka HeebipoitdeH, eciau COOTBETCTBYIOIIHE HEMNO-
JABHXHble TOYKH HEBBIDOXKJEHH (He HMEIT MYJbTHIIMKAaTOPOB,
paBHbIX 1).

Hsyyenue ypaBHenus (1) Ha TOope CBOAUTCA K HM3y4YeHHIO COOT-
BETCTBYIOIIEH QYHKIHH NOCienoBanya — nuddeomopdhusmMa OKpyx-
HocTH. Tak, HanpHMep, NMEePHOJHYECKHM TOYKAM Mpeobpa3oBanus
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MOHOLDOMHH COOTBETCTBYIOT 3aMKHYThieé HHTErpajbHele KPHBHE
ypaBHEHHSA Ha Tope,  00paTHo.
2.3. Yucao spamenusi. [Iycts A — coxpaHsOmuil OPHEHTALHIO
roMeOMOP®H3M OKpY¥KHOCTH Ha celsi, 3anucaHHHE B BHAe (2).
Onpeneanenne. Yuciom spaujenus zomeomoppusma A Ha-
BhIBAE€TCS Npenes

Teopewma. Ilpegen B ompepnejeHHH YHC/Ia BpalleHHs CYLIeCT-
ByeT H He 3aBHCHT OT HauaJbHOH TOUKH Y.

Onpenenenune. Yuciom spawjerus Ougpeperyuarbro2o
ypasrerus (1) nHa Tope Ha3bIBaeTCsi YHCJIO BPAIEHHS COOTBETCTBY-
jo11ero npeo6pa3oBaHuss MOHOAPOMHH.

§ 3. CrpykrypHo ycroiuusbie AnddepeHnuanbHbie
YpPaBHEHHS Ha TOpe

3zech HccaenyroTcess AH(depeHUHaNbHbie ypaBHeHHA Ha Tope C
pPaUHOHaJbHBLIM YHCJIOM BpallleHHUs.

3.1. Onucanue CTPYKTypHO ycroiuuBbix ypasHermii ([8]).

Teopema. [duddepenunanpaoe ypasHenne (1) Ha Tope ume-
eT palHOHaJbHOE YHCJO BpalleHHS, €ClIH H TOJbKO eC/1H OHO HMe-
T 3aMKHYTHe HHTerpaJjbHblie Kpusble (UHK/Ib). Ecam uucao spa-
IleHHsi paBHO p/q (HecokpartHMasi ApoOb), TO NEpPHOALI BCeX UMK~
JOB paBHH 271 (PoJb BpeMeHH HrpaeT He3aBHCUMas MepeMeH-
Has X).

Teopema. [uddepenuuanbHoe ypasBHeHue (1) Ha Tope
CTPYKTYPHO YCTOHYHBO, €CIH H TOJbKO €CJAH YHC/IO BpallleHHS pa-
[MOHAJNBHO, ¥ BCe NEpPHOAMYECKHe pelleHHsT HeBBIPOMKIEHH.

AHanoruyHble yTBEPHKAEHHS CINPAaBEIIHBB AJsS COXPAaHSIOMHX
OpHEHTanHI0 IH(PPeoMOpPH3IMOB OKPYKHOCTH.

, Onpenenenus. 1. Jubdeomoppusmsl f: M—>M u g: M—>M
Tonoaozuvecku (C*, anaiuTu4ecKu) IKBUBAACHTHbL, €CAH CYlLIeCTBY-
er roMmeoMopdusm h: M—>M (coorBercTBeHHO, AHbGeoMOphHIM
kaacca C* uiu aHanuTHYeckui), conpsiraomuil f u g:f=h ogo AL

2. Hudcdeomopudam mHorooGpasus M B ce6a HasbiBaercs
CTPYKTYpHO ycToduussiy, ecau mwoboit Cl-6iuskuit emy auddeo-
mMopdusm M B cebsi TOMOJOrHYECKH SKBHBAJIEHTEH HCXOAHOMY, H CO-
npsralolWHi romeoMopdu3M G1H30K K TOXKAECTBEHHOMY.

Teopema. Coxpansiomuit opueHrauuio  auddeomopdusm
OKPYXHOCTH CTPYKTYPHO YCTOHYHB, €CJH H TOJbKO €CJH YHCJIO
BpallleHHsl PAaLHOHAJbHO H BCE HHKJIbI HeBHIpPOXKAeHH. CTPYKTYypHO
ycrofiynBhle AH(PGDeoMOpGH3MB 00pa3yioT OTKPHITOE BCIOAY IJIOT-
HOe MHOXECTBO B NPOCTPAHCTBE BCeX ABaXKJbl IVIAIKHX COXpaHsIoO-
mux CoszeHTaumo nupdeoMopdHIMOB  OKPYKHOCTH C  TOMNOJO-
rier C2,
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He crmeayer aymaTb, OLHAKO, UYTO «Hayrap B3aThA» auddeo-
Mop}H3M OKpPy:kKHOCTH OyAeT B NOAaBJsIOlEeM OOJNBIIHHCTBE CJY-
49aeB HMeTb pallHOHAJbHOE YHCJIO BpameHus (cm. § 4).

3.2, OueHKa 4YHCAA UHKJOB.

Teopema S$kobGcona. [duddeoMopdusM  OKPYKHOCTH
Y~ y+a(y), Ans KOTOpPOro yraoBast (QYHKIHS @ — TPHTOHOMETDH-
gecKHlI MHOrowieH CTENeHH 1, HMeeT He OoJsiee 4eM 21 IHKJOB C
y4eToM KPaTHOCTH.

CnencrBHe. Kamm:m nuddeoMopdHU3M H3 ABYNapaMerpHue-
CKOoro cemeficrBa

Seay—y+a-tesing
HMeer He Gosiee JBYX LHKJOB,

3ameuanune. Yucno Bpamenus auddeomopdusamMoB cemeii-
cTBa npoGeraer BCIO OCb; NEPHOAB BO3HHKAIOIHX NPH 3TOM LHK-
JIOB MOTYT OBITb CKOJIb YTOAHO GOJIBLIHMH.

AnxasnornyHas TeopeMa i AuddepeHUMATbHEIX YpaBHEHMA Ha
TOpe He Joxa3aHa. HleusBecTHO J[axe, CyIIECTBYeT JH OUEHKA

d
CBEpXy Ha YHCJIO IHKJOB YyDaBHEHUs ESZ‘I f(x,y) ¢ TpUrOHOMETpH-
YECKHM MHOTOY/IEHOM f B IIPaBOf 4acCTH yepes3 CTeneHb MHOrowIeHa f.

§ 4. YpaBneHus Ha TOpPe C HPPALUOHAJbHHM
YUCJAOM BpaUlCHUA

d
Bce HHTErpa/ibHbie - KpUBbI€ CTAHAADTHOrO YpaBHEHHA E—i*=®,

® — HPPAlUOHAJLHO, BCIOAY IUIOTHBI Ha TOpe H, CJIeA0BATENbHO,
He3aMKHYTHl. Huxe mccienyercss Bonpoc o6 3KBHBAJEHTHOCTH AHP-
depeHNHaNbHOrO YPAaBHEHHSI C HPPALlMOHAJBHBIM YHCJIOM BpallleHHd
Ha TOpe M CTaHZapTHOro ypaBHeHus. HaureMm c nuddeomopdpus-
MOB OKPYZKHOCTH.

4.1. dxBuBateHTHOCTh AM(peomMopdhu3Ma OKPYKHOCTH IOBO-
porty.

Teopema [HJarxya ((A. Denjoy), [8]," [62]). HdBaxam
TVIaJIKH COXPAHSIIOUMH OPHEHTAUHO AHPDeoMOPPUIM OKPYKHOCTH
¢ MPpalMOHA/JbHBIM YHCJIOM BpallleHHs TONOJIOTHUECKH SKBHBAJeH-
TeH NOBOPOTYY.

. Mas noutu Bcex (mo Mepe JleGera) uucen BpalleHHs CONpsra-
WUHi roMeoMopduam B TeopeMe JlaHXKya HMeeT JHIIb HEMHOTO
MEHBLIYIO TJ1aJKOCTh, YeM HCXOAHBIA, KAaK 0Ka3biBaeT

b Ilag romeoMopdusMa OKPYKHOCTH C HDPANHOHANbHWNM UHCIOM BpaUleHHs
o U @-NpeAe]bHEIe MHOXKECTBa BCeX TPAGKTOPHH coBmafaloT. OHH IPEACTaBJSIOT
€060t Ju60 BCIO OKPYXHOCTH (AJdsi roMmeoMopduaMoB kaacca C?), au6o KaHTOpO-
BO COBEpIIEHHOE MHOXECTBO (COOTBETCTBYIOUIHE MPHMEPH MOCTPOEHH JJf Tro-
meoMopouamoB knmacca C! [62]). B nepBoM ciyuae, KaK yXe yKasHBaIoCh, Io-
MeOMOpP(H3M OKPYKHOCTH TONOJOTHYECKH 3KBHBAJEHTEH NOBOPOTY; MOJHasg TOIO-
Jioruueckas Kjacchuxkauus romMeoMopdH3MOB OKPYXKHOCTH BO BTOPOM CcJayuae
noxyseda B [101].
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Teopema 3Opmana ((M. R. Hermann) [92]). Ha Bemect-
BEHHOH INPAMOH CyIIeCTByeT MHOXKeCTBO NOJHOH Mephl TaKoe, 4TO
C" —raaakuii JHPdeoMopPH3M OKPYXKHOCTH, UHCJAO BpalleHUs
KOTOPOTO NpPHHAMJIEXKHT 3TOMY MHOXKecTBy, C'~2-fjiaflko 3KBHBa-
JIEHTEH IIOBOPOTY; 3Jechb 7 — J060e HaTypalsibHOe 4uCH0, GoJbliee
2, 0o HJIH ®, IpPHYEM 00—2=00, @—2=@,

YcaoBHe Ha HMppalHOHANbHOE YHCJIO BpalleHHs (Tak Ha3hBa-
eMoe «ycjoBHe A» DpMaHa), AOCTATOYHOE MJIsi NPHHALJIENKHOCTH
IL MHOXeCTBY, YKa3aHHOMY B TeOpeMe, COCTOHT B CJeAyHOlleM.
ITycte p=ao+1/(ay+1/(azs+ ...)) — pas/ioxeHHe 4YHCIa | B He-
npepuiBHYI0 Apob6b. Uuca0o p yaoBJeTBOpsieT YyCI0BHIO A, ecaH

lim lim sup( Z In(l +ai)) ( 2 In(1 —{~ai))—l=0.

B->co nR=»00 ‘Zi>8 1<ign

[Tpu ODOHONHHTENBHOM NpPENNOJOXKEHHH, UTO HeBs3Ka (OTJIHYHE OT
IIOBOPOTA) MaJa, ycaoBHe A MOXKHO YIIPOCTHTE!
Teopema ([9:2]). Ilycts uncao p yAOBJIETBOPHET YCAOBHIO

I

IJs1 BCeX HeCOKPATHMBIX p/q W HEKOTOPHIX NOJIOKHUTeIbHHX C H €.
Torpa anaanutuueckuii nuddeoMopPusM OKPYKHOCTH C UHCIAOM
BpalleHHsl p, AOCTAaTOYHO OJNU3KHH K IIOBOPOTY Ha [, aHAJHUTHUE-
CKH 9KBHBAJ/eHTEH NOBOPOTY.

Eciun B npeanaymeii teopeme &>)5—2, to C*®-nudpeomop-
($U3M OKPYKHOCTH C uHc/IOM BpameHusi uw C™-3KBHBaJIEHTEH IIOBO-
pory aas moGoH, He o0s3aTenbHO MaJsoH, YIJIOBOH GYHKIHU
(Moxkkoc (J. C. Yoccoz) [90, c. 814]).

BosblnHCTBO OJIM3KHX K NOBOPOTY IVIaAKHX (aHAJMTHUECKHX)
JuddeoMopPHU3MOB OKPYKHOCTH IJ1aAKo (aHAMHTHUECKH) 3KBHBa-
JIEHTHO INoBOopoTy. Hamnpumep, paccMoTpHM JABymapaMeTpHUYECKoe
ceMeHcTBO Y — y+a+eb(y), rme b-—rnagkas 2m-mepHOpHUe-
CKasi (PyHKIHS.

Homas tex 3sHaueHHil mapameTpoB (@, €) H3 INPAMOYroJbHHKA
le] <eo, 0<Ca<<2m, masi KOTOPHIX AH(GDHEOMOPPUIM IVIaAKO HEIKBH-
BaJIEHTEH II0BOPOTY, CTPEMHTCS K HyJ0, Koraa e—-0. B uacTtHOCTH,
CyMMapHas ILIOIaAb BCeX PEe30HAHCHBIX sI3HIKOB Ha puc. 11 B
MaJIofi OKPeCTHOCTH OCH 4 COCTaBJsleT Majylo AOJMI0  IJOUIAjiH
OKPEeCTHOCTH.

B «HCKJIIOUMTENBHBIX» Clydasix CONPSTAIOIIHA roMeoMopdHu3M B
TeopeMe JlaHxkya MOxXKeT ObITh He IVIaJKHM, €CJAH Ja)Ke HCXOAHBI
nudppeoMopdusM aHaduTHUEH. ITO OBIBaeT, KOrjAa 4YHCJIO Bpalle-
HUS HEHOpMaJbHO OJH3KO aNNpOKCHMHPYETCS  pallHOHAaJbHBIMH
yuciamu [9: 2].

Anajoruynbsie TeopeMbl BepHB A5 AH((depeHuHaJbHBIX YpaB-
HeHHH Ha Tope. OHH CIEAYIOT H3 NPEeNBIYIIHX TEOPEM H 3aMeya-

) Uepes C® o0603HauaeTcs KJIaCcC aHATHTHYECKHX OTOGDaMKEHH.
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Puc. 11, PesonascHWe 30HH pmis ceMefictBa aHdpdeoMopdPu3MOB OKPYXK-
HOCTH. .

Hus: audgepeHunaJbHOe ypaBHeHHe Ha Tope, AomycKalouiee mnpe-
o6pasoBaHMe MOHOAPOMHH, Tomosorudecku (CT-raagxko, aHajIH-
THYECKH) 3SKBHBAJIEHTHO CTAHAApPTHOMY, €CIH H TOJBKO eCJH
COOTBETCTBYIOIlee Tpeo6pa3oBaHHe MOHOAPOMHH  TONOJIOTHYECKH
(Cr-rnaako, aHAJHTHYECKH) SKBHBAJIEHTHO MOBOPOTY.
4.2. Nudpdeomoppu3Mpl OKPYKHOCTH M BEKTOPHbie mojas Ha S3.
Hanxya noctpous mpumep auddeomMopdHaMa OKPYXKHOCTH Kiacca
- C!, He 3KBHBA/IeHTHOTO MOBOPOTY OKPYXHOCTH H HMEIOLIEro Hppa-
LHOHAJbHOE YHC/0 BpameHus (cM. [62]). Mcnoabsys stor mpuMep,
HIpefiuep (P. Schweitzer) anan orpuunarenbHOe pelleHHe CJeAYIO-
wei npobaemsl 3efidepra (H. Seifert).
BepHO JsH, YTO BCsiKOe BEeKTOpPHOe nojie 6e3 0ocoObX TOYeK Ha
S® umeer wHKA?
Teopema ([62]). Ha TpexmepHoii cpepe cymectByer C!-
riajfikoe BeKTOPHOe noje 6e3 oCoObIX TOUEK H LHKJIOB.
HenaBro noctpoeHo C2-rjiajlkoe mojie ¢ TeM Ke CBOHCTBOM
[91]. MoxXHO /M elle MOBLICHTH IVIAJKOCTh NoJsi B Teopeme llIseit-
iepa — HeH3BECTHO.

§ 5. 3ameuaHus o uMcje BpalieHHS

B stom naparpade umcno BpalleHHs HCCIeAyeTCsl KakK ¢yHK-
UHsl MapaMeTpOB; ONPEAE/SAIOTCA U HCCJAeAYIOTCS MHOXKeCTBa Bpa-
IeHHA» AJ51 S3HAOMOPHH3IMOB OKpPY2KHOCTHY. .

5.1. Yncao BpameHns Kak QyHKUHUS MapamMeTpoB. Paccmorpum
cemeiictBo AxpPeoMoppu3MOB OKPYKHOCTH Ha cebs ¢ mapamer-
pPaMH a U &:

y=yta+ef(y), fy+2m)=71(y). 3)
Onpenenenune. Touxka (a,e) npunamnexur ob.iacru peso-
Hanca m/n, eciu YHCIO BpalleHus OTOGpaxeHns (3) paBHo m/n.
O6aactu pe3oHAHCOB m/n NPH MalblX n B cayyae, Koraa f(y) =
=sin y, nokasansl Ha pHC. 11. OHM noxxomsaT K JuHuH e=0 y3KH-
MM s3BIKAMH C OCTPHEM B TOYKE M/n, «A3bIK» TeM yXKe, 4eM 60Jb-
e n.
Teopema ([9]). Ilycte f— TpuroHoMeTpHueckuit MHOTrOUMEH

U BHpoMopdH3M — OLHO3HAYHOE, HO Heo6s3aTENbHO B3aHMHO OLHO3HAYHOE.
ortoSpaxeHue.
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OT OHOK NepeMeHHO# cTeneHu p. Torla mHpHHA 06JACTH DE3OHaH-:
ca m/n He mpeBocxoaut Ce’, rae r— uejas yactb Apo6H —n/ps
r=—[—n/p]. . :

5.2, CemeidicTBa ypaBHeHHMH Ha Tope. AHajiorduHass TeopeMa-
cupaBeiJHBa 4751 AuddepeHlIHaNbHbHIX yPaBHEHHH Ha Tope

d

Zr=0+eF (x,4), F(x+t2m y)=F (x,y+209=F (x,9). (%)

Teopema (O. I. Tankun). Ilycrb F — TPUroHOMeTPHYECKHE
MHOrouJieH cTelleHH p no y. Toraa mHpHHa oOJAacTH pesoHaHca,
m/n (rak Ha3bIBaeTCs MHOXKECTBO Tex (@, €), IJIsl KOTOPHIX ypaB-
HeHHe (4) WMeeT uMcJo BpalueHusi m/n) He mpeBocxoaut Ce’, rae,
r=—[—n/p].

5.3. dupomopdusmb okpyxHocta ([74]). [lycte A — anmomop-.
busm okpyxuocTtd, To ectb A(y)=y+a(y), a(y+2n)=a(y), Ho
yCJIOBHE B3aMMHON OJHO3HAYHOCTH a’>-—1 MoxKeT OBITb HapylleHO.

Onpenenenne 1. Mrowecreom spaujerus 3HOOMOPPUIMA
A okpysnocTu Ha cebsi HasbiBaeTcs 3aMblKaHue W(A) MHOXeCTBa
{ut(4, y) |yeR},
rae

bt (A, y)=lim sup AL
- o)

2. MuoxectBoM Bpaiienusi. w(4, y) Ha3bIBaeTCs MHOXKECTBO.
BCeX MpefebHBIX TOYEK nocienoBateibHocTH A*(y)/k.

Cunenyiomas TeopeMa jAaer omnucaHue MHoxectB p(A4, y).

Teopewma., Ilycte A — HenpepeiBHOe OTOOpa)eHHe OKPyXK-
HOCTH Ha ce6s crenend 1 (TO ecTb Takoe, KaK B Hauaje NYHKTA).
Torza

1°. MuoxectBo p(A, y) npu J06OM Yy — 3TO OTPE30K, NPHHAX-:
aexamuit p(A4).

2°. Jlns KaXKHaoro oTpeska o, npuHaagexamero p(A4), cymecr-
ByeT Takoe y, 410 u(A4, y) =o.

T'aasa 3

OCOBbIE TOYKH NH®SEPEHIUHAJDbHBIX YPABHEHHA
B MHOFTOMEPHOM BEIMECTBEHHOM $A30BOM
IMMPOCTPAHCTBE

JlokanbHast TeopHs AHGdepeHuUHAIbHBIX ypPaBHEHHH B 3HayM-
TEJTbHOH Mepe .NOCBSilieHa KiacCHGHKAIHOHHBIM 3afavyaM. B 3aBu-
CHMOCTH OT TOro, KaKOe OTHOIIeHHe 3KBHBAJEHTHOCTH HCIOJNb3yeT-
csl MpH KjiaccCH(HKAIMH, BO3HHKAaeT Ta HJIH HHasi BeTBb TEOPHH.

Onpenenenne. [Ba nuddepedunasbHelXx ypaBHEHHs (HJH,
4TO TO XK€ CaMoe — JABa BEKTODHHIX TIOJIsSI) TONOAO2UHECKU 3KEU8a-
AEHTHb, B OKPECTHOCTH OCOOBIX TOYEK, €CJH CYHUIECTBYeT TIOMeo-
MopGbH3M, nepeBOISIIHA NepByI0 0C0o6YiI0 TOYKY BO BTOPYK H
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CONpPSATAIOIMA JoKaJbHEe (a30Bble IMOTOKH  paccMaTpHBaeMbiX
YpaBHeHHII B 3THX 0coOblx Toukax. Ecnu compsiraiomuit romeoMop-
¢usM rnagok kaacca C* (k— HaTypanbHOe uHCJIO HAH  Gecko-
HEYHOCTb) HJIM aHaJHTHUYeH, TO JAHG¢epeHUHaNbHble YDaBHEHHS
HasubBaloress CR-22a0Ko uAu GQHAAUTUHECKU IKBUBANEHTHOIMU.

Onpenenenue. [JlBa auddepeHnnalbHHIX ypaBHeHHs (ABa
BEKTOPHHIX IOJIA) OpPOUTAAGHO TONOAO2UHECKU IKBUBAACHTHbL B
OKPECTHOCTH OCOGBIX TOYEK, €CH CyIIeCTBYeT roMeoMOp(H3M He-
KOTOpPOH OKDECTHOCTH 0COGOH TOYKH OJHOrO MOJis B HEKOTOPYIO
OKPEeCTHOCTb 0c0GOf TOYKH APYroro, NepeBOAsIIUH MEePBYI0 0COGYIO
TOYKYy BO BTOPY!0 H OTOOpaKaloIUil JoKajbHble (a3oBble KpPHBHIE
OJIHOrO ypaBHEHHS B JIOKaJbHble (a30Bbie KPHBHIE JPYroro ¢ coxpa-
HeHHeM HamnpaBieHus IBHKeHus. Ch-2aa0Kko u anaautudecku op-
OUTANbHO 3KBUBAAEHTHbLe YPaBHEHHs ONpPedeNAIOTCH aHaJIOTHYHO
TOMy, Kak omnpeieneHsl Ch-rafko U aHaJUTHYECKH 3KBHBAJIEHT-
Hhle YpaBHEHHS.

DTH onpeleseHHs HMEIOT CMBICI KaK B BeLECTBEHHOH, TaK H B
KOMIUIEKCHOH 06/acTH (BpeMsi B NOC/TIeIHEM CJayuae KOMILJIEKCHOe).
AHa/UTHYECKYIO SKBHBAJEeHTHOCTh AHG(epeHIHaJbHbX YpPaBHEHHH
€CTEeCTBEHHO H3y4aTh B KOMIJIEKCHOM (ha30BOM IHPOCTPAHCTBE; B
3TOH rJjaBe pacCMaTPUBAETCs BELIECTBEHHBIH cJaydall M TONOJOTH-
Yeckasl HJIM TJIafikast Kjaaccudukauus. B pajibpHellllleM, ecjid He Oro-
BODEHO NPOTHBHOE, «IVIa/JKOCTb» 03HauaeT OeCKOHEUHYIO I/1aAKOCT;
BpEeMsi CUMTAETCsi BEUIECTBEHHBIM, a BEKTODHBIE IOJS — IVIaAKHMH.

§ 1. Tononoruueckas Kiaaccupukanusi runepOoJd4ecKuX
0co0bIX TOUEK

B 370l rsaBe, Hapsily ¢ OCOOEHHOCTSIMH OOLIEro MOJIOXKEHHS,
KIaCCHPHIUPYIOTCS H HETHIIHUHbIE OCOOEHHOCTH.

Tonosnoruueckuit THn auddepeHUHaNbHOrO ypaBHEHUST B OKpPeCT-
HOCTH 0c000# TOUKM OOILEro IOJIOKEHHS Ompejessiercs JHHeapH3a-
uuell nons B Touke (reopema 1.1 Huxke). Cayuau Gosee CHOKHBIX
ocobbix Touek obcyxnaiores B §§ 2 u 5. .

1.1. Teopema 'po6mana—Xaprmana.

Onpenenenune. Ocobasg Touka aupDepeHIHANLHOTO ypaB-
HeHHsl HasblBaercs eunepboauteckod, ecJH HH OAHO coBCTBEHHOE
3HaueHUe JHHEHHOH 4YacTH ypaBHEHHS B 3TOH TOUKe He JIeXKHT Ha
MHHUMOH OCH. '

Teopema ([8], [67]). C'-rnankoe BeKTOpHOe moJe C FHIEp-
fosnyeckoii ocoB60OH TOYKOH B HEKOTOPOH OKPECTHOCTH 9TOH TOUKH
TOMOJIOFHYECKH 3KBHBAJIEHTHO CBOeH JHHeHHON YacTtH.

1.2. Kaaccupukaumusa JUHEHHBIX CHCTEM.

Teopema. Ilycrp nuHeitnblii omepatop A Ge3 coGCTBeHHBIX
SHaYeHHH Ha MHHMOH OCH HMeeT n* cOOCTBEHHBIX 3HAYeHHH B npa-
BOJ NOJYHJIOCKOCTH M n~ — B JeBoH. Toraa auddepenunasbHoe
ypaBHeHHe

x=Ax, x€R", n=n*4n-
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TONOJOTHYeCKH 3KBUBAJECHTHO CTaH‘HapTHOMY
i ) . -
y=y, z=-—z, yeR", zeR".

3ameuyanue. Tomosoruueckas kiaaccHPHKamus OCOOHIX TO-
4eK JIMHeHHBbIX CHCTeM, Jaxe H He runepbo/HYECKHX, COBIAaAaeT ¢
TOIIOJIOTHUECKOH KJlacCH(HKalnell JHHeHHbIX CHCTeM BO BCeM NPOCT-~
paHctBe R”, 3akJiouaonieics B caeayioueM.

Teopema ([38])./dBa auneitnbix nuddepesnnalbHbX ypaBHe-
HHs X=Ax, x€R", n y=By, y€R", TONOJOTHUIECKH SKBHBAJEHTHEI, €C-
JH H TOJbKO €CJIM YHcAa COOCTBEHHBIX 3HAYEHHH € OTPHLATE]bHOH
(cOOTBETCTBEHHO MHOJIOXKHTENbHOI) BellleCTBEHHOH 4acThio ONepaTo-
poB A u B paBHB, a OrpaHHYEHHS 3THX ONEpPaTOPOB Ha HX HHBA-
PHAHTHEE IOANPOCTPAHCTBA, COOTBETCTBYIOIIHE UYHCTO MHHMEM
COGCTBEHHBIM 3HAUEHHUSM, JHHEHHO KBHBAJEHTHH.

§ 2. Ycroituneocth no JlsinyHoBy H npobaema
TOIOJIOrMYeCKOH KiaaccHpukauum

B stom naparpade obcyxkaaioTcd oblixe MOAXOAH K JIOKajb-
HBIM 3a[auaM aHajW3a M TNPHUBOLSTCS TEOPEMHl, KOTOPble MOKa3H-
BAlOT, YTO B CHJIbHO BEIPOXKIEHHBIX caydasix npobjema ycTOHUHBO-
CTH K npobjeMa TONOJOrHYECKOH KjacCH(HKaUHH OCOOBIX TOUEK B
ONpe/ieleHHOM CMbic/le HepaspeluuMbl. [JosyueHHBle B HacTosilee
BpeMs] KPHTE€PHH YCTOHUHBOCTH H K1acCH(HKALHOHHBIE TeOpeMHI,
NpUMEHHMBIE B «He CJAHILIKOM BBIPOXK/EHHBIX CJAydasix», NIPHBOJSATCS
B § 5.

2.1. O noxkaabHbIX 3ajavax anaausa. HauneM ¢ onpenenenus
CTpy# OYHKUHMII H BEKTOPHBIX NoJeii. OHKCHPYEM CHCTEMY KOOPAH-
HaT B R™. v

Onpenenenne. N-crpyed rnagkoit ¢yHKumn B Touke 0
npoctpaHcTBa R™ Ha3biBaeTcst Kjacce GYHKUHH, TeHIODOBCKHe pas-
JIOKeHHSI KOTOphX B Touke 0 [0 uJeHOB cTeneHH N BKJIOUHTEJIBHO
COBIAJAI0T.

Tem cambpiM, B (HKCHDOBaHHO# cHCTeMe KoopiuHaT N-CTpys
¢byHKZHE 3ajaeTcd NOJHHOMOM creneHn He Buiwe N, daaum Te-
Hepb Apyroe omnpejieseHHe, He3aBHCHMOCTb KOTOPOTO OT CHCTEMH
KOOpAHHAT OYeBUAHA.

Onpenenenune. N-ctpys riaankoii OyHKuHM f B TouKe O
npocrpanctBa R™ — 310 Kiacc Bcex (yHKUHEH, COBNAJAlOIIHX ¢ f
¢ ToyrocThio Ao o(rY) nmpu r—0 (r — paccTosiHHe mo HyJs); 3Ta
N-ctpysa o6osnauaercss fN) unu joNf.

Sto onpefescHue KBUBANEHTHO NpPeABIAYLIEMY, A8 KOTOPOro,
TeM CaMblM, [JOKa3aHa He3aBHCHMOCTb OT CHCTEMH  KOOP=
IHHAT.

Tax xe onpeneasworcs N-ctpyd OVHKUME B NPOH3BOJLHOM
TOYKe X IpocrpaHcTBa R®™; HYXHO TOJIBKO CYHTaTbh, 4TO 7 — pacs
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CTOsIHHe 10 x. AHaslorduno onpefenstiorcs N-CTPyH BeKTOPHHIX MO-
JieH B NPOU3BOJBHON TOouKe npoctpaHctBa R*. TloanmpocrpaHcTBo
3TOr0 MPOCTPAHCTBA, COCTOSIEe U3 CTPYH BEKTOPHHX [OJEH C
ocobo#l Touko# HyJb, 06o3Hagaerca JoN ().

Bu6op cucTeMbl KODAMHAT B (Pa30BOM NPOCTPAHCTBE IO3BOJISET
BHIGpaTh CHCTEMY KOOpAHHAT B mnpoctpaHcTBe J¥(n): Kaxno#
N-ctpye coorBeTcTByeT Habop K03((HUHEHTOB BEKTOPHOIO MNOJIH-
HOMa CTelleHH He Bblile N, SIBJISIONIErocss €€ NPEeACTaBHTENEM,

Onpenenenne. CTpys BeKTOpPHOrO IOJsA B 0COGOH TOUYKe
IICJIOXHTeNbHA (OTpHLATE]bHA) OTHOCHTENBbHO cBoficTBa A, ecaH
‘Bce ee NpeicTaBuTean obnajaior (me o6jsamaiwr) cpofictBom A.
Crpysi HefiTpaJibHAa OTHOCHTEJIbHO CBOHCTBa A, ecii OHa He I0JO-
‘JXXHTeJbHa H He OTpHUaTeJbHA.

Onpenenenne 3agaua pasiHYeHHs BEKTOPHHIX MoJel, o6maa-
JaoWHX HaM He 00Jajamollnx CBOiicTBoM A, HasblBaeTcs as2eb-
paudecKu paspeusymoli, eciu

" 1°. MHOXeCTBa MNONOXHUTEJbHBIX, OTPUILATEJNbHBIX M HEHTpaJb-
HBIX OTHOCHTeNbHO cBodcTBa A N-cTpy# npu kaxzom N ob6pasy-
10T noayaJjre6panueckne MHOxecTBal B mpocrpaunctse J¥(n).

2°. Kopa3MmepHOCTh MHOXKeCcTBa HeHTpaibHbXx N-cTpydl B HpoO-
crpanctBe JY¥(n) crpemutcs K OeCKOHeWHOCTH mpH N—-oo. A

AnasuTudecku paspewiumsie 3a1aul ONPeLesIOTCA TaK e, Kak
anrebpaHyecKHe paspelIHMBble, TOJBKO BO BCEX ONpeJeJeHUsix CJO-
BO «ajre6panyecKHi» 3aMeHsIeTCH Ha «aHaJHTHYECKHH»,

B stom maparpade B KayecTBe cBolcTBa A paccMaTpHBaeTcs
ycTOHYHBOCTb N0 JIAmyHoBY, BMecTO «CTpysi BEKTOpPHOTO NOJS B
0c060# TOYKe IMOJIOKHTeNbHA (OTpHLATeNbHa, HefiTpaJbHa) OTHOCH-
TeJbHO CBOHCTBA YCTOHYMBOCTH HO JIAMyHOBY» OyaeM T'OBOPHTH
«CTpya ycroduusa (Heycrolausa, HeUTpassra)».

[Ipumep. ITo Teopeme JlsinyHoBa 06 YCTOMYHBOCTH mo mep-
BOMY NpUOAHKEHHIO, l-cTpyd AX BEKTOPHOro mojss B Touke 0
'YCTOHYHBa, €C/IH Bce COOGCTBEHHble 3HaueHHsi onepartopa A Jexar B
JIeBOH MOJYMJIOCKOCTH, HeyCTOHYHBA, ecau XOTs Obl OLHO COGCTBEH-
'HOe 3HaYeHHe JIEKHT B NPaBOH NMOJYMJIOCKOCTH, H HEHTPaJbHA, eCJH
XoTs1 6Bl OJHO COGCTBEHHOE 3HAyeHHe JIEXKHT Ha MHHMOH OCH, a B
‘TIpaBO¥ NOJNYNJIOCKOCTH COOCTBEHHBIX 3HAYEHHH omeparopa A HeT.
TeMm caMblM, MHOXKeCTBa YCTOHYHBBLIX, HEYCTOHUYHBHIX H HEHTPalib-
‘HBIX 1-cTpyii mosyasnreGpaHyHH NPH JI0GOH pa3mepHocTH (a30BOro
_IPOCTPaHCTBA.

- 2.2, AareGpadyeckass ¥ aHAJMTHYECKas HePa3pPelIMMOCTh NPoG-
Jaembl ycroiiuusoctn no JismynoBy. CymulectByer anre6pandeckoe
TIOACEMEHCTBO KOPa3MePHOCTH MOPSILKA CTa B IPOCTPAHCTBe CTPYH
J5 (3), mepeceueHHe KOTOPOTO C MHOMKECTBOM HEHTpPaJIbHHIX CTpY#H

D TlogMHOXeCTBO  BeUIECTBEHHOTO YHCJOBOTO NPOCTPAHCTB2  HA3HWBAETCS
noaryanreebpausecKkum MHOXECTEOM, €CH OHO SIBJSeTCH OOBelHHEHHEM KOHEYHOro
UHCJa MOAMHOXKECTB, 3alaBaeMHlX KOHEUHEIM WYHCJOM asreGapHuecKHX YPaBHEHHI
H HepameHCTB BHAa P>0.
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penoJyaare6panyno. 1o AoKasbliBaeT aJjre6padueckyl Hepaspe-
mHUMOCTh NpobJseMun ycrofiuuBocty mo JlsmyxoBy (B. W. Aproasng,
1970, [8, c. 300]).

D. 3. Wroap u JI. T. Xasun [66:3] obuapyxunx aHajoray-
HOe sBJIEHHEe B CeMelcTBe CTPyll Majo KOpa3MepHOCTH.

Teopema ([66:3]). INoacemeiicto npocrpaucrea Jo*(4), co-
cTosiliee M3 CTpyH BEKTODHBIX MoJed B 0CO6OH TOYKe, JHHeHHas
4acTh KOTOPHIX B 3TOH TOUKe HMeeT ABe YHCTO MHHMBIX Maphl CO0-
CTBEHHBIX 3HaueHH# BHAA —+iv;, *iwy, 30;=02 MNepeceKaer MHO-
JKeCTBO YCTOHUYHBHIX CTPYH MO HemnoJyaare6panyecKoMy MHOXECTBY.

Teopema (I'. I. Xasuua, JI. I'. Xasun, 1977). Tem xe cBO#H-
cTBOM 006Jaaer moacemeicTBo npoctpanctsa Jo®(4), cocrosiee H3
CTPY# ¢ JHaroHaJu3upyeMmoil JHHEHHON yacTbio, COGCTBEHHHiE 3Ha-
YeHHS] KOTOPHIX ABYKPATHBI H YHCTO MHHMBI.

KopasmeprocTy 3THX mNOAceMefCTB B COOTBETCTBYIOLHX IpO-
CTpPaHCTBAaX CTPYH paBHBl 3 H 4 COOTBETCTBEHHO.

«MOXHO 0XHIaTb, YTO T'PaHHIA YCTOHYUBOCTH, NMOTEPSIB MOJY-
anre6paMyHOCTb ¥ HHYeM OGojlee He clepxuBaemas, Oyler mnpel-
CTaBJAsTb NAaTOJOTHH Ha TEOPETHKO-MHOXeCTBeHHOM yposHe. Ha-
npUMep, MHOXKECTBO YCTOHYHBLIX CTPYil B KOHeYHOMEpPHOM aJre6-
panyeckKoM NOAMHOroo6pa3uH MPOCTPAHCTBA CTPYH (HKCHpPOBaH-
HOrO TOpSiAKAa MOXeT, BEPOSTHO, HMeTb OGeCKOHeuHoe YHCJIO KOM-
TIOHEHT CBSI3HOCTH WiM ObITh BCIOLY IJIOTHBIM BMeCTe CO CBOHM J0-
nonHeHnemM», OQHa U3 NpeJCKa3aHHbIX 3/lech NAaTOJOTHH B HACTOA-
ujee BpeMsi o6HapyxkeHa. IloctpoeHo onHOnmapaMeTpHyecKoe aJred-
paWyeckoe ceMeiCTBO B npoctpaHctBe cTpy# J°(5), mepecekaroliee
MHOKECTBO YCTOHUYHMBBIX CTPY#l IO CYeTHOMY 4HCJIY HHTEpPBaJoOB, HA-
KalJHBAIOUIHXCS K BHYTPeHHell Touke ceMelicrBa. Heckonbko Gonee
cjabbiit pesyabTaT OnyOJUKOBAH.

Teopema ([28]). Ilpobaema ycToituuBoCTH 1o JIAnyHOBY aHa-
JIHTHYECKH HepaspewlHMa. B YacTHOCTH, MHOXKECTBO YCTOHUYHBBHIX
cTpyil B mpocrpadctBe J3(5) He sIBJIsieTCS MOJMYaHAJHTHYECKHM.

2.3. Aare6pandeckas Pa3spellMMOCTh IO BHIPOKIAEHHWH KOHEYHOM
KOpa3MepHOCTH. EcTecTBeHHBIM INOKa3aTreseM, XapaKTepH3YIOIUM,
HaCKOJIBKO [aJIeKO yJdaeTcsl MPOBECTH HCCJaedOBaHHe anarebpanuec-
KH Hepa3pelIHMOH JIOKAJbHOH 3ajauH, fIBJASETCS <«KOPa3MEepHOCTh
BBIPOXKIEHUSI».

OnpeneseHue. POcTKOM 8eKTOPHO2O NOAs B 0OCOGOH TOUKe
Ha3bIBAETCs KJacC BCeX BEKTOPHBIX MOJeH, COBNaAaloilHX ¢ HHM B
HeKOTOpOo# (3aBHCsiIeH OT moJsisi) OKPecTHOCTH 3To# Touku. Iloss
H3 3TOro KJjacca Ha3blBalOTCs NpejcTaBHTeassMH pocTka, Isa poct-
Ka BEKTODHBIX NoJiell B OCOOBIX TOYKax X M y Has3eIBAIOTCH TOIOJO-
rudecks (24a0ko, anaautTudecku, OPOUTAAbHO TONOAO2UMECKU . . . )
3K6UBANEHTHOIMU, €CJIH OHH HMEIOT TONOJIOTHYeCKH (IV1aiKo, aHaJH-
THYeCKH, OPOUTAJNBHO TONOJOIHYECKH ...)  3KBHUBAJEHTHBIX IIpel-
CTaBHTENEH, H CONPATalOUIHA FOMeOMOP(pH3IM  MNEpPeBONUT X B Y.

AHaJIOTHUHO ONpPeleNsiloTCa  pocTku Ouggpeomopdusmos B He-
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NOJABMIKHON TOYKE M HX SKBUBAJEHTHOCTb, a TaKke pPOCTKU
PyHryuii.

Onpeaenenue 3amaua O poCcTKax BEKTOPHHIX NoJell B oco-
6oit Touke 0 npoctpaHcTBa R" axscebpauuecku paspeuwiuma 00 KO-
PABMEPHOCTU k BKAIOUUTEAbHO, eCH AN HeKoToporo N cyllecTsyer
[IOCJIe10BATEIbHOCTh BJIOXKEHHBIX ajrebpandecKux MHOroobpasuit

Vo=Jo ())DV1DVyD... DV DV, codimgV ;= j,

o6najawoinas CJaeAylolnM cBoficTBoM. Kaxpnas w3 pasHocTedt
ViNVis, j=0,..., %,  pacnamaercs Ha KOHEUHOe YHCJO CBH3HBIX
KOMIIOHEHT (CTpaToB); s JWO6GBLIX [IBYX POCTKOB, N-CTpyH KO-
TOPBIX INPHHAAJENKAT OJHOMY CTPAaTy, JOKaJbHasi 3ajada HMeeT
OIMH U TOT Xe OTBeT.A

Hanpuwmep, ecan peusr Haer o 3ajade TOMOJIOTHUECKOH KaaccH-
¢GHUKaLHH POCTKOB BEKTOPHBIX MOJIEH, TO BCe POCTKH, NMPHHAAMEXKA-
HIHE OXHOMY CTPaTy, TONMOJIOTHYECKH SKBHBAJIEHTHHI.

[Tpo6aema ycroiiunBoctd no JIAmyHoBy u npoGsaema TONOJOTH-
YeCKOH KJaCCH(PHKAUHWH DOCTKOB BEKTODHBIX MOJeH a/ire6panuecku
paspelinMa A0 KOPa3MEpHOCTH 2 BKJIIOUHTENbHO. 3a4acTyio aJjareb-
panyeckoe HCCJeL0BaHHe JOKaJbHOH 3a4auyd MOXKeT ObiTh NMPOIOJ-
JKEHO, €CJIM OTPaHHUHTLCH PAacCMOTPEHHEM HEKOTOPOro MOAMHO-
XkecrBa W mpocrpaHcTBa pocTKOB, 3ajauu, ajre6pavyeckd paspe-
IWHMEe Ha noaMHoxecTBe W 10 KODa3MepPHOCTH R BKJIOUHTEJBHO,
ONpeJensoTcsi TaK Ke, KaK H BHIIE, TOJNbKO B NMpeALIAyLIeM Orpe-
nenennn Vo=WMN g codim V;=i 8 WW); 3nece W™ — MHOXeCTBO
N-ctpyii poctkoB kiaacca W. Tax, 3amaua 06 YCTOMYMBOCTH IO
JlsanyHoBy a/nre6paHyeckuy paspelwidMa g0 KOPasMEPHOCTH 3 BKJIO-
YHTEJbHO Ha MHOXKECTBe POCTKOB BEKTOPHBIX NoOJiel, JHHelHas
YaCTb KOTODHIX He HMeeT COOCTBEHHBIX 3HAUEHMH BHAa —+iw,
=+3io.

2.4, TononorHyeckn HecTabunusupyembie CTpyHn. QukcHpyem
CHCTeMy KOOpAHHAT. M-CTpysl BEKTOPHOTO MOJsi Ha3bBaeTcs npo-
Oonscenuem N-ctpyu (M>>N), ecnu ee muorousen Teiinopa cre-
nerd M nonyuaercs u3 MHorounera Teiinopa N:-cTpyH aonuchBa-
HHMEM CTapLIHX YJeHOB (CTeneHH BHiue N).

HusapuanTHoe onpeaenedHne. M-ctpys BeKTOPHOro
noJisi ABJAsieTCs: npodoascenuem N-cTpyu, eciw M>N u Kjacc Bek-
TOPHBIX moJel, o6pasyomux M-CTpyio, NpHHaAJeXHT KJjaccy IMo-
Jeli, o6pasyouiax N-cTpyio.

Onpegenenne. Crpys V& BekropHoro moast B 0co6oii Tou-
Ke HA3bIBAETCSl TONOJAO02UdecKU HecTabuiusupyemoi; B KJaacce Taaf-
KHX (QHAJHTHYECKHX) POCTKOB BEKTOPHBIX moJell, ecam Jaw06as
CTpysi GOJiee BBHICOKOTO MNOPSIAKA, ABJSIOIAACA TNPOLOJIKEHHEM
crpyn VW), colepXKHT TONMONOTHUECKH HE3KBHBAJEHTHHIX B JIO60K
OKPECTHOCTH OCOGOH TOYKH IMaJKHX (aHAJHTHYECKHX) NpPeICTaBH-
Tesex.

HpyrumMu coBaMu, ecCJH CTPYSI BEKTOPHOTO MOJS TOIOJNOTHYECKH
HeCcTaOWIM3HpyeMa, TO HHKaKasi HHQOpPMalHs o KOHEYHOM HHCJe
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cTapllHX WIEHOB He IN03BOJIAeT HapHcOBaTh Pas30BLI NOPTPET 3TOTC:
noJs B OKPeCTHOCTH 0cO00H TOUYKH Jaxe C TOYHOCTBIO JO IOMeo-
mopbhH3Ma.

Teopema Taxenca ((F. Takens) [109]). B nmpocrpancTse
3-cTpPyH BeKTODHHIX MOJeH, JinHeHHas 4acTb KOTOPHIX HMeeT OAHO
HYJIeBOe H JABe Iapbl YHCTO MHHMBIX COOCTBEHHBIX 3HaueHHH, Cy-
1{eCTBYET OTKPBHITOe IOJMHOXKECTBO, COCTOsiliee H3 CTPYH, TONOJI0-
ruyeCKH HecTaOMJIH3HDyeMBIX B KJAacCe IVIaJKUX POCTKOB BEKTOp-
HBIX IOJIeH.

AHanorHYHH pesy/braT AN aHAaJHTHUECKHX DPOCTKOB NOKa He
H3BECTEH.

Kopa3MepHOCTb MHOXKECTBA TOMNOJOTHYECKH HecTaOHJAH3UpYe-
HBIX CTPYyH B Teopeme TakeHca (paccMaTpHBaeMOrg Kak NOAMHO-
JXeCTBO NPOCTPAHCTBa CTPYH ¢ ocoboit Touko#t 0) paBHa Tpem. To-
N0JIOTHYeCKass Ka1acCH(pHKAUUsI POCTKOB BEKTODHBIX NOJieH, MPHHAA-
JeXalHX HEKOTOPOMY HOJMHOIKECTBY KOpPasMepHOCTH 6, MoxKeT
Jaxe HMeTb YHCJOBLEIE MOLYJIH.

Teopema ([110]). B npoctpancTBe 5-cTpy#l BEeKTOPHBIX NOJ€H,
JIHHeHHKle YacTH KOTOPBIX MMEIOT ABe Naphl YHCTO MHHMBIX COOCT-
BEHHHIX 3HaYeHHH ~+iw;, +iws, 0<{w;<w®, CyuHiecTByeT MOJMHOIO-
o6pa3He KOpPa3MepHOCTH 4 U OTKpHITOE NMOJAMHOXKECTBO Ha HeM, 00-
JajamolHe CJAeldyOluM CBOHCTBOM, Eciu IBa pocTKa BEKTOPHBIX
noJseii B 0COBOH TOUKe, 5-CTPYH KOTOPHIX NPHHAAJNEXKAT YINOMSHY-
TOMY NOJMHO2KeCTBY, TONOJOTHYECKH 3KBHBAJIEHTHBl, TO OTHOIUEHHS
©1/ @2 LJS 3THX POCTKOB COBNAAAIOT.

§ 3. ®opmanbHasg Kaaccuduxauusi POCTKOB
BEKTOPHbIX MOJeH

Coraacvo ofbmiemy npurnumy, Bocxonsmemy k A. Ilyaukape,
N5 HecaeAgBaHus AubGepeHIHalbHbIX YPaBHeHUN YL0OHO HCKaTh
He pellleHHd, a 3aMeHy, NPHBOASLIYI0 YPaBHEHHE K BO3MOXHO 60-
Jee mpocToMy BHAY. B 3TOoM maparpade o6Gcyxkaaercs mepruifi mar
B 3TOM HaNpaBJIeHHH — HCCJeXOBaHHe AeHCTBHs (OPMaJbHHIX 3a-
MeH, Bclofy HHMXe PDOCTKH BEKTOPHBIX TOJeH pPacCMaTpHBAOTCI B
0co60i TOYKe; YaCTo 3TO He OrOBapHBaeTCs CHELHAJbHO,

3.1. dopMaabuble BEKTOPHbIE IIOJS M MX SKBMBAJCHTHOCTb.

Onpeneaenus. Hmxke K-—omso u3 noret R wm C,
X=(X1,...,X,). PopMmaipHeIM psagom Tel1opa Ha3biBaeTCs Bhpa-
XeHHe f(x)=2 Apx*, QEK, xXF==x}.. ..-x’;n;

z
HMH CXOZHMOCTH He HaJjaraercs, C dopmaabHbIMU psgaMH Teiso-
Pa MOXKHO BHIIOJHATL T€ e NeHCTBHS, YTO H CO CXOASIIHMHCH:
CNIOXeHHe, YMHOXKeHHe, NH(PdepeHuHpOBaHHe, NMOACTAHOBKA psila B
psx (cymepnosHnus) u T. 4. Bce 3TH Onepanuu Ham CXOASIMMHUCS
pAnaMH MOXKHO ONpelensiTh Kak INeHCTBHs Haj KOdQOPUIHEHTaMH
PAJOB, He HCIOJb3ys CXOAMMOCTH; mo TeM ke (opMynam 3TH
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ONepauHHu OnpejessioTcs B popMmaspHOM cayuae. MHOXKecTBO Bcex
¢opmanbHbix pAnoB Tednopa or BEeKTODHOH IepEeMEHHOH x ¢ KO-
3¢ ¢uurentaMu B nore K oGosuauaerca K[[x]]; F(0)=ao.
DOpPHALEHbLM BEKMOPHELM NOAEM C 0CO00H TOUKOH O Ha3bi-
n

7}
BaeTCs BEIPAXKEHHE f0=2 fi ax; JEK[Ix], f(0)=0. Pop-
1

MARbHOU 3anenod ¢ HenoABwkHOH Toukoii O HasbiBaeTcs BhIpaXx<e-
Hue He==(H(x),..., H,(x)), H €K [[x]], H;(0)=0, det H, (0)+0.

JlBa GOpMatbHBIX BEKTODHEIX MO ¥ H ¥ C OCOGOA  TOUKOH
HYJb Ha3bIBAOTCH OPMANLHO SKBUBANEHMHBLMU, €C/H CYLLECTBY-
€T QopMaibHas 3aMeHa FH C HeNMOABHXHOH TOUYKOf 0, ans xoropoit

oH ~
BBIITOJIHAETCSI COOTHOIIEHHE ox V=0of.

3ameuanne. [lpeasiyllee COOTHOIIEHHe BHINONHSETCS], eC-
JH 10N v B U raikun 1 auddeomopdusm H nepeBOAHT moje v B
noje o (cm. m. 1.6, rai. 1).

Sameyanue. KakioMmy pocTKy BeKTOPHOro NOJsS B 0COGOiL
TOUKe COOTBETCTBYeT (opMasbHOe BeKTOPHOe noje — psii Teisopa
poctka v, o6o3HauaeMmulit 9. ns riagkoli MM AHAJIUTHYECKOH,
SKBHBAJIEHTHOCTH DOCTKOB BEKTOPHBIX MNOJeH Heo6xofuMa  ¢op-
MaJjbHasi SKBHBAJEHTHOCTb COOTBETCTBYIOUIHX (OpMaJbHHX BeK-
TOPHBIX psiaoB Teisopa. TeM caMbiM, IVIafKoil HJIM aHaJdHTHUECKOL
KNacCHOHUKAUMH DPOCTKOB BEKTOPHLIX IOJIef npeaurectsyer ¢op-
MaJibHas KJaacCHpHKaUHS.

OkasbiBaeTcsl, B OKPECTHOCTH 0COGOi TOUKH rojomopgHoe Bek-
TOpHOEe 1nojie OOLIEro MOMOXKeHHs roJ1OMOP(HO 3KBHBA/JIEHTHO CBOeN
JIHHEHHOH YacTH, HO AJs moJell He O6LIEro MoJOMKeHHS AeJio 00-
CTOHT 3HAYHTENbHO CIOXKHEE.

3.2. Pesonance. Hopmaabnbie ¢opmm IMyankape—Jioaaka u
HX o6oGuenusi. dopMasbHOE BEKTOPHOE MOJIE OGLIErO NONOKEHHS
B 0c000# TouyKe (OPMajbHO 3KBHBAJEHTHO CBOEH JHHEHHON YaCTH.
Hns o6IHOCTH MONOXKEeHHs JNHHeHHAst 4acTb AOJIKHA GbiTh Hepe-
30HAHCHOM. .

Onpenenenne Habop A=(A,..., A.) €C*  wmasniBaercs
PE30HAHCHLIM, eCH OJHO M3 4YHCeJ Habopa sBJASeTcs LeJOYHCJIEH-
HOW JIHHeHHOH KoMOMHauMell OCTajbHBIX C HEOTPHUATENbHE MH
Ko3pdHUHEeHTaMH, CyMMa KOTOPBIX He MEHbIie IBYX, TO €CTb BHI-
HONHSAETCH COOTHOLIEHHE ,

Ay— (A, £)=0, (1)
Ha3bIBaeMOe pPEe30HAHCOM.  37Aech REZY, |k|=ki+ ... +k,>2,
(A, R)=ZA;k;, Z, — MHOMKECTBO LeJIbIX HEOTPHLATEIbHBIX YHCEJ,
j€{l,...,n}.  JluHeliHOe BEKTOPHOe noJe HA3BIBAETCS pe3oHaric-
HOLM, €CNH CIEKTD COOTBETCTBYIILETO OmepaTopa SBJISETCS pe3o-
HaHCHBIM HaGOPOM, H HEPe30HAHCHHLIM — B NPOTHBHOM cydae,

Teopema Ilyaukape ([8]). DopmaabHoe BeKTOpHOe IoJie
C 0COGO¥ TOYKOH HY/Ib M HEPE3OHAHCHON JHHEHHOH YacTbio ¢op-
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MaJpHO 3KBHBAJIEHTHO CBOeil JMHeHHOH wacTH. EciH HcXoaHoe mo-
je BEUIECTBEHHO, To GopMajnbHasi 3aMeHa TOXe MOXeT ObTh
priOpaHa BellleCTBeHHOH. v

Hanxude De30HAHCOB CYLIECTBEHHO OCIOXKHSeT ¢OPMaabHYIO
kjaacCHHKaLHIO.

Onpenenenune. Ilycts (2y,..., 2,) — KOOpPAHHATH], B KOTO-
pBIX MaTpHUA JHHEHHOH YacTH (OPMaJbHOTO BEKTOPHOrO MOJs U
pMeeT KOPLAaHOBYy HOpMajbHylo (opMy; NMycTb A — CHEKTp 3TOH
maTpHubl. OJHouNeH 2F0/0z; Ha3bIBaeTCS PEBOHAHCHbIM HACHOM,
ecJH BBIIIOJIHEHO Pe30HaHCHOe cooTHoilenne (1).

Teopema Ilyankape-Jlwoanaka ((H. Dulac) [8]).P ®op-
MalbHOE BEKTODHOe 1oJle ¢ 0c060i TOYKOH HyJb H pe30HaHCHOM
JHHEHHOH 4acThio POPMaJbHO 3KBHBAJNIEHTHO TAKOMY MOJIO, JHHENI-
Has YacTb KOTOPOrO HMeeT XKOPAAHOBY HoOpMalJbHyio ¢dopmy Jz,
a HeJHHeHHble 4JeHbl Pe30HAHCHEL. DTO NOJe HMeeT BHJ

w(z)=!z+2 @y;2*0/02;

CYMMHDOBaHHe BeJeTCs [0 TaKUM 1napaMm j, B, uto A;=(A, k),
A —cnexktp J. KosbduuHeHTH a,; MOryT ObITb KOMILJIEKCHBIMH,
Aaxke ecJH HCXOAHOe IoJie BelleCTBEHHO.,

B cayuae, korja mMatpHua JHHEHHOH YACTH NOJS HHJIbIIOTEHTHA,
reopema [lyankape—/lro1aka He HaeT HHKaKHX  yIOPOILEHHH.
B stom cnyyae mosesHa caenyromasi teopema I. P. Bennnkoro
{14].

Teopema. BekropHoe noje ¢ 0co6oit TOYKO# HyJb GOpMab-
HO 3KBHBAJIEHTHO TaKOMy I0JIIO, JIHHEHHAss YacTb KOTOPOro HMeer
KOPAAHOBY HOpMaJbHyl0 GopMy J2, a HeJlHHelHass KOMMYTHpyeT?
C BEKTOpHBIM TioseM J*2z (3Be34OuUKa O3HAYaeT 3PMHTOBO COIPS-
Kenue (ag;)—>(aj)).

[Tpumep ([109]). BenecTBennoe ABYKOMIOHEHTHOE BEKTOPHOE

noje C JIMHEHHOH 4acThiO 00X qupma.ano SKBUBAJEHTHO TMIOJIO

(X4 f (%)) 0/0x,+ g (%;) 0/0%x,. AHantormunasi 3ajaua AAst IPOH3-
BOJILHOH pa3MEepHOCTH Hccaeayercs B § 7.

3.3. Mpnaoxenns teopuu $OPMAJbHBIX HOPMAJBHBLIX (OPM.

1. IuddepennnanpHbie ypaBHEHHS C PE30OHAHCHOH JIHHEHHON
4acThlo, 3amHcaHHbie B HopMmaJabHOH ¢opme I[lyankape—onaxa,
HMEIOT, KaK NpaBHio, 60ratyio rpynmy CHMMETPHH M AOMyCKaoT
noHHXeHMe nopsiaka. ITopsanok nonyueHHOro ypaBHeHust (Tak Ha-
3hBaeMOf (AKTOPCHCTEMBbI) paBeH YHCAY JHHEAHO He3aBHCHMBIX
Pe3oHaHCHBIX COOTHOHICHHH Ha CIEKTp JHHefiHO# yacTH. B ciyuae,
Korja 3T0 4HcJa10 paBHO 1, HopmanbHasi ¢opma Ilyaukape—[liona-

b Hopmanenas ¢opma, naBaeMast 3TOH Teopemoil, Ha3HBaeTCs HOPMAaJbHOI
¢dopmoit Ilyankape—[lofaka; OHa JONycKaeT AaibHellliHe YNPOLIEHHR K [O-
3TOMY HHOTZa HAa3HBAaeTCs NMPeABAPHTEJbHOH HOpMasbHOH HOopMOH.

%) JIpa BeKTODHHX IO/I1 & H W KOMMYTHPYIOT, €CJH COOTBETCTBYIOLIHE RH{-
ngeHuuaanue onepaTopH nepecTaHoBOUHH: L,L,f=L,L,f anas Bcex raaaxux

YHKUHE f.
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Ka HHTerpHpyercs B KBajApaTypax; KOTAa 3To uHca0 Gosbie 1—
BOOOILe TOBOpPS, He HHTerpupyeTcs. TeM caMBIM, NPHUJIOXKEHHS Teo-
PHH HOpMaJjbHBX (GOPM K SIBHOMY HHTETPHPOBaHHIO YypaBHEeHHi
CYIIECTBEHHEI, HO JXKECTKO OTpPaHHYeHHI.

2. Ilpu uccienoBaHHH TOTOJOTHYECKH CJOXKHBIX Cilydaes, KOTIa
JHHelHasg YacCThb ypaBHeHUs] B 0cO60li TOuKe HMeeT COGCTBEHHble
3HaueHHss Ha MHHMMOW OCH, oueHb noje3eH Meron Ilyankape. On
NpUMEHSieTCH JJis NPUBENEHUsI K HOPMajbHONH (opMe KOHEUHOR
CTPYH, TO eCTh KOHEYHOro YHCJa ujIeHOB psiaa Teijopa BeKTOPHOro
noast B oco6oit touke. [Tocie aroro crapuue wieHH OTOGPacHBaIoOT-
Csl, HCCAENYeTCs YKOPOUeHHOe ypaBHeHHe, a 3aTeM [0Ka3hlBaeTcs,
YTO CTapllide YJeHbl He MEHSIOT KauyecTBeHHOH KapTuHh. C ro-
MOIIBK> 3TOr0 MeTOJa He TOJMbKO JOKa3hBalTCH, HO H (OPMYJIH-
pytores peayabrathi § 5. OcobeHHO moJie3eH 3TOT MeTOJ B TeOpuH
6udypkanui (cm. [8]).

3. IlpuBenenue x ¢opManpHOfi HOpMasibHOH QopMe ocobeHHG
3¢ deKTHBHO, KOTAa YAAeTCs YHHUTOXKHMTbH BCE UJNEHH, KPOME KO-
HEYHOro yHcjaa. JTOT cayyail Bcerfa MMeeT MeCTO, KOrZa Bce cob-
CTBEHHEIe YMCJIa JexaT B OJHOH NOJNYIVIOCKOCTH, He cojepxamefr
TOYKH HYJb, a TaKXe B HEKOTOPHX APYTHX CJyyasx, KOTOpble pas-
6HpaloTCsi B CJAEAYIOLIEM TYHKTeE.

3.4. MloMHOMHBAJIbHbIe HOPMaJbHble (POPMBI.

Onpenenenune. DyaeM cuurarth, yto POpPMaNbHLIA CTeneH-
HOI psil HMeeT HYJb Nopsiika N B HyJe, €C/IH OH He COMAEePKHUT use-
HOB cTemeHM, MeHbwef N; nuimem f=o(|x|¥!). TIlocne 3roro
cTpyu (GopMaJbHEIX BEKTODHBIX TOJIed ONpelelslOTCs TaK ke, Kak
CTPYH TJIaZKHX BEKTODHBIX NOJeH.

Onpenenenne. DopmasbHoe BEKTOPHOe IIOJie HA3bIBAETCSH
popmarvHo N-onpedeisentobim, ecin Bce (OpMalbHble BEKTOPHbIE
nons ¢ Tol e N-ctpyeit eMy ¢opmanbHO 3KBHBaJeHTHE.  Dop-
MaJbHOE BEKTOPHOE IOJIe HA3BIBAETCS (POPMAALHO KOHEYHO onpe-
Oenennbim, ecnu oHO (opmaibHOo N-ompefesieHo st HekoToporo M.

3ameuanus 1. PopManbHO KOHEYHO omnpejeeHHOE BEKTOP-
Hoe moJsie (popMasbHO JNONYyCKaeT NOJHHOMHAJNBbHYI (opMaibHYIO
HOpMaJIbHYIO GopMY.

2. Ecnu cnextp JiuHe#HON yacTH $HOPMaJbHOTO BEKTOPHOTO NOJSA
VIOBJETBOPSET JHIIb KOHEYHOMY YHCJAY PE30HAHCHEIX COOTHOILICHMH,
TO 3T0 noJie GOpMaJbHO KOHEUHO ONpeldeieH0. ITO HeMeAJeHHO
caenyer u3 TeopeMbl Ilyankape—/Jlionaka.

Onpenenenue. HaGop AEC™, a TakXe JHHEHHOe BEKTOPHOE
Nojle CO CIEKTPOM A, Ha3blBAeTCA K-pe30HAHCHbIM, €CAH 4HCI0 06-
pasyioiiuxX aAAHTHBHOH TIpyNIbl, NOPOXKAEHHOH MHOXKECTBOM BeK-
topos {r€Z.,"|(r, A) =0} paBHo k.

Teopema ([95:1], 61u3Kas Teopema CONEPKUTCH B KHHUTE
[18]). Ilyctb ¢opManpHOE BEKTOPHOE MoJie U UMeeT OXHOPE30HaHC-
HYyI0 JIMHeHHYI0 4acTb M INYCTb BCE€ pPE30OHAHCHble COOTHO-
HIEHHA  SBJSIOTCS .CJIeACTBHAMH OJIHOTO: (r,A) =0, reZ,m.
Ilyctp w(z) =Jz+Zg(u) — HOpMaabHasg ¢opma Ilyankape—]lio-
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j1aka nmoas v; snece Z=diagz, u=2z', g=(g, ..., g,) — BeKTOp-
gplii POPMAaJbHEI PAX OT OJHOTO IEpPEeMEeHHOro. Torpa caenymomue
yTBEPKICHHA SKBUBAMNCHTHDI:

1. ITone v dopMaJbHO KOHEUHO ONpejeeHo.

2. (r, 8)==0.A

3ameuanus 1. Bean paeenctso (7, g)=0 BHnosHdercs LI
onuoit HopManbeo# ¢opmer Ilyankape—/lwonaka mnoas v, T0 OHO
BHINIOJHSIETCS W IJsi 6ol Apyroil. 2. AHanoruyHasi TeopeMa crpa-
pelIHBA IJIs J1I060r0 OMHOpPE3OHaHCHOroO moJst [95].

Teopema ([95:1]). PopmanbHOe BEKTOPHOE MOJe, CIEKTD
JHHEHHOH YacTH KOTOpPOro k-pe3oHaHCHBIH Npu kR>>2, HHKOTAa He
aBasfeTcss QOPMaJIbHO KOHEYHO ONpeJeJeHHBbIM.

W3 cpaBHeHHus1 pe3yabTaToB n. 3.3 H 1. 3.4 BHAHO, UTO CBOHCTBA
JHTETPUPYEMOCTH H (POpMaJbHOH KOHEYHOH ONpele/eHHOCTH HOp-
manbHON ¢opmel ITyankape—/[lionaka okasbiBaloTcs BecbMa OJIH3-
KHMH.

§ 4. UuBapuaHTHBie MHOrooGpasusi ¥ Teopema
CBeeHus

TomeomopdusM, NHHeapH3YIOUIHH BEKTOPHOE IOJe B OKPECTHO-
¢TH Tunep6oJHYeckoll 0co6oi TOYKH, He Bcerja MOXKHO BHOpaTh
raaakuM. Hanpumep, 3TOMy mNpensTcTBYeT PE30HAHCHOCTb JIHHEH-
HOHl yacTH. TeM He MeHee, MeXAy ypaBHEHHEM H ero JHHeapH3a-
nHell B O0COGOH TOUKe COXpaHfeTCs 3HAuYuTeNbHOe CXOACTBO, BhIpa-
KaeMoe (QOpPMYJHPYeMBIMH HHIKe TeopeMaMH 00 HHBApPHAHTHHIX
MHOr0oo6pasusx.

4.1. Teopema Apamapa—Ileppona. '

Onpenenenue. HusapuanTHoe MHO2006pa3ie BEKTOPHOTO
TI0J51 U COOTBeTCTByOUero AdcdepeHlHa bHOIO ypaBHEHHS — 3TO
Takoe nogMHoroo6pasue (pa3oBOro NPOCTPAHCTBA, KOTOPOE B KaX-
IO cBOed TOYKe KacaeTcsi BeKTopa MoJs.

Paccmorpum auHefinwiit onmepatop A : R"—R™. Tlpocrpancrso
R™ pacmapaercst B NpsiMyi0 CyMMy TpeX MOANPOCTPAHCTB:

R*=Ts®@T*®T¢

(s—or stable, #—or unstable, c—or centre). 1o pasnoxenne
onpegensercd CaAeAyomuM TpeGoBaHHeM: BC@ TPH MNOANPOCTPAHCTBA
B MpaBOff 4aCTH MHBAPHAHTHBI OTHOCHTE/BHO onepaTopa A; CIEKTp
orpanuyenust A |n.s J@XKHUT B OTKPBLITOH J€BOH MOMYIIOCKOCTH, Orpa-
HUuenus A |,u—B TNPaBOf H OrpaHudenus A |.c—Ha MHUMO} OCH.

PaccMoTprm cHauyana cayvail, korpa 0 — rumep6osnueckas
Ocofasi Toyka ypaBHeHHs X=Ax, to ectb T°={0}. Cueaywmas
Teopema o6obmaer pedynbraTel K. Anamapa u O. Ileppona u mo
Tpanuuuu HasbiBaeTcs TeopeMoil Anamapa—Ileppona. Ilpusoaumas
HHXe (QOpMYyJHPOBKAa COAEpPXKHTCA B KHHre i[44], rae uMewoTCs
CCHIAKHM Ha OpHMIHHAJbHHIE pabGoTe. B cienylomux ABYX Teopemax
7 — HaTtypa/bHOe YHCJIO HJIH GEeCKOHEYHOCTb.
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Teopema. Ilycte v—Crrnaakoe  BeKTOpHOE noJie C THs
nep6oJaHuecKoil 0C000# TOYKOH 0 M JHHeHHOA yacTbio AX B HyJe,
T* u T* — NJOCKOCTH, COOTBeTCTBYlolHe omneparopy A. Toraa mud-
¢epeHuHaNbHOE ypaBHeHHe %=v(X) HMeeT aBa C'-IIajKUX HHBa-
pHaHTHBIX MHorooGpasust W* u W*, npoxoasuux vepes 0 u Kaca-
Iomuxcsi B HyJe miaockocreidi T* u T™ cooTBeTcTBeHHO. Pewenus ¢
HayaJbHBIMH YCIOBHsMH Ha W*(W*) 3KCIOHEHNIHA/IbHO CTPeMSATCH.
K HyJI0 NpH f—>+ oo (t—>—oco0). W* HaspiBaeTcsd YCTOUHUBLIM, a
W+-neycroiiuuseim muoroobpasuem ocoboit Touku 0.

Cunenyonde IBe TeOpeMBl JeXaT B OCHOBe JOKAJIbHOH TEOPHH
YCTOHYHBOCTH ¥ JIOKaJIbHOH TeopHH OHPYypKaUHH.

4.2, Teopema 0 UEHTPAALHOM MHOroo0pasuH.

Teopema. Ilycre v—C7'-riagkoe BeKTOpHOe ToJie C OCO-
60# Touko#t 0 u JuHeitHON 4acTtbio Ax, r< oo, Ilycts Ts, T n T¢ —
IVIOCKOCTH, COOTBETCTBYIOUIHE onlepaTopy A, Kak ONHCaHO B NyHK-
Te 4.1. Torza nuboeperunanbHoe ypaBHeHHe X=0(X) HMeeT HHBa-
pHaHTHHe MHorooGpasus W* W* u W¢, raagkue kmaacca Crl,
C+! y C7, npoxonsiwue yepe3 0 ¥ Kacalouuecss B HyJe IJIOCKOCTeH
T*, T* u T° coorBercTBeHHO. D a30Bble KpPHBble 3TOTO YPaBHEHHS Ha
MHoroo6pasusx W°, W* Beayt ce6s Tak e, Kak B Teopeme Apna-
mapa—Ileppona; mnoBelenne (Ha3oBEIX KPHBHIX Ha MHOroo6pasnu
We onpenensieTcss HeHHEHHBIMH Y/1eHaMu.D

T8 TY

— ¢
R
\

Puc. 12. VYcrofiuuBoe, HeycTofiunBOe H LEHTPAJbHOE MHOrOO6pa3HA:
a) AuHeAHON cHcTeMbl, 6) HeAHHEeKHON CHCTEMBHI.

Mtuoroo6pasus W* u W* B 3TO# TeopeMe HO-IpeKHeMy Ha3hl-
BAIOTCA Yycroduusoim u HeycTouuussim. Ecin poctok v — Kaacca C™
HJIM aHaJUTHYEH, TO YCTOMYHBOe H HeyCTOHYHBOe MHOroobpasus B

) [Ipu Tex Xe YCJIOBHSX ypaBHeHHe x=v(X) HMeeT elle ABa HHBapHaHT-
HHX MHOroo6pasusi: yCTOHYHBO-UeHTpalbHOoe W M HeyCTOHYMBO-LEHTPaJbHOE
Wue, rpankue kJacca C7; mepBoe COAEPKHT ILEHTPaJbHOE H YCTOHYHBOE, BTO-
poe — IeHTPaJbHOe H HEYCTORYHBOE MHOroo6pasus. CT-IIagKOCThb 3THX MHO-
roobpasuil Tak XKe, KaK H IUEHTPAJbLHOTO, HMEET MeCTO, BOOOUIE T'OBOPS, TOJBKO
NnpH r<co.
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ob6eHx TNpeAbAYUIHX TeopeMax — kinacca C® HaM  aHANATHYHB,
jeHTpasibHOoe MHOrooOpasne JIMIIL KOHEYHO IVIaJKO.

Mruoroo6pasne We B 3TOll TeopeMe Ha3bIBACTCH YEHTPAAbHbIM
MH02006pasuem, IOCKOCTh T*@D T — MI0CKOCTBIO 2unepboAUdecKux
nepemennsix. Crenyioniasi TeopeMa yTBepKIaeT, YTO IPH HCCJENO-
BAHHH TONOJIOTMH HEJHHEHHOT0 POCTKa BEKTOPHOTO INOJS BaXHO
TOJIbKO OTpaHHYeHHe 3TOr0 POCTKAa HA IeHTpalbHOe MHOroo6pasmue,
a runep6oJHYECKHE NepeMeHHble MOXKHO He YYHTHIBATh.

4.3, [IpuHUHMN CBeJeHHA.

Teopema cBegfnenus HlomurafimBHuANK ([8]) [IycTe
A epeHlHaTbHOe YPaBHEHHE C ABAXK/B IV1a/IKOH MPABOH YaCThIO
umeeT 0006yi0 Touky 0 u JuHefinyw dacts Ax. Iycts T3, T4 u T°—
HHBapHaHTHBIe IVIOCKOCTH Oomepartopa A, onucannsie B n. 4.1. Tor-
Ja B OKPECTHOCTH TOUKH () paccMaTpHBaeMoe YpaBHEHHe TONOJIO-
THYECKH 3KBHBAJEHTHO NPSAMOMY NPOH3BENEHHI0 IBYX YPaBHEHHH:
OrpaHHyeHHI0 HCXOJHOro Ha LEHTPajJbHOe MHOT0O06pasHe H «CTaH-
JapTHOro CefJjiax:

X=—x, y=y, x€Ts, yeT".A

JTa TEOPEMa NpUMEHAETCH KaK B HCCAE€A0BAHUM HHAMBH/YaJbHEIX
ypaBHQHIle TaK KW B  HKCCJIeOBAHUU CEeMeHCTB: ceMeiCTBO

X= f (X, &) SKBMBAJIeHTHO ypaBHeHHIO x=— f (X, €), &=0. Dmn
npunoxeHus obcyxknawrca B § 5 u B [8]. PasnHunble BapHaHTH
JABYX HpeldblAyLIHX Teopem Obinu nogaydernnl B. A, Ilauccom H
XupweM, ITero u Illy6om (M. W. Hirsch, C. Pugh, M. Shub).
BeckoHeYyHOMEpHBIE AHAJIOTH TeOpeMbl CBEJNEeHHsT HaXOJAT NpHMe-
HEHHe B MaTeMaTHueCKOoH (H3HKe, B YaCTHOCTH, B T'HAPOJHHAMHKeE
BA3KOH JKHAKOCTH. Teopusi MHBapHAaHTHBIX MHoroobOpasuii o0cyx-
naercss Takxke B § 3 ruaBbn 4 (aHaJHTHYECKHH cJayyail).

§ 5. Kpurepuu ycTOHYMBOCTM M TOMOJOTrHYECKAS
Kaaccuukauus oco6bIX TOYEK B caydyae
BbIPOXKAEHHI MaJioifi KOPpa3MepPHOCTH

B stom naparpade onucaHo TOMOJOrHYECKOe CTPOEHHE DOCTKOB
BeKTOPHBIX IOJIeli BO BCeX BBIPOXKIEHHBIX OCOGHIX TOYKAX, 3a HC-
KJIOYeHHEM HEeKOTOPOro MHOrooGpasus KOPasMEepHOCTH 3, M BBIIH-
CaHbl COOTBETCTBYIOLIHE KDHTEPHH YCTOHUHBOCTH.

5.1. Crpykrypa kputepueB. UToGbl NPHMEHHTb KPHTEPHH 3TOro
naparpada k (HKCHPDOBAHHOMY POCTKY BEKTOPHOIO IOJs, HYXKHO

1. OnpenennTth, K KaKOMy H3 NEpeYHCJIEHHBIX HHXe KJacCOB
NPHHAMJMEXUT JHHelHash 4acTb 3TOrG POCTKAa M IPUBECTH K HOP-
maabHOl ¢opme Ilyamkape—[iomaka N-ctpylo 3Toro poctkal’;
4yHca0 N yKa3aHO B MPUBOAHMBIX HHXKe TabJuIlax.

) B rperveft crpoke TabamMuH 4 HCNOJb30BaHA HopManbHas ¢OpMa, ONH-
CaHHas B npHMepe . 3.3.
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2. IpupaBusiTe HyJI0 THNep6OJHYECKHe NepeMeHHBle. DTH ABa
ara OCyUIEeCTBJAT HOPMaJaH3auHio N-cTpyH orpaHH4YeHUs HCXOZL-
HOro POCTKa Ha COOTBETCTBYIOILEe LEHTPaJbHOE MHOroobpasue.

3. V6emutrbcsi, uTo TEHJOPOBCKHe KO3(D(HIMEHTH HOPMAaJH30-
BaHHOH CTPYH He YAOBJETBOPSIOT TPeGOBAHHSM, BBHAEJAIIUM B
npocTpaHcTBe N-cTpy#l HCKJIIOUHTENbHOE MHOroo6pasHe, COOTBETCT-
BYIOIllee BEIPOMKAEHHSIM BBICIICH KOpPa3MepHOCTH.

4. Haiitu B coorBercTByolleii TabJHLe KJacc, KOTOPOMY IpH-
HaAJeXHT HOPMaJH30BaHHAsi CTPys; MAJsSI 3TOTO IpeXBapHTENbHO
MOKeT MOHaAo6HTbCs JHHeHHas 3aMeHa, Hampumep, (x,z)+—
= (—x,2) W (21, 22) = (2s, 21).

5.2, Tonosoruyeckas KAaCCHPHUKAUUS POCTKOB TFJAAAKHX Bek-
‘TOPHBIX NOJEH A0 BHPOKAEHUH KOPA3MEPHOCTH 2 BKIOYUTEILHO.

IlIpocTpaHCTBO POCTKOB IJIaAKHX BEKTODHHEIX MOJieH B 0CO60H
Toyke O mpocrpadcrBa R”, l-cTpyum KOTOpDEIX He TNpUHAAJEXKAT
HEKOTOPOMY ajreb6panyeckoMy IOAMHOroo6pasHio KOpa3sMEepHOCTH
3, pacnajaercs Ha 5 KJaccoB, NEpPeudc/eHHbX HUXe B Tabauue 1.
OTH KJACCH Pa3/HMYalTCs Pa3MEPHOCTBIO UEHTPAJBHOTO MHOr006-
pasug W¢ uaum XOpAaHOBoi HopManpHOH (PopMOH A JHHEHHOH ua-
CTH OrPaHHYeHHs pocTKa Ha We,

Tabauya 1

Kaacc dim W€ A

Ay
WIO ] 0
Wg 2 [=Rim, w70

01\

wy 2 Jo= (00 i
w ! 3 diag (0, 1)
wi ! 4 diag (I, 1), 1i=Rioj, 0<eo; <

Hupdepenunanbioe ypaBHEHHe, COOTBETCTBYIOIlee HOPMAJbHOM
dopme Ilyankape—/lronaka mist BEIECTBEHHOrO0 BEKTOPHOrO MOJS
8 ocoboii ToyKe 0 npoctpaHcTBa R™ MOXeT 6bITh 3aNHCAHO B BHIE

';C‘:f(x’ z, w), é=g(X, 2, w), ’ZZ’)=}Z(JC, z, w).

3necs (x, z, w)€°R", x BemectBenno na R", a w=z na R

Ilpu atom & (x, 2, 2)=g(x, 2, 2). Tem campiM ypaBHenue AJs w
‘O/{HO3HAYHO ONpEeNeNAeTCs YDABHEHHEM /11 2 M HHKE HEe BHIIUCHI-
BaeTCH.

Huxe B Tabauuax 2—5 npuselenn AuddepeHnnanpHbie ypas-
HeHHsl, COOTBETCTBYIOIMe HODMaJH30BAaHHLIM CTPYsSM; AJs KpPaTKo-
CTH COOTBETCTBYIOLIMH CTOJNOEN Ha3blBaeTcs <«HOPMAJIH30BaHHAs
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o o e D ® <<

I I
a I,Ip n,Hp

Pre, 13, ®asoBHe nopTperH BEKTOPHHX moJef::
a) knacca W,° (caywau I, II, III), 6) Knacca Wé (crysan I m Il 11 m Il,),B) xaacce

Ji#
Wy (a+0).

N-ctpysi», B BHIpameH#six AJ1 HOPMAJH30BAHHHIX CTPYH OIyLIeHB
YJeHbl, He BJHSIOIIME Ha OTBET. Oﬁosﬁaqexmﬂ z =x;+1y;, 2=
—(21,...,2h) k@{l 2; 3} r,—|zj| p,—r], {xGR]x>O},

TeopewMma, Orpa}mqenne Ha LeHTpajibHOe MHorooépasue Kax-
JAOr0 H3 POCTKOB MepevyrcJeHHbXx BHe KjaaccoB W% WoI, Wy'
TOIOJIOTHYECKH SKBHBaJEHTHO OJHOMY H3 POCTKOB, N-CTPYH KOTO-
PHX mepewncaeHbl B Tal/HIe 2, Npu YCJIOBHH, 4TO HOPMAJH30BaH-
Hasg N-cTpys HCCIeyeMOro pocTKa He NMPHHAMJIEXKHT HCKJIOUHTENb-
HOMY MHOroo6pasHio; 3To MHOroo6pasue H 4ucjao N Takxe ykasa-
HH B TabJHue,

Ta6aruga 2
TonoxoruyecKkHe HOpMajibHbie GOpMbI
B
Kaace |~ | Hopwamsosamnas N-crpys | Kopaswep- | K4S Tonoforuseckon
HOCTH 3
Onpenene- | O603uave-

HHE Hue
L. a0 W

W? 3 x=ax*+bx? a=b=0 =0
i {$30 0

11 {g:g Wy
I. a>0 I; ®
II. 4<0 W2
2=z (io+0op+Bp?)

wh |5 ©>0 a=b=0 I, {a=0

a=Red, b=Rep >0 5o
i, {2=0 | W2

°16<0

W 2 x=Y a=0 a0 W{; *
y=ax?
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OTOT pe3ysabTaT IJs OJAHOMEPHHX H IBYMEPHHX CHCTeM Guia
H3BECTeH KJacCHKaM.

Teopema ({109, 87]). Orpannyenne Ha HeHTPaJIbHOE MHOT00G6-
pasve KaxXkIoro M3 pocTkoB kKiaacca Ws®! wam WI Moxer.GHTb
nocje o6pallleHus] 3HaKa (YMHOXeHHs BEKTOPHOro moss Ha (—1))
TONOJIOTHYECKH 3KBHBAJEHTHO OJHOMY H3 POCTKOB, N-CTpyH KOTO-
PHIX IepedHciaeHsl B tabJauile 3; NpefnoJsaraercs, 4YTO HOpPMaJsu-
3oBaHHasg N-cTpys HCCIeAyeMOro POCTKa He NPHHALJEKHT HCKJIO-
9HTEJbHOMY MHOroo6pasHio; 370 MHOroofpasue ¥ uuciao N Takxke
yKa3aHu B TabJuie.

Tabaruya 3
TonoxorHdeckue HopMaibHble $Op Mbl

KaaccH TOMOAOTHYECKON SKBHBAAEHT -
HOCTH

HopManu3sosannas Bripoxaenue
cc
Kaa N N-cTpys xopa3mepHocTH 3

onpexeeHue 06o3Ha-
YeHHe

WO,?'I 2 x=ar*4bx? ab(b—c)=0 |I.2a>0, b—c>0, §>0 WO";;.

. . IR II. a>0, 6—¢>0, b <0
" R ™) {s=0 Ui, >0, 5-<0,
- —c <0 >0, ¢>
a>0 (x) 1V, 2>0, 5—c <0,
<0, ¢>0
V. a>01 b—'c<01
b<0,¢<0

sz’ 3| z2=2Z(io+ stp) | @118226.82=0 |L. sy <O (%), 5,6, >0 Wi,i':o

2= (21:,22)1 ‘ nan a) a31>0 b1>0

p=((f;n Pz) {A=0 6) a,,>0, 5, <0

m=((l)1y 0)2)! b;bz<0 B)al<0

0<0);<(03 HIH I b1<0(**)l b b;<0

A=Reg = ko, = 0y g)) au>%, au>g, A<g
a,,a RE{1;2;3 a,;>0, a;2<0, A<
(a“a‘2 & d B) @;; >0, a;2<0, A>0

detj{l_—f!A r)a,;<0, a22<0, A<O

b, =a,,—as, 1) ;,<0, a2 <0, A>0

by = a;3—a,;
gy > Qo (*)

[Tpumeuanue, Bciogy B aToM naparpacge BHIOJHEHHS YCJ0-
BuA (5k) MOXKHO AOGHTbCS 3aMeHOH (X, 7)w— (—x,r) uau (21, 22) —
— (22, 2]), a HepaBeHCTB (>k>k)— o6pameHuem BpeMeHH., B Tab-
aune 3 ycaoBus I u Il HanaratoTcs Ha Bce POCTKH TOAKJIACCOB
Ia, 16, Is u mongkaaccos Ila,..., 1l coorBeTcTBEHHO.

B nocnenHux nsTe CTpoKax TaOJHLUE 3 mepeyucaeHB! BCe KOM-
OHHAUWH 3HAKOB OTJMYHHIX OT HYJs BEJHYHH Qij, Qge, A, COBMECT-
HHe ¢ HepaBeHCTBAMU 41=>0g, 01<<0, b102<<0. JleficTBHTENBHO,
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KOMOHHaUHH —-+-4 H —-— OTHafawT no OYEBHJAHOHN NpHUHHE,
Kombunauus -+ oTmanaer notromy, 9To M3 HepaBeHCTB 4 >0,
a.>0, b;<<0, by>0 crenyer ap>a1>0, a;9>>a»>0 u, 3Hayxr,
A<<O.

5.3. da30Bble NOPTPETH HOPMAJbLHBIX (GopM.

1. Bce ypaBuenus Tabmuubl 3 HMHTErPHPYIOTCS B KBaApaTypax.
Hx ynpo6uo uccaenosats, nepeiiid Kk GakTOPCHCTEMAEM OTHOCHTENL HO
NepeMeHHnX (X, r) Aas pocTkoB Kiaacca W9/ u OTHOCHTeNbHO

(p1, p2) Ana xiacca Wi/, B mepsoM caydae dakTopcuCTeMul ONpe-

feneHsl B NonyniockocTh r>0, Bo BTOpoM—B xBafpauTte p;>0.
Hx dasosue noprpern nsoﬁpameﬂu Ha puc. 14a u 146. Hom:ayxcs

'< DN
&K ‘I’@

DY
1

Ire
]

Puc. 14, a) ®asoBeie noprpersl ¢aKTOPCHCTEM, COOTBETCTBYIOMIHX
HEBHPOXACHHHM ypaBHeHHAM kjaacca Ws»!. Puc. I u I’ nsobpaxa-
10T (ha3oBeie NOPTPETH TOMNOJIOTHYECKH 3SKBHBAJEHTHBIX (PAKTOPCH-
creM npu ¢>0 ¥ c<0 COOTBETCTBEHHO; DasHHUA MEXAY HHMH CKa-
snBaerca npu Gudypxauuax. 6) dazosHe nopTpeThl  (GaKTOpPCH-
€TeM, COOTBETCTBYIOIIHX HeBHDOXJEHHHM ypaBHeHHsM Kaacca W ll,
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3THUMH DUCYHKAMH M NpeIbILyIlefi TeOpeMoli, MOXHO MOJAY4uTh Goab-
myi0 HMHQOpMauHuio O NoBeJeHud (asOBBIX KPHBHIX HCXOAHOTO POCTKA.
Hanpnmep, o6veaunenve O'- u  O~-xpuBmX! A1 NMOAXOASILLEro
NMpejcTaBuTels MoOBOro poctka nopxaacca IV waacca Wi/i* romeo-
MopdHO O6beAHHeHHI0 OcH X npoctpaHctBa R:*={(x, 2)} u xouyca
x2—|z [2=0 c BBLIKOJOTO} TOYKOH HYJb.

2. Tlpo6aema. [dats (KOHEYHO) riafKylo KlaccHOHKalHi pocT-
KOB, NepeuHCJeHHBIX B Ta6anue 3.

5.4, Kputepuu ycroitumpoctH mo JlanyHoBy nansi BupOXAeHHR
A0 KOpPa3MepHOCTH 3 BKJAIOUHTeJbHO. I3 mpelniaymiefl TeOpeMH
JIErKO BHITEKAIOT KPHTePHH YCTOHYHBOCTH Mo JlamyHoBy [0 BH-
POXKIEHHON KOPa3MepHOCTH 2 BKJIOUHTEJNbHO; B OCHOBHOM, OHH OH-
JH nojydenn eme JlanysoseM (cM. [66] m ykasaHHyio Tam JHTe-
parypy). B Ttabanue 4 ykasawn nogxkiaaccsl u3 TabaMum 2 H 3,

Tabauya 4
KpHTepHH yc TORYHBOCTH B ciydae BbIPOXJEHHR KOpa3MepHOCTH 1u?2
Kaacen POCTKOB, HMEKOIIHX BNPOX 1e-~
HHE KOpa3MepHOCTH 3
Kaace Yerofuusbie nOgKAaCCH
ongenenedue ?) ? ofo3nayenue
Ww,e It i a=b=0 w0
W 11w i, a=b=0 w00
w3 @ a=0 L
wi! @ a=0 w0
W‘{J Is, Iln u—II a (monyuaerca us Ila @y, =0 A,
o6patneHieM BPEMEHH).
SIBHBle KPHUTEpHH
e gprreptn <o |
@y <0 @0y <0 -
b46,>0 b6, <0
blA <0 Wy = Wy A,
2(!.)1 = g .Ag
30y = 5
e Ay A= U4
1

) Tak Ha3HBalOTCH XpUBHE, pxoaswue B O mpu f—=+oo u f— —oo COOT-
percrBenHo. Te H npyrde BMecTe HasnBawoTcA 0-KDHBHIMH.
B onpexenendn kiaacca A, HYXHO MOTpe60Bath, 4TOGH HeHYJIeBOH KO03d-
¢danueHT @¢; OHJ OTpHIaTe]eH, 4 B ONpEAeNeHHH KJaccos Ar—As xoadpduuEen-
TH a11<0, a22<0.
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AN npelcTaBHTeNell KOTOPHX Toyka O ycroduuBa. B Tperbem
cTosn6ue INpHBEJEHH YCJIOBHS, O3HAuawUlMe BHIPOXKIEHHS KOpas-
MeprOocTH 3 B 3ajaue 06 ycroduMsoctH, O60O3HaueHHs Te Xe, 4TO
B Tabanuax 2 u 3.

Huxecneqylomue KPHTEDHH NpDHHaAJeKaT MHOTHM  aBTOpaM
(ccnngku B [66]). DT KpHTepHH TpHBeleHn B Tabiuue 5; Tawm,
rae yzo6HO, BMECTO HOPMaJIH30BAaHHOHM CTPYH 3amHMCaHa COOTBET-
creyiomas paxropcucrema. HeycrofiunBocts MMeeT MecTo AJs BCeX
POCTKOB, He YIOBJETBOPSIIOIIHX KPHTEPHSIM YCTOHYHBOCTH H He
NpHHAAJEXKAINX HCKIIOYHTEbHOMY MHoroo6pasHio. O6o3HayeHHs
Te e, 4yTo B Tabauuax 2 u 3.

Tabaruya 5

KpHTepHH YCTORYHBOCTH B Clydae BLIPOXJAEHHRA KOpasMepHOCTH 3

(A1% MOAKJAccOB Kaacca W’

H3 Ta6aumbl 4—Kaacc Aj)

yKa3aH HOMEp BbIPOXJEHHS

Kaacc!) Hopmaausoparnas cTpys yc}:é);::gongm Bup;):g:ggsnxgpas-
wii 0. 0 x=cx* ) e=0
13 0, 0 M . 3
Wy z2=2 (io+yp*) Re y<0 Re y=0
W{; 0 X=y+x1(b+cx) {tbi<02 0 Jluuefinas vacThb
y=x?(d+ex 142d< OrpaHHIeHHS POCT=
y=x*{d+ex) 5ed—2be<0 Ka Ha W¢ paBna
HYMO HAH
d (6%*+2d)-.
-(5cd—2be)=0
Wg' 130 X =bri+dx? {bc<0 bed=0
z=iez+axz a<o0
¢=Rea
Al é1=Px (al!p2+aapl’) {g)fgo azza.b1b3=0
- HIH
P2=P2 (@2:01+G22P2) ‘m’m {bnb:<0
a.<0 A=0
b|b2<0
5,A<0
A lsx =p1 (81101 + 31202+ K <o, @1,181:K=0
+£1(p)), Pr=Pa(@asps+ | K=8u:f2 (4,1 )+
+ @202+ &2 (P)) +&:(a, 1),
f2 M g,—ONHODOXHHIE MO=| &1z~ 822
JUHOMK BTOPOH CTENeHH Qg Q2

1) [epsuie 9 kaaccos onpeeieHs B Tabaume 4.




ITpodoasicenue maba. 5

Kaace Hopmaausosannasg cTpys ycmﬂfﬁﬁﬂ Bupoﬁ%ﬁ%ﬁi: %p“-
A; %1=i(021+2z %] Ima=0
R AmdtZ st
iia))— ’
A 2, =iwz,+0z:12: ) ap=0
23=2iwz; 4Pz} Im (Ig/";) 0
{Re (B/=)<0
As Anre6pauyecKux KpUTEpHEB YCTOHUHBOCTH He CYIIECTBYET.
wi: «é1=xz ) a=0
dim_W"——_—& X=X,
/0103 Xy=axi?
000
Al
Wiu J: g-——-imz (7] a=0
dim We=4, X1=X3
‘A= ([JI) x:=a.x1§
0, 1,1, .
Ws I ,. 1(=ax2 [} a=0
dim 6W‘=5, ‘?l=i0)p?
A’=< Il ) 2, =1lw,2
Iy
W{,’ 1,1, 2=Z (io+ stp), LS KaXA0ro Cymecteyer
dim We=6,| |s#€Hom(C3, C?) BeB Bes:
_ A=Rest ypaBueHue YypaBHeHHe
=Raia (i) p=(P1, P2: P3)y B— = . BE=0
= g(in), MHOXECTBO TJNaBHbIX| He HMEET pelleHHH| HMeeT pemenue
o= (ml.. ma, MHHOPOB MaTpuIbl A CO BCEMH IOJO- €O BCEMH I0JO-
W), WjF XHUTEIbHBIMH KOM= | ®UTEJXbHRIMH KOM-~

3nece 1—BeKTOp, BCE KOMIIOHEHTH KOTOPOTO paBHH 1; A — XopaaHoBa
ManabHas QopMa JHEEHHOH HacTy

IIOHEHTAaMH

NOH@HTAMH

HOp-

OrpaHHYeHUs POCTA HA LEHTPAJbHOE MHOT'O-

o6pasue. 3Hak & B CTOAOLE «KPHTEpHI YCTOHYMBOCTH» O3HAHAET, YTO HEBHIPOMK-
JleHHHE CTPYH HeyCTOHUHBHL
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MMpumevanne. B nocnexuux yeTmpex CTPOKAX YKA3aHHl TOMb-
KO Te BHIPOXKIEHHMS KOPa3MepHOCTH 4, KOTOpLi€ BhHAEASAIOTCS Tpebo-
BAHHAMH HA HeJVHeHHme uieHsl. K HUM HYXHO A06aBUTh KJACCHI,
KOTOpHE COOTBETCTBYIOT JONOJHHUTEJIbHEIM BHIDOXKIEHHsM JHHEHAHOR
YaCTH H K KOTODHIM NPHMBIKAIOT, B CMEICJE ONpefeieHus 5.5 Huxe,
knacc W ,..., WL/, panpumep, kaacc Wy npumeikaer X Kaac-

010
cy W30 dimWe=3, A={000], xnacc W}/ —x kaaccy W7:
000
dimW € =4, A—HuIsNOoTeHTHas XKOpAAHOBA KJETKAa MNopsika 4 H
T. I. B mocnefneii cTpoke, a TakkKe B CTPOKAaX, COOTBETCTBYIOUIHX
k1accaM A; B Ag, K YHCTY JONOJHUTENIbHBIX BHIPOXKAEHHUN JHHEHHON
YACTH OTHOCATCS, B YHCJe NPOUYHX, <BHYTPEHHHe Pe30HAHCH NOpPS-
Ka He Bhllie 5», TO eCTh COOTHOLIEHHUS BHAA 0;= (k, 0), 2<|k| <5,
kE€Z.3, w;5=w; npu iF=].
5.5. Jluarpamma npumbiKanui., OnuuleM NPUMBIKAHHS KJIaccoB
POCTKOB, HCCJEJOBaHHBIX HAa YCTOHYHBOCTL B TabiaHuuax 4 u 5.
Onpenenenne. Ilyctb A u B— Ba  HemepeceKalUHXCS
KJacca POCTKOB BEKTOPHHIX noJseil B oco6oit Touke 0. CkaxeMm, 410
Kiacc B npumeKaer K Kaaccy A (muwercs B—A), ecan pias
KaXJOro pocTKa v kJjJacca A cymecTByeT HenpephBHasi fedopma-
UHA, BBIBOASILAS 3TOT pocToK B Kiaacc B. Tounee, cyuecrsyer
HenpepeiBHOe ceMeicTBo poctkoB {u.|t€[0, 1]} Takoe, uTo Ue=v
H Uy — POCTOK KJacca B npu Bcex 16(0, 1].

// TM B
w,ﬂ;v “,2 . W Ws W1, # w‘t,l;* wzlio

XIS

Wi Wit wi owh? wpre g T Waﬂ w,1i60

Puc. 15. Nuarpamma npaMHKaHHA B 3agave 06 YCTOAYHBOCTH IO JIxnynosy.‘
Koraa onpegenesne xnacca He cammkom TPOMO3JKO, OHO 3alIH(PPOBAHO B 060-
SHayeHHH. HuXxHHII HHAeKC B 0603HaueHHH KJacca YKa3HBaeT Da3MepHOCTb
LeHTpaNbHOTO MHOrOO6pasHi. BepxHHe MHAGKCH [0 TOYKH ¢ 3amATOH XapakTe-
PH3YIOT COOCTBEHHHE 3HAUeHHS JHHEHHOH YacTH Ha MHHMON OCH H COOTBETCT-
Byioomue XKOpAaHOBH 6a0xkd. Hanpumep, W9 1. — gaacc BEKTOPHHX MOJEeR ¢
ONHHM HYJICBHM H [IBYMs! IaPaMH YHCTO MHHMHX COGCTBEHHHX 3HAUCHHN JHHEa-
pusauuu. BepxHHe HHIEKCH MOCAE TOUKH ¢ B3amMATON X3paKTepH3yIOT HeNuHelk-
HHe YJIeHH:
3Be3oYKa B 0603HayeHHH Knacca
Bmpomuenﬂé KOPa3MepHOCTH 3, uepe::g;gxr:ggocgn'razts)nuz(:isb?a;r B;H aqﬂ?;x%wf{;;g;

mocxe samsaToOR YKashiBaeT HAa UHCAO BBIPOXKAEHHA B HeMHHeAHHX uneHax. Ilonuas
paciuHdpoBKa 0603HATEHUH COACPXKHTCE B TabaHuax 2—5.
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5.6. Teopemnt 06 anre6panyeckoii pa3pelIHMOCTH.

Teopema. Ilpobaema ycrofumBocTH M mpobreMa TOIOJOrHYEC-
v 7
KOf KaaccudHKalHM POCTKOB BEeKTOPHBIX NOJeH KJIaccoB W Win

W3 anre6paduecku paspelnMa.

Drta TeopeMa HCIOJb3yeT TeopeMy cBeleHus § 4; Aaa kjac-
ca W0 oHa mouTH oueBWiHa, a Aas KaaccoB Wi u Wi caenyer us
pe3yabratoB [lyankape —JlanysoBa (§ 4, ra. 5), a takxe [43] (cM.

r1. 5).
Teopewma (IO. C. Unbamenko, 1984). IMpo6rema ycTOAYHBOCTH

no JlanyHOBY AJs POCTKOB BEKTODHBIX NOJefl Kaacca wy! M Kaac-
ca Wi’ npu monoMHMTeNLHOM YCAOBUH: OTHOLIEHHE ©/®, HPPALHO-
HaJbHO H (HKCHPOBaHO — ajrefpaHyeckH pa3pelluMa JO BHPOXK-
JLeHHH TNpOM3BONBHON KopasMepHocTH. CTpys OrpaHHYeHHs Ha
LeHTpaJbHOe MHOroo6pa3ue BEeKTODHOTO IIOJs KaXJ0ro H3 3THX
KJIAccOB, 3amHcaHHass B HopMasbHOH (opme Ilyankape—[lionaxa
(n. 5.2) B mepeMeHHHIX X, 2 H 2;, 22 COOTBETCTBEHHO, YCTOHYHBaA,
€CIH M TONBKO €CJH YCTOHYMBA COOTBETCTBYIOMIAs CTPys ¢akrop-
CHCTEMB! OTHOCHTEJbHO NepPeMeHHBIX X, 7 HJH P;, P2.

[Tpo6nema. Bepua snu anasnornyHasi TeopeMa /A/s 3ajauH O
TOMNOJIOTHYECKOH KJaacCH(PHKAaLHK DOCTKOB TeX JKe KJaccoB?

§ 6. Fnapkasa xaaccnouKauuss POCTKOB
BEKTOPHLIX noJe#

6.1. CooTHomenHe ¢GoOpPMaNbHON M TAAAKOA KJacCHPHKALMH.
(lléxyqarid obmero nonoxenus HccaenoBan Yenem (K. T. Chen)
67 : 1

Teopema. Ecau aBa pocTka riaikMx BEKTODHHIX ToJeH B
runep6o/inyeckoit ocoboi Touke GOpManbHO 3KBHBAJNEHTHH, TO OHH
r1aKO 3KBHBAJEHTHHL.

IIpo6rema. Bepna nu aHalOrHuUHasi TeopeMa AJs Hermmep-
6O/IMYeCKHX POCTKOB C OJHOPE30HAHCHBIMH JIMHeHHBIMH  4acTIMH?

Takue pocTkM npHHajnexar Kaaccam W% u W' (n. 5.2).
ITpeanonoXHM NONOJHHTEIbHO, YTO OrPaHHYEHHE POCTKA Ha LEHT-
pajbHOe MHOroo6pasue, 3anucaHHoe B GOpMaJbHOH HOPMaJbHOR
topme Ilyankape—[lionaKa, HMeeT HeHYJ/IeBble HeJIHHEHHHE YJEHH.

B 3tOM Csiyuae yTBepAHTENbHHI OTBeT MHOKa3aH TakeHCOM
(F. Takens, 1973) [14:90] nnsa pocTkoB kaacca Wi° ua mnpsamoi
H POCTKOB KJacca Wy’ Ha mocKocTH. B MHoromepHoM cityuae yr-
BePAHTEJNbHHH OTBET AJs1 3THX KJIaccoB nosayued Heaasso I. P. Be-
JHUUKHM (uacTtHoe coobiuenne).

6.2. PocTKu BEKTOPHBIX nOJiell ¢ CHMMETPHSIMY.

Teopema ([14]). dast KaXAOro pocTKa INIaAKOro BEKTOPHOTO
noas B touke 0 npoctpaHcTBa R™ M mas  KaXao#l eBKJIHIOBOIL
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CTPYKTYPH Ha R® CyluecTByeT PoCTOK, (OPMaJbHO SKBHBANEHTHHE
ACXONHOMY, HMEIOMHH JIHHefHyl0 uYacTb Ax, HeJHHeHHAasT 4YacTh
KOTOPOTO KOMMYTHPYET ¢ BeKTOPHHM noaem A*x (5k — compsxe-
HHe, NOPOXK/AEHHOe BHOPaHHON eBKAHIOBOH CTPYKTYpOH) . A

PaccmoTpuM Ha npoctpadctBe © R™ 3pMHTOBO cKajisipHOe NpoO-
p3BefleHHe, B KOTOPOM XopjaaHoB 6a3nc omepatopa A, HHBapHaHT-
HHI OTHOCHTENbHO KOMILIEKCHOrO CONpSXeHHS, OPTOHOPMHPOBaH.
JIns NpEMeHeHHH Npelblayliell TeopeMbl yN0OHO B KayecTBe eBKJH-
n0BOl CTPYKTYypH Ha R® Gpatp orpanunyense Ha R" 3Toro ckamsp-
HOro HpPOH3BEJEHHS.

CaepcrtBue 1. PocToK raafgkoro BeKTOPHOrO Iojd KJaacca

Wi’ B Touke O mpocTparcTBa R” mpu OTCYTCTBHH BHYTDEHHHX pe-

30HAHCOB ®W,=k0,, k=1,2,...,0< 0, <o, ¢opMarbHO 3KBUBa-
JEeHTeH pOCTKY, 3ajlaiomeMy AuddepenHunalbHoe ypaBHEHHE BuAa
z=Z(io+f @) 0=(1 ), (2)

rie f— pOCTOK B HyjJe TJafAKoH KOMIJEKCHO3HAYHOH BEKTOP-
¢yuknuy, Z=diag (2, 22).

CnepctBue 2. Pocrok rmagkoro BeKTOpPHOro IoJist KJjacca
W, Ha miockocTH (opMajbHO SKBHBAJEHTEH POCTKY, 3ajaolleMy
auddepeHnHasbHOEe ypaBHeHHe BHIA

k=y+x2f (JC), !}=)C2g (x)v

rae f H g — POCTKH IMIaAKHX B HyJe QyHKUHMI.

Ins ypaBHeHHl (2) acHMNTOTHKa (a30BHX KPHUBHIX, BXOASAUIHX
B HyJb, H MHBapHAHTHHIX MHOroo0pasHH, NMPOXOASANIHX Yepe3 HYJb,
Jerko Hccaenyercsd, Tem  caMblM, HMIUIMKaunus «popmaljbHas
3KBHBAJEHTHOCTb=>TJIaJIKasi 3KBHBAJEHTHOCTb»  COJAepiKaTesibHa
Jaxe TOrAa, Koraa ¢opMmajbHasi HopMajibHasg (GopMa 3aBHCHT OT
6eCKOHEYHOr'0 YHCJ1a HEeJHHEeHHBIX YJIeHOB.

6.3. Ksaaurunep6oanunoctb. Mmniukauua «popmanbHas SKBH-
BaJIEHTHOCTb=>TJIafiKasi 3KBHBAJEHTHOCTb® HMeeT MeCTO He TOJBKO
JJIsi POCTKOB BeKTOPHHIX mnoJied ¢ runepOosnueckofl JiHHeHHOR
yacThio (TeopeMa UeHs), HO M A/ TaK Ha3HBaeMbIX KBa3uUTHIEp-
G6oMHuecKHX POCTKOB (cM. [[14], rae paccMOTpeHH POCTKH Auddeo-
MopdusMoB). Kpasurunepbosnyeckue pPOCTKH BEKTOPHBIX IOJek
HMeIOT, KaK H runepbo/IHYecKHe, YCTONHYHBOE H HEYCTOHYHBOE HH-
BapHaHTHOE MHOXECTBO, HO 3TH MHOXeCTBa — He0053aTelbHO MHO-
roo6pasus, H ¢a3zoBble KpHBHe NPHOIHKAIOTCA K 0cOOOH TOUKe 1O

) HeficTBHTE/NbHO, ypaBHeHHe (2) CHMMETPHYHO OTHOCHTEJNbHO BpallleHHR
(21, zo)= (A21, p22), [M|=|p|=1, u sanaer nostromy daxkTopcHCTEMY Ha mJIO-
ckocty p=(p1, P2). HccaenoBanue O-KPUBHX MCXOAHOH CHCTEMH CBOLHTCH K
HCCef0BaHHI0 O-KPHBHX (AKTOPCHCTEMH, METOIHKa KOTOPOr0 XOpoWio paspa-
Gorasa (cM. ria. 5).
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yCTOMYHBOMY MHOXECTBY He 3KCIOHEHIHAJTbHO, a JHLIb CTENCHHEIM
o6pa3oM: MOAy/b pellleHHs yOnlBaeT KakK HeKOTOpas CTelleHb t
npu {—+4oo. Pewenus, ¢a3oBble KpHBhle KOTOPHIX JeXaT Ha He-
YCTOHUHBOM MHOXECTBe, BeAYyT ceGsi aHAJOTHYHO NPH f—-—oo.

6.4. KoHedHO riajkasi 3KBMBAJEHTHOCTb DOCTKOB BEKTODHBIX
noneii. BexTopHOe Mojie C PE30HAHCHOH JIMHEHHOM YacTbhl0 MOXeT
6niTh, BOOGILE roBOpS, NPHBENEHO K JIHHEHHOH HOpMaJsbHO# (opme
KOHEYHO TJIaJKOH 3aMeHOM, TOJIbKO Kjacc iafkocTH Oyler HHXe
MJaauel CTelleHH pe30HAHCHbIX useHoB. [lepBmi# pe3ysibTaT B
3TOM HanpaBienHu npuHandexur CrepHGepry (S. Sternberg)
[67 : 3]. PasauuHble TeOpeMbl, MOCBsILUEHHBE NOBHIEHHIO KJjacca
rAaAKOCTH COMPSArarIero andpeomopdusMma, N0 yYeHHI
B. A. KouapatsesnM, B. C. CamoBosnom [14:44], I'. P. beauu-
kuM [14]. OxoHuaTesbHBIH pe3y.bTaT HeAaBHO noaydeH Ceanom
(G. R. Sell) [105].

Teopema. Ilyctb v — POCTOK BEKTOPHOTO MNOJISI CO CIEKTPOM
JIHHefHOH yacTH A= (Ay, ..., A,)€C", mpuuem (A, R)—A;%0 nas
awoboro kE€Z,", 2<|k|<<2N; Re[(A, k)—A;]50 ana awboro
k6Z.n, |k|=2N. Torxa poctok v C¥-rMaiko 3KBUBAJEHTEH CBOEH .
AuHeAHON wactd. Hanportus, pocToK

(7] N 0 (/]
2NX1E—(N.’C2—X{V)C3 ) -d—x;—(2N+l)x33x—,

He sBasercss CY-3KBHBaJIeHTHHIM CBOeH JIHHEHHOH wactH  (peso-
gaHe NA+ Nig—Ae=0).

§ 7. Hopmaasuble GOpMB BEKTOPHBIX NOJeEH,
JHHeAHAA 4acTh KOTOPbIX —
HHJbIIOTEHTHAsA JKOPAAHOBA KJETKA

Hccnenosanne HopMasbHBIX GopM B ciayuyae, Korja JHHeHHast
4acTb — HUJBIIOTEHTHAS KOpAAHOBAa KJeTKa, o0Jerdaercs TeopHeil
npencraBieHnit anare6pel JIi si(2), kakoB 65l HH OBLT TOPSIOK
KJeTKH. B cymHocTH, peub HAeT O caeaylolledl anre6pandeckoil 3a-
naye. PaccmorpuM ¢a3oBHIT NOTOK JHHEHHOrO BEKTOPHOrO MOJS,
3a/laHHOTO HHUJBIIOTEHTHO! KOPJaHOBOH K/IEeTKOH. DTa OgHONapaMeT-
pHYecKasi rpynna JHHeHHHX NpPeo6pa3’oBaHHH HeHCTBYET TaKkKe Ha
Pa3/HYHBIX IPOCTPAHCTBAX TEH30POB, HampHMep, Ha MPOCTPAHCTBE-
BEKTOPHBIX moJeil ¢ Ko3b(UUHEeHTaMH B BHAE OXHOPOJHHX MHOIO-
4leHOB (HKCHpOBaHHOH cremeHd. CrpaiuBaercst, KakKoBa Kopjia-
HOBa CTPYKTypa ompeleleHHHX TaKHM 06pa3oM omepaTopoB Ha
DPOCTPAHCTBAX TEH30POB?

7.1. HeHTpHpOBaHHble uenodKd. Teopusi npeiacTaBieHHfi anareb-
pH sl(2) mo3BosisieT HaHTH YHCJIO KJETOK H CKa3aTb KOE-4TO O XKOp-
naHoBoM 6asuce (B. H. boraesckuii, A. 1. TloB3uep, A. B. Tusen-
Tanb). 3aHymepyem OasucHble BEKTOPH HCXOQHOH KOPAaHOBOM
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kJIeTKH pasmepa d+1 uenbimMu uuciamu or —d po +d uepes 2
(yroOCTBO Takoif HyMepalHM siCHO M3 ZHajbHefimero). Mrak, Hama
HOpAaHOBa KJaeTka J pedcTByer Ha 6asuc mo npaBHAY

e_d'_)e_d+2"_’. .. HedHO- (3)

COOTBETCTBYIOLIMM KOOPAHHATHHIM QYHKIUSM X_g, .. ., X, NIPHIHILEM

8 KayeCTBe BecOB MX HoMepa, deg x,=a. [Toaoxum deg{ FSE_) ==
a

= —a. Bec opHouneHa ompejensercd, Kak CyMMa BeCOB COMHOXH-
TeJell, HanpuMmep, deg X,” = pa, deg (x,0/0x,)=b—a(d/0x,=¢,)
CyMmme 3/eMeHTOB OJIHOrO Beca HPHIHMCHIBAETCS TOT kKe BecC.

Teopema. PaccMoTpuM felicTBHe rpynmbl e’' B BEKTOPHOM
npocTpaHcTBe V M COOTBeTCTBYIOLLYIO efi rpynmy npeo6pa3oBaHHi
B npocTpaHcTBe TeH3opoB L mnan V. )KopaaHOBHL LENOYKH NPOH3-
BOISAIIEr0 ONepaTopa 3TOH TIpPyNNEl B INPOCTPAHCTBE TEH30DOB
MOXKHO BHOPaTh UEHTPHPOBAaHHBIMU (TAaKHMH, YTO KpaliHHe 3Je-
MEHTHl Kax[0# IENOYKH HMEIOT NPOTHBONOJOXKHBIE Beca, H IpH
JIBHXKEHHH BJOJIb KaxKJIOH LENOYKH Bec KaxKIbifl pa3 yMeHbHIaeTrcs
Ha 2, xak B dopmyae (3)).

7.2. Hey6usaemMnle HeBsi3kKH, Pa3MepHOCTb NpOCTPaHCTBA OA-
HOpPOAHBIX BEKTODHBIX MHOrOYJIEHOB cTeneHu N, BXOAAIINX B He-
BsiI3Ky (opMasbHOH HOpMasbHOH (OpPMBL BEKTOPHOTO NOJS € JH-
HeHHOH YacTbio JX, He NPEBOCXOAHT YHCJIA XOPJAAHOBHIX KJETOK
onepatopa ad/J. 3mece adJ-— omepatop KOMMyTHpoBaHus ¢ J,
JeACTBYIOIIHH Ha NpocTpaHcTBe L BcexX OAHOPOAHBIX BEKTOPHBIX
MHOrowjleHop cremneHu N. B cuiy mnpeabiiymiefi TeopeMbl  4HCIO
3THX KJETOK PAaBHO YHCJAY HeHTPHPOBAHHHIX llellouek. PasMepHOCTDb
NpOCTPaHCTBA TEH30pOB (DHKCHPOBAHHOrO Beca HETPYAHO COCYH-
TaTh. [lo3TOMy M3 TeopeMbl (nOC/e HEKOTOPBIX BBIYHCIEHHH) BbI-
TeKaer

CunenpcrBue. BekTopHOe NoJie ¢ HHJIBIOTEHTHOH JHHEHHOMN
YacThlo, COCTOALIEH H3 OXHOH JXKOPHAHOBOH KJETKH MOpsiKa n,
<$opManpbHO 3KBHBaJeHTHO TAaKOMY, y KOTOPOrQO cjaraeMhble Beca |
C KOMIIOHEHTaMH OAHOPOJHOH creneHH N MpPHHAAMEXKAT HEKOTOPO-
My JIMHEHHOMY NPOCTPAHCTBY Pa3MepHOCTH

&— - n
ressug | X2 S(l—x")res,:o =N H(l——t.’c’*)’1
k=1

e S=N(n+41)/2. B uyacTHOCTH, Bce LeENOYKH ¢ (PHKCHPOBAH-
HEIM N OXHOH YeTHOCTH: €CJH fi HeYeTHO, TO AJHHBI BceX LEeNoYeK
HEYeTHHl; a €CJIH f YeTHO, TO YeTHOCTb AJUHBI LENOYKH PaBHA 4Yer-
HocTH N.

In. 7.3—7.5 nocBsiLleHBl J0Ka3aTeJbCTBY TeOpeMbl JJIs IpO-
CTpaHcTBa L, onpefieIeHHOTO B Hayasne 1. 7.2.

7.3. CranpaprHoe npeacrasienne rpynnei SL(2) u aareGpu
sl(2). I'pynna JHHeHHBIX HPe00Gpa30OBaHUi IJIOCKOCTH, COXPaHSIO-
mux niaomane (rpynma SL(2)), ecrectBeHHO HeficTBYeT Ha mpoCT-
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pancrBe P™*! OIHOPOAHBIX MHOTOUYJEHOB CTENEHH M OT ABYX Mepe-
MeHHBIX. PaccMOTpuM [AeHCTBHSI MOATPYNIN THNEPOONHYECKHX TOBO-
POTOB («KapTaHOBCKO») M CABHrOB («GOpeseBCKOM»):

Hi(x, y)={(e'x, ety), S*(x, y)=(x-+1ty, y)-

ITpu  gefictBuH runep6ONHYECKHX IIOBOPOTOB OJHOWIEHH X7,
x™=ly ..., y™ YMHOXKAWTCH Ha e™, e™=2t e ~™. Tlostomy cOG-
CTBGHHBlE YHCJa NPOH3BOASIIEr0 onepaTopa AeHCTBHA KapTaHOB-
ckoit moarpynns (onepatopa Ay) paBHBl m, m—2,...,— m. 3a-
HyMepyeM cOOGCTBEHHBIe BEKTOPH omnepaTopa Ay COOTBETCTBYHOLIH-
MH COOCTBEHHBIMH 3HAUEHHSIMH.

Tlpu caBure S' orpaHuueHHe MHOrouseHa Ha MNpAMYyI0 Y=/Yo
caBuraercsi Ha Yol. [lostomy npoussopsiuuii onepatop As AeHCTBHS
6opesieBCKO# MOArpYNNB! CBOAMTCH K Aud¢epeHUHPOBAHHIO MO X
C TMOCJeAYIOIHM YMHOXE€HHEM Ha y. 3HAYHT, 3TOT ONepaTop mepe-
BOAHUT KaXIblli COOCTBEHHBIl BEKTOP KapTaHOBCKOH IOATPYIIbE
B ciepyiouuii (yMmenoliass cof6cTBeHHOe 3HayeHHe NPOH3BOASIIEro
onepaTtopa Ay Ha 2 eIHHHIB).

OnucanHoe npeAcTaBiaeHHe rpynnsl SL(2) (M cooTBeTcTBYIO-
Iiee eMy mpejcTaBjeHHe anarebpu sl(2)) HaszoBeM CTaHAAPTHHIM.

7.4. MponojxkeHue HHJBMNOTEHTHOro omneparopa A0 NPeACTaB-
aeHus aare6pul Jlu sl(2). Oneparop J, mefictByromuii B (d+1)-
MepHOM JHHeilHOM mpocTpaHcTBe V no dopmynae (3), MOXHO no-
CTPOUTH 10 mnpexactaBiaeHust B V aare6pn Jlu sl(2) rpynnm coxpa-
HAWOWHX NJolanp npeo6pa3oBaHHil miockoctd. [Jas 3Toro mocra-
TOYHO MNepeHeCTH CTaHAapTHOe NpeacTaBjeHHe rpymnsl  SL(2)
(u aare6pn sl(2)) Ha npoctpaHcTBO V c nomompio H3oMopdu3Ma
C: V—P*! nonaras B dopMmynax npeablaymiero pasuena m=d:

xd xd—ly
e_d'—’—ﬂ, e_(m'-*m, ceny €440,

dToT M3oMOp(hH3M conpsraer AeficTBHe omepaTopa J ¢ HefcTBHEM
npoxsBojsuiero oneparopa Az 60pesieBCKOH NOArPYNIH, ONpene-
JIEHHOro B 1. 7.3, a onepatop Ax — ¢ onepatopom A¥: e, —~ —de,, ...
..., e_g+de_, IlonyuenHoe npeiacrabieHHe rpynnst Jim SL(2)
H aarebpn Jlu sl(2) Ha V HasoBeM aCCOIMHPOBAHHLIM C OIEPAaTO-
pom J. Cnenyiomasi Teopema yTBepKIaeT, YTO BCAKOE HENPHUBOAH-
Moe NpencTaBieHHe anre6ps sl(2) MoxeT GHITH IIOJYyYeHO aHaJjo-
THYHBIM 06pasoM.

Teopema. Kaxnoe HenpuBOAMMOe NpeiCTaBleHHe anre6pul
JIu s1(2) compsixkeHO €O CTaHAaPTHHM.

7.5. OKoHYaHHe JO0Ka3aTeJbCTBA TeopeMbl. PaccMoTpuM
IPOCTPAHCTBO L BEKTOPHHIX nojielf Ha V', KOMIOHEHTH KOTOPHX —
OIHOpPOJHHIE MHOTOuJeHs cTeneHd N ot d-+1 nepemeHHHX (Min
Kakoe-HuOyAb Jpyroe npocTpaHCTBO TeHsopoB HaAd V). Ilycrs
J:V >V —rToT xe onepaTtop, YTO H Bhille. PaccMOTpuM mnpeicTas-
Jenue aare6pel s1(2) ma V, accoummmpoBanHoe c onepatopoM J u
COOTBETCTByIOUlee emy mnpeAcrasiaenue 7' aure6pu sl(2) wa L.
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Co6CTBEHHBIE BEKTOPHl OnepaTtopa 7 ag, COOTBETCTBYIOMIME MpPOH3 BO-
1 ALLLEMY ONepaTopy KapTaHOBCKOH MoAr pyNNbl —3TO BeKTOpHHIE IO-
JIMHOMBI, COCTOSIIME U3 MOHOMOB OJHOro BecCa, ¢ COOCTBEHHBIM 3Ha-
yeHHeM PaBHBHIM Becy. Pa3ioxuMnpepcrt aBaenue T Ha HENPHBOAHMMEIE;
nycTs V™! —npocTPaHCTBO OJHOTO W3 HENPUBOJMMLIX MNPeACTaB/e-
nuft pasmeproctu m+ 1. [To npeamymiefi TeopeMe HeNpHBOAHMOE
npeacrtasienue 7 | V™1 conpskeno co crasmaptHbiM. ClefoBaTefb-
HO, COGCTBEHHBIE BEKTODH OrpaHuuenua I a, Ha V™71 oOpasywor
1leHTPHPOBAHHYIO UENOYKY Ty Upog, + « oy Vomy BEC BEKTOPHOrO MNO-
JAMHOMAa 7, paBed a. Paccmotpum tenepb omepatop 7T ag, COOT-
BEeTCTBYIOLIUfi NpOM3BOAAuleMy onepatopy As O6opesleBCKoji noA-
rpymnel. Ero orpanmuenne Ha npoctpanctBo V™! fefictByer no
dopmyae

V>V gt o =00 (4)

{€CaH HYXHO, BEKTOPHI U, 3aMEHSIOTCSI Ha KOJJHHeapHbie).
3ameTHM B 3aKJOYeHHe, 4TO T4 ¢— 3TO H €CTb TOT NPOU3BOAS-

HH omepaTop, 0 KOTOPOM TOBOPHTCS B Teopeme I. 7.1, a HMeHHO,
onepaTop KOMMYTHPOBAaHHS C BeKTOPHHIM mnoseM Jx; 3dech X —
cronbel ¢ KOMIIOHEHTAMH Xg, . .., X—4 JleHCTBHUTENbHO, 6OpeneBcKas
noarpynna {S'} mefictByer Ha npocTpaHcTBe V mno npasuuay:
x ~ (expJi)x, a Ha mpocTpaHcTBe L mo MpaBHJIy: NOJe U Hepexo-
IuT B moje J=e’*ve e’', IlpousBopsimuii omepaTop nocaenHeH
HOATPYONH — 3TO ONEPaTOp KOMMYTHPOBAHHsI C moJjeMm Jx.

Tem cambM, (4) — HCKOMasi LeHTPHpPOBaHHAsl LENOYKa oOnepa-
Topa ad/J. p

T'aasa 4

OCOBbBIE TOYKH JH®PEPEHIHAJIbHBIX YPABHEHHH
B MHOFOMEPHOM KOMIIJIEKCHOM $A30BOM
NMPOCTPAHCTBE

JIoKanbHasi TeopHsi aHANHTHYECKHX AHGDGepeHHHaJbHEIX YPaB-
HeHHUA I03BOJSIET N0 KOHIA HCC/ef0BaTh OCOOEHHOCTH moJell obLie-
IO MONMOXeHHA. 3Jecb INpPHUBEAEHbl H CMeXHble Pe3yJbTaThl O Bbi-
POXIEHHHX 0COGEHHOCTX.

§ 1. Jlunefinnie HOpMaJbHBE (GOPMBI

PocTox aHaJHTHYECKOrO BEKTOPHOro moJist O6LIero MOJIOXKeHHs
B 0c000# TOYKe AQHAJHTHYECKH 3KBHBAJICHTEH CBOell JHHeHHOH ua-
CTH, KaK NOKa3hBalOT CHOPMYyJHPOBaHHBE HHXKe TEOPEMH.

1.1, O6aacrn Ilyankape u 3ureas. Majasie 3HaMeHaTeNH,

Onpenenenune. HaGop AEC* npunamnexur obracru ITyan-
’Kape, eclH BHINyKJaas 060J0YKAa BEKTOPOB Ay, ..., A, Ha KOMILIEKC-
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HO¥M IVIOCKOCTH HE COMEeDKHT HyJs, H obaacTu 3uzess — B NPOTHB-
HOM caydae. Ha6op AEC" — cTpozo 3ueeses, ecnu BHTyKJIas 060-
JIOYKa BEKTOPOB A, . .., A, COJAEPKHT HYJb BMeCTe C OKPECTHOCTBIO.

OnpeneneHue. JluHeiiHoe BekTOpHOe ToJe — Tuna Ilyawka-
pe uau 3ueeasl, MIH CTPO20 3uzenes8a TUNQ, €CJH CIEKTP COOTBET-
CTByIOLIEro onepatopa npHHainexut obiactu Ilyankape uin 3H-
reJisi, HJIH CTPOTO 3HIeJIEB.

Habop co6GCTBeHHBIX YHCes HA3bIBACTCHA  PE3OHAHCHbIM, €CIIH
OIHO K3 HHX SIBISETCSI CyMMOH He MeHee ABYX COOCTBSHHBIX YHCeJ
(e 06s13aTE/LHO PA3JIHYHBIX). '

QopMasbHble 3aMeHBbl, IIPHBOAALIHE POCTKH aHAaJHTHYECKHX
BeKTOPHHIX IIOJIeli C Hepe30HAHCHOM JHHEHHOH 4acTblo K JIHHEHHOR
HOpMaJibHOR ¢opMe, Ha3HIBAIOTCS B 3TOM nHaparpade HOpMaJH3y-
IOIIMMH DSiJaMH; NPH HX BLIYKCJIEHHH NPHXOAHTCA [EJHTb Ha BHI-
paxeHnust (A, k)—A;, (&, j)€J, rne J={(k, j)|k€Zs", |k|=Zki=2,
j€{l,..., n}}; a1u BHIpaxenus obpamaiorca B 0 A pe3oHaHc-
HeX HabopoB. [I/1s1 Hepe3oHAHCHOro Habopa A MHOXECTBO YHCENX
{(r, B)—A;| (R, j)€J} umeeT mpeleibHYI0 TOYKY HyJb, €CJIH K
TOJBLKO €CJH A NpHHamNeXHT obaactu 3urens. Yucaa U3  3TOrO
MHOXEeCTBAa M HA3bIBAIOTCS MAAbIMU 3HAMEHATEAAMU; UX TOSBJCHHE
3aTpyAHSET CXOAHMOCTh HODMAJIH3YIOUIHX PSJOB.

1.2. CXoaMMOCTb HOPMAJH3YIOWHUX PSNOB.

Teopema Ilyanmkape ((H. Poincaré), [8], [48]). Pocrok
AHAJUTHYECKOTO BEKTOPHOrO MOJsi C HEPE30HAHCHOH JHHeHHOHN
yactelo THna IlyaHkape aHaJHTHYECKH 3SKBHBAJEHTEH CBOeH JiH-
HeHHOH yacTH.

Teopema 3urens ((C. L. Siegel), [8]). HAna moutu Bcex
(B cMbicie Mepn JleGera) HaGopOB COOGCTBEHHBIX UHCEN JHHEHHOH
YacTH POCTKa roJIoMOPpGHOro BEKTOPHOTO TMOJsI B 0COGOH TOUKE
pOCTOK GHroJOMOP(HO 3KBHBAJIEHTEH CBOEH JHHEHHOH YacTH.

ITouTH BcerZa BHLINOJHEHHOE YCJOBHe Ha COOGCTBEHHHIE YHCJA,
IOCTaTOYHOE MJIsI TOJIOMOP(HOIl IKBHBAJEHTHOCTH pOCTKAa CBOEH
JHHEHHOH 4YaCTH, OLeHMBAaeT Majble 3HAMEHATENIH CHHU3y Yepes
NOPSAOK COOTBETCTBYIOLIEro pe3oHaHca. IlepeitneM K TouHbiM (op-
MYJIHPOBKaM.

Onpeneanenune. Habop A6C" necousmepum no A. JI. Bprono,
€CJIH CYLLECTBYIOT Takue MOJOXKHTeJabHbe C H g, uTO

5

(A, k) —X;| > Ce—wl=2

ans Beex (B, j)€J, mas xotopmx (A, k)—A;%0 (ans mouyTH Bcex
A€C" BhinoJHsIeTCS AaXKe aHAJIOrHYHasi OLEHKa C NPaBOil HacTbio
Clkl-(n+l)) A

Teopema ([18:31]). PocTok aHAaIHTHYECKOrO BEKTOPHOIO MO-
Jsi B 0coBoH TOUKe, CIEKTP JHHeHHOH YacTH KOTOPOTO Hepe3oHaH-
CeH H HecOH3MepHM N0 BproHO, GHroJOMOpGhHO IKBHBAJEHTEH CBOEH
JIHHEHHOCTH YaCTH.
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B [18:31] 3kBHBaJEHTHOCTL JHHeapH3alWH JOKa3aHa IpH euie
Gosee caboM orpaHHYeHHH Ha A.

AnaJslorHUHHe TeopeMhbl CHpPaBelIHBH B cayuae, Koraa Habop A
PE30HAHCHBIH, €ClIH POCTOK BEKTOPHOro moJs (opMasjbHO 3KBHBA-
JEeHTeH cBoeH JHHeHHO# yacTH (HampuMep, B Cjyuae IeHTpa 0O
JAHHEHHBIM 4/1€HaM IpH HaJH4u# (HOPMaJbHOrO MEpBOTO HHTErpasa
x*+y2+ ...). Obuine TeopeMBl TAKOTO pofa COXEpkKaTcs B paboTax
A. J1. Bpiono u B. A. Ilmucca [18:31]; [14:54].

1.3. AHaJIHTHYECKHE TEOPEMbl 0 PACXOZUMOCTH HOPMAJH3YIOLIHX
pAAOB.

Ecan Majble 3HaMeHaTesIH NMATOJOTHYECKH MaJlbi, TO HOpPMaJH-
3ylOlIHe psAAH, KaK NpPaBHJIO, PAaCXOASATCS.

Onpenenenne. Habop A€C" — noutd pesoHaHCHHH, ecas
pAR

Dzt k) — 210102,

HE CXOMMTCH HM B KakoMm mape c uenrtpom O.
Teopema ([30]). Ilycrs HaGop A-—mouTH PE3OHAHCHBIA M KO3~

(GUIHEHTH CXOASAILerocsi BEKTOpPHOro psafa f (z)=z‘ Srj2*0/02,

O €HUBAIOTCSA CHH3Y IO MOAYJaIO HEKOTOpOﬁ l‘eOME'l‘pI/I‘lECKOﬁ npo-

rpeccueit: | f;|>Cq™. Toraa Ans noutu Beex B cmbicae mephl JleGera
KOMIIEKCHHX @ YpaBHEHHe

z=(diag M)z +af (2)

aHAJIHTHYECKH HEIKBHBAJEHTHO JHHeHHOMY B Ji060H OKPeCTHOCT
ToukH 0. '

1.4. T'eomeTpHUECKHe TEOPEMBI O PACXOAHUMOCTH HOPMAJH3YIO-
wux papos. ['eoMeTpHYecKOH NPHUHHOR PaCXOAMMOCTH HOPMaJIH3y-
IOIIHX PSIOB B Clyyae NAaTOJOTHYECKH MaJblX 3HaMeHaTesed ciy-
XKHT sIBJ€HHe MaTepHa/JH3alMH DPe30HAHCOB; OHO COCTOHT B Cje-
ayoueM (cM. [8]).

PaccmoTpuM ojHonapaMeTpHuecKoe ceMeHCTBO BEKTOPHBIX IO-
Jell, JHHEHHBNE YaCTH KOTOPHIX NPH HYJEeBOM 3HAaueHHH IapaMeTpa
NPOXOAAT TPaHCBePCaJbHO Yepe3 pe3oHAHC (TOuHee, CIEKTP JH-
HefHOH YaCTH NPH NPOXOXKIEeHHH mapamerpa uepe3 0 TpaHCBep-
CaJbHO MepeceKaeT DPe30HAHCHYIO IJIOCKOCTb). IIpH mpoxoxieHHH
napamerpa uepe3 0 OT KOOPAHHATHBIX NJOCKOCTEH HEKOTOpPOH Kap-
TH OTAENSAETCH aHaJIHTHYeCKoe MHoroo0OpasHe, 3aBHCcsllee OT ma-
pamerpa ceMeiicTBa" M HMHBapHaHTHOe IJIsi YDaBHEHHS, COOTBET-
CTBYIOLIETO TOMY K€ 3HadeHHIO napamerpa. TOMOJOrHsi 3TOTO MHO-
roo6pasus omnpefensiercs apudMeTHKoH pe3oHaHca. Haauune
«6OMBUIOr0 KyCKa» 3TOr0 MHOroo6pa3us B HEKOTOPOH OKPECTHOCTH
0co60ff TOUKH MNPENATCTBYeT NPHBEeACHHIO YDaBHEHHS K JHHeHHOR

D [Ipocrefiminii reoMeTpHYeCKHHE NpHMEp TaKOr0 PORA AOCTABJASAET CeMeHCT-
BO MHoOrooGpasmii xy=—g; npu &=0 MHoroo6passe ceMeHACTBa COBNajgaeT C
06beaHHeHHeM KOOPJHHATHHX OCeH.
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sopMaJbHOll GopMme B 3TOH okpecTHOCTH. Ecanm Ha6op A naToJOTH-
yecKH OJIM30K CUETHOMY YHCJIy pPE30HAHCOB, TO B KaX[AOH OKpeCT-
HOCTH 0c000H TOUKH ypaBHeHHe

z=(diagA) z + f (2)

TP YCJIOBHH, UTO HeBsi3Ka [ — o6LIero NoJIoXKeHHs, HMeeT CYETHOE
YHCJ0 HHBApHAHTHBIX MHOroo6pasuii. Kaxaoe M3 HHX BO3HHKaeT
NpH MaTepHAJIH3aLMH OMHOTO M3 Pe30HAHCOB, GIM3KHX K A; B3s-
Thie BMECTe, 3TH MHOroo6pasnsi mpelnsiTCTBYIOT CXOAHMOCTH HOpMa-
JIH3YIOIHX PSAJOB B KAaKOH-JTHO0O OKPECTHOCTH HYJIs.

Jloka3aHHElE Ha 3TOM NYTH reOMeTPHUECKHE TEOPEMH O pacxo-
nauMocTH [34], [34:6] npeamonararoT, YTO MaJjbie 3HAMEHATeNH
y6uBaloT elle ObicTpee, yeM B nNpeibilyllleM INyHKTe, a2 HMEHHO, IJd
HekoToporo o>0 npu aw6om C>0 cyuectsyer k€Z.", 1as KOTo-
poro

0|, B)—A; | <Clk|o"L

§ 2. Cea3b (opMa/bHON H AHAJNUTHYECKOH
KjaccuUuKaLuu

3nech o6cyXKAaercsi COOTHOIIEHHe Mexay ¢opMmaibHOH M aHa-
JIMTHYECKOH KJacCHQUKAUHSIMH POCTKOB BEKTOPDHBIX TNOJIeH, CIEKTp
JIHHEHHOH YacTH KOTOPHIX Pe30HAHCEH, HO HecoOH3MepHM 1o BpioHo.

2.1. Ycnosue A. A. JI. Bpiono i[18:31] namen HeoOxoxumoe
M JIOCTATOYHOE YCJIOBHE AJS TOro, 4TOOBl K/JIaCC POCTKOB aHaJHTH-
YeCKMX BEKTODHBIX nosed, ¢GopMaJbHO 3SKBHBAJEHTHBIX POCTKY C
HecOH3MepHMbIM N0 BpioHO CHEKTPOM JIMHeHHOH YacTH, coBmajas C
KJIAcCOM POCTKOB, AHAJMTHYECKH KBHBAJ/IEHTHBIX 3TOMY POCTKY —
Tak Ha3biBaeMoe ycaoBHe A. YcioBre A Hasmaraercd Ha HeJHHEHHbe
YJeHBl NpeNBapHTEJbHON HOPMaJbHOH (OPMHI POCTKa v B Clydae,
KOIia JHHeiHasg YacTh POCTKa — pe3oHaHCHa. Bece popMasibHO 3KBH.
BaJIeHTHLIe MpeJBapHTe/IbHble HOpMaJbHble (HOPMBI YAOBJIETBOPAIOT
MK He YAOBJETBOPSIOT YCAOBHIO A OHOBpPeMEHHO; NO3TOMY YCJIOBHE
A sBasileTca YCAOBHEM Ha CaM POCTOK, a He TOJbKO Ha €ro HopMaJib-
Hyio ¢opmy. POpMyJHPOBKA 3TOrO YCJIOBHS IPOMO3JKa H 3[ech He
npuBoauTrcs. OTMETHM B KayecTBe NPUMepa, YTO POCTOK BEKTOPHOrO
MO/t Ha IJIOCKOCTH C JIMHENHOH YacTbio pxd/dx—qyd/dy (p ¥ q
HaTypaJ/ibHbEle) YAOBNETBOPSET YCJAOBHIO A, €C/IH H TOJbKO €CJIH pOC-
‘TOK OpGUTAJbHO AHANUTHYECKH SKBHBAJIEHTEH CBOeil JHHeHHO# dac-
t4. KpoMe Toro, ycioBHe A aBTOMaTHYECKH BHINOJHEHO JJs BCeX
POCTKOB ¢ JIHHEHHOH wacTbio THna Ilyankape. CXoaHMoOCTb HOpMa-
JIHSYIOIMX PSAOB JJIS 3TOro cayuas Ouia jJokasaHa JlionakoMm
(cM. [18]). B o6mactu 3urenst ycaoBue A BBHINOJIHSETCH PERKO.

2.2, 3amevyanue. [Ipo6GieMHl I1ajkoit H aHaJHTHYECKOA KjaccH-
«<UKanH¥ POCTKOB BEKTOPHHIX NoJeH B 0co60H TOYKE eCTeCTBEHHO
pacnajgaioTesi Ha 3 4acCTH.
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1. ®opmanbHas knaccupukaums (cm. § 3, ri. 3).

II. Vayuenue cBsish MeXAy (GopmajbHON H rnaakodl (Mix aHa-
JHTHYECKO!) KJaaccHuukanuei. '

B nepesonaHCHOM cayuae -(opMaspHas HopMasibHas Qopma
JuHeiina. CBsisb KJacCHQUKAUKM Hepe3oHAHCHBIX POCTKOB B IVal-
KOM H B aHAJHTHYECKOM BapuaHTe omnucaHa B § 6 rmaset 3 4 § 1
ryiaBel 4. PesoHaHCHBIA caydail AJas roJoMOpOHBEIX POCTKOB HCC/e-
JI0BaH TaK e I0ApO6GHO, KaK Hepe3oHaHCHBIH (cM. m. 2.1). Beuay
KpafiHeli JeCTKOCTH yCnoBHS A, kjaacc @opMaibHO 3KBHBaJEHTHBIX
AHAJHTHYECKHX POCTKOB BEKTOPHBIX MOJEeH C Pe30HAHCHOH JHHEH-
HOH yacThio B 0cO0OH TOUKe MOYTH HHUKOrZa He COBMajaeT C KJjac-
COM aHaJHTHYECKH 5KBHUBaJEHTHHIX pocTKoB. O IMajKoM clydae CM.
teopemy UeHs u HekoTophle apyrue Teopemu (§ 6, rn1. 3 m § 2,
ria. 6).

IT1. Tlonyuenue (monHOH) cHCTeMbl HHBAPDHMAHTOB aHaJMTHYe-
CKOll KjaaccuduKanuy poCTKOB BEeKTOPHBIX moJsek!.

o mocieasero BpeMeHH INPH pelleHHH 3TOH 3ajJayM OTpaHHyH-
Ba/JIMCh HHBapHaHTaMH GOpMaabHOH KjIaccHUKalLhu. 3aTeM HC-
c/le0BaJach CXOAHMOCTh COOTBETCTBYIOIHX (GOPMaJbHHX 3aMeH.
Ecau oumH cxopusuch, npobiema Ownlia pelleHa, eCA#d pacxXoliH-
JIUCh — HCCJIeJ0BaHHe Npekpamianock. Pabotsl, rae ObIH Halze-
Hbl HHBApHAHTH aHAJHUTHUECKOH KJjaccHQHKauUHH, OTJHYHBE OT
dopManbHBIX, H3JaraloTcd B riaBax S H 7.

§ 3. AHaauTHYEeCKMEe MHBAPHAHTHbIE MHOroodpasus

AnajuTHYeCKHX HHBADHAHTHHIX MHOrooOpasHil IJst aHaJHTHYe-
CKHX CHCTEM CYleCTBEHHO MeHblue, 4eM IMalikuX. Tak, AJas poct-
KOB aHaJHTHYECKHX BEKTOPHBIX noJeil Ha R? co crmekTpoM JHHEH-
HOi wyactu. (A, 0), A5=0, Bcerja cymecTByeT KOHEUHO IN1aKOe LEeHT-
pasibHoe MHorooGpasue (§ 4, ra. 3), HO, Kak NMPaBHJIO, HE CYLUECT-
ByeT aHanutuHueckoro (§ 5, ra. 5).

TeopeMbl 06 aHAJIHTHYECKOM YCTOHYHBOM (HEyCTOHYHBOM) HH-
BapHaHTHOM MHoroobpa3uu cdopmynupoBanbsl B § 4 raaBel 3.
AHaJorHyHbBle TEOpeMBl CIPaBe/IHBH MJs TOJOMOP(HBIX BEKTOp-
Heix nonefi ([18:31). PopMmyanpyemsle HHXKe TeOpPEMBl O JOKAJb-
HEIX HHBAPHAHTHBIX MHOroo06pasusix roJoMOp¢HBEIX BEKTOPHBIX 110-
Jed TO3BOJSIOT HAaXOJHTh aHAJUTHYECKHe MHBADHAHTHBIE MHOI0GO-
pasus, cofjepxKamide ocoOyi0 TOUKY BeUIeCTBEHHO aHAJNHTHYECKOIO
noJisi U He MNpHHaAMJIeXallde HH yCTOHYHBOMY, HH HEyCTOHUHBOMY
MHOT000pasHo 3TOH TOUKH.

3.1. Teopema 00 MHBApMaHTHOM MHOrooGpas3uu. Paccmorpum
POCTOK aHaJHTHUECKOrOo BEKTOPHOrO mnojsi B ocoGoft Touke 0, Ju-
HellHast 4acTb KOTOPOTO MMeeT HHBAapHAHTHYIO miockocts. MHccie-
ILyeTcs BOMPOC, HMEET JH POCTOK AHAJHTHYECKOe HHBapHaHTHOE
MHoroo6Gpasue, Kacawlleecss B Hyse 3TOH IJIOCKOCTH.

D Fnagkuit ananor 3TOH NpOOJeMH, HAaCKOJIBKO HaM H3BECTHO, ¥CCJIen0BaH
TOBKO Ha (OpMalbHOM YpOBHE; HCKIIOUeHHe cocTasiser pesyaoratr C. M. Bo-
poxuHa [60, c¢. 143] H Mapruse—Pamuca [99, § 5, ra. 111},
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PaccmorpuM dopMmanbHoe AuddepeHuyanbpHoe ypaBHeHHE
£=Ax+f (£ 4), y=My+g(xy) F(O=0, g0=0,
f(0)=0, g4(0)=0, x=(x1,...,%n), y=1, -- o Um) (D)

Onpeanenenue. Ilmockocts y=0 HaspiBaeTCs POPMANLHbIM
UHBAPUAHTHbLM MHO2006pa3uem ypasHenus (1), ecim g(x, 0)=0.
YpaBuenne x=Ax+f(x, 0) HasbiBaeTcs OrpaHHYeHHeM ypaBHeHHS
(1) Ha 3to QopmasbHOe MHBapHaHTHOe MHOrooGpasHe.

Onpenenenne CkaxeM, uro (opMmanbHOe BEKTOPHOEe noJe
npuHamaexur knaccy HOUM (HopmaabHass ¢opMa Ha HHBapH-
aHTHOM MHOroo6pasuH) c JuHeilHOH uactbio (Ax, My), ecau emy
cooTBeTCTBYeT ypasHeHHe (1), Aas KoToporo miaockocts y=0 sB-
Jsiercss GoOpMajbHbIM HHBapHaHTHHIM MHOroo0pasueM, a Orpanuue-
HHe ypaBHeHHs (1) Ha 3Ty IUIOCKOCTL HMeeT MNpelBapHTeNbHYO
HOpMaJbHYIO (opMy.

Teopema (1O0. H. bubukos [77]). Ilycte v — pocToK aHaaH-
THYECKOrO BEKTOPHOro moJsst B ocofof Touke, GOpMajbHO 3KBHBa-
JeHTHHI (opMaJbHOMY BeKTOPHOMY mnojro @ kaacca HOHM c
JguHefiHofi yactbio (Ax, My), A= (A, ..., Az) — CHEKTP MaTpHLHl
A, 0 p=(f1,..., Um) — CHEKTp M, npHueM BHIIOJHEHBI ClIELyHO-
e yCAOBHS:

1°. OTCyTCTBYIOT «IepeKpeCTHbie Pe30HaHChI»:

w;5= (A, k) onsa Bcex RE€Z.™ |k|=2, j=1,..., m.

2°, A — pe3oHaHCHBIH Habop 6Ge3 Majblx 3HaMeHaTesaed: 0 —
M30/IMpOBaHHasi TOYKa MHoxecTBa uucen {(A, R)—A;| (&, j)€J}.

3°. Orpanuuende ypaBHeHHs1 (1), cooTBeTCTByOLiero nojaw w,
Ha TJI0CKOCTh y=0, yaoBierBopsieT ycioBuio A, (cMm. [18:31]).

Torga pocTOK v aHAaJHUTHYECKH 3SKBHBaJeHTeH HEKOTOPOMY
poctky kiaacca HOUM c nunefinoii yacteio (Ax, My). A

TeopeMbl 06 HHBapHaHTHBIX MHOroo6pasusix M MHOXeCTBax,
OXBaThIBaIOIlHE M  BBIPOXK/JEHHble  CHCT€Mbl,  AHOHCHPOBAHBHI
A. . Bprono [18]: ([40], {42], [43], [46]), HO uX mOKasaTesbCTBa
NoKa He ONyOUIKOBaHHI.

3.2. CaepctsHs. AHaJHTHYHOCTb LEHTPaJbHOrO MHOroo6pasHs.

Onpeneanenue. Ilycte dopmManbHOe BEeKTOPHOe INOJe 3amH-
CaHO B NpeABapHTeJbHOH HopMaJbHOil dopme. Ilnockoctsh, Ha KO-
TOpo#i rHnepboNHUeCKHe IepeMeHHble OOpallaloTcs B HyJb, Ha3hbl-
BaeTcsl (OPMGAbLHbIM UEHTPAAbHOIM MHO2000pa3uem LIS 3TOTO
noJS.

3ameuanue. Ecaun ypaBHeHHe aHAJUTHYECKH 3KBHBAJIEHTHO
npeiBapHTEJIbHOI HOPMaJbHOR (OpMe, TO 3TO OlpefeneHHe 3afla-
et 06GhIUHOE LEeHTPaTbHOe MHoroobpasue.

Teopema. Ecniu orpanuyeHde npefBapHTe]bHON HOPMaJbHON
(opMbl Ha GoOpMaJbHOe LEHTpalbHOe MHOroo6pasue HMeeT BHI

oo

é=izE apztzt, 26C, Ima, =0, a,=0-0,
0
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#an Buj X=0, x€R, To umeHTpanbHOe MHOrooOpa3ne aHAaJHTHYHO B
COCTOHUT H3 3aMKHYTHIX (a30BbIX KPHBHIX (B NepBOM cjayyae), JH-
60 u3 nosioxeHuil paBHOBeCHsI (BO BTOPOM). .

310 — ananor Teopemn Ilyankape—JlanyxoBa (§ 4, ra. 5).
JnAs rnagkux pocTKOB MHOrooGpasusi HEMOABHXKHBIX TOYEK HJH
3aMKHYTHX KPHBHIX, BooGllle TOBOPS, HeT.

Ob6parumeie cucremvr. Tak HaspiBawTcsd ARG depeHiHaIbHEE
ypaBHEHHsl, HHBapHaHTHbe OTHOCHTENbHO OOpallleHHs BPEMEHH.

PaccMoTpuM ypaBHeHHe Maanix kosaeGauuii ¥+Ax=0, x€R",
martpuna A CHMMeTPHYHA H TNOJOXKHTEIbHO ONpejeseHa. CooTset-
cTByiolllee ¢a3oBoe mpocTtpaHcTBo R#* pacrnajaercs B NPAMYIO CyM-
My IBYMEeDHBIX HHBapHaHTHBIX mjockoctedl L; j=1,..., n. Kax-
Jdas Takas MNJOCKOCTb 3amoJHeHa 3aMKHYTHIMH (pasoBuMpl KPHBBHI-
MH, ABHXKEHHe [0 KOTOPbIM INPOHCXOAMT C YacCTOTOH ®; IAe o7,
]—l ., n,— cobcTBeHHble 3HaueHUss omepatopa A. Cuenyomas
TeopeMa NOKa3blBaeT, 4TO €CJIH ypaBHeHHe MaJnlXx KoJieGaHHH
BO3MYTHTb HEJHMHEHHBIMH WeHaMM TaK, UTO NOJydeHHAsi CHCTeMa
6yaer coxpausaTbCs IpH oOpamleHHH BpeMeHH, TOrAa BO3MYyLIeHHas
cucreMa 6yjer MUMeTb, KaK H B JHHEHHOM cjydae, n OJHONapaMeT-
PHYECKUX CEMEeNCTB 3aMKHYTHIX (a30BBIX KPUBHIX; HAa YACTOTH ;
Hasnaraercsi caboe orpaHHuyeHHe.

Teopema. [lycts anasuTHYECKAS CHCTEMA

x4+ Ax=®(x, x), ®(0,0=0, @, (0,0=0 2)

HHBaDHAHTHA OTHOCHTeJbHO oOOpallleHHsi BpeMeHH, To ectb @(x,
—p)=®(x, p), u nycTb MatpHua A, miockoctH L; H 4yacToTH
®; — Te Xe, yro H Bhlle. [lycTh, KpoMe TOTO, @;FkRw; LIs JIO-
6bix k€Z, j=I. Torza B ¢dasoBoM mpoctpanctBe R2* cucrembi (2)
CYyLIECTBYIOT N ABYMEpPHBIX aHAJHTHYECKHX MOBePXHOCTell, Kacaio-
IHXC TIockoctefl L; B HyJle W 3aMOJIHEHHHIX 3aMKHYTBIMH ¢a3o-
BHIMH KDHBBIMH 3TOH CHCTEMBI.

Bosee cuibHasi TeopeMa jaokaszaHa B [77]. OGpatuMsble cucre-
Mbl HMEIOT MHOrO OOGIIMX CBOMCTB ¢ IaMHJbTOHOBBIMH CHCTeMamul.

3.3. 06 aHaaIUTHYECKOM IEHTPAJbHOM MHOroo6pa3un pudde-
pPEeHUMANbHBIX yYPaBHEHHA HAa MJIOCKOCTH. B 3TOM myHKTe HCC/eny-
o1es auddepesunasbible YPABHEHHST B OKPECTHOCTH 0C060# TOUKH
Ha miockocTH R2, ofHO co6cTBeHHOe 3HayeHHe JHHEHHOH YacTH KO-
TOPBIX PaBHO HYJIO, 8 APYroe — OTJIHYHO OT HYJIS:

x=f1(%: 4 Y=hy+f2(x, y), 3
A0, £;(0,0)=0, df,©0,0)=0, j=1; 2.

YpaBHeHHsI TaKOTO BHJA Bcerja HMelOT OGECKOHEWHO INIaJKoe

h Cu. V. 1. Arnol'd, Reversible systems, in «Nonlinear and Turbulent Pro-
cesses», Acad. Publ. New York, 1984, 1161—1174.
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tleHTpasbHOe MHOroo6pasue (3¢(pekT AByMepHOCTH), HO, BooOile
TOBODPs, HE HMEIOT aHaJHTHYECKOrO. Hocneﬂﬂee 00CTOSITENBCTBO

OTMeueHo DiyiepoM Ha IPHMepe ypaBHeHHs
' X=x2, Yy=y—x

(nuHeiiHolt 3aMeHoM npuBoaumoro K Buay (3)). OxaswbiBaercs,
YTO BONPOC O HAJHMYHH AHAJMTHYECKOrO HEHTPaJbHOro MHOrooGpa-
34 ypaBHeHHs1 (3) He MoxKeT ObITH pellleH No (GoOpMaJjibHOH HOp-
MajJbHOH (opMe ypaBHEHHsI B H30JHPOBaHHON ocoboit Touke 0: B
KaxkJIOM KJjacce GpopMasJbHO 3KBHBAJEHTHEIX yPaBHEHHH TAKOTrO TH-
Tla CyLIeCTBYIOT YPaBHEHHs Kak HMMeWllHe, TaK M He HMeouide
aHaJUTHYECKOEe LeHTpajbHOe MHorooGpasue [98]. Ias Toro uro-
Ol Bce ypaBHeHHS BHAa (3), ¢opMasbHO 3KBHBAJICHTHHIE MEXIY
<o60H, HMeNH aHaJHTHYECKOe IeHTpa/JbHOe MHOroo6pasHe, HeoO-
XOAHMO H JOCTAaTOYHO, yToOBl ocobast Todka 0 3THX ypaBHEeHHH
6bl71a HEeH30JMPOBAHHOMN; IeHTpaJbHOe MHOrooGpasWe B 3TOM CIy-
Yyae COCTOHT H3 OCOOGBIX TOYEK. DTO YCJIOBHE BHIAEISET MHOMXKeCTBO
YpaBHEHHH KOPa3MePHOCTH OeCKOHeUyHOCTb. MeX1y TeM, MHOXKe-
CTBO ypaBHeHHH (3), UMeEIOIHX aHAJHTHYECKOEe ILEeHTPaJbHOe MHO-
Too6pa3ue, HMeeT B KJacce BCeX ypaBHeHHH (3) KOMILIEKCHYIO KO-
pasmepHocTs 1 1[98].

§ 4. Tonosornueckad Kaaccudukamus ocoObIX
TOYEK B KOMIUIEKCHOH 00aacTH

QopmyupyeMble HHXKE TEOPEMH IOKa3BIBAIOT, YTO B OT/IHYHE
OT BeleCTBEHHOrO cJayuasi TOHOJOrHYecKast KJacCH(pHKaLHs Bek-
TOPHHX HOJe#l B KOMIJIEKCHOM (a30BOM NPOCTPAaHCTBE HEAHCKpET-
Ha (UMeeT HenpephiBHEIE HHBAapHAHTHI) Aaxe JAJs JHHEHHHX BeK-
TOPHHIX NoJell 06LIero MnojoXeHus.

4.1, JiuHeliHble BEKTOPHbIE MOJA.

OnpeneneHue. JIuHedHOe BEKTODHOe INOJNEe B KOMILIEKCHOM
($a30BOM NPOCTPAHCTBe HaskiBaeTcs eunepboauveckum (caabo eu-
nepbosuveckum) eCIH HHKaKHe JIBa COOGCTBEHHBblE 3HAUEHHS COOT-
BeTCTBYIOILIEFO ONEPATOPa- HE HMEIOT BEIeCTBEHHOT0 (COOTBETCTBEH-
HO, BELIECTBEHHOrO HENOJIOXHTENBHOrO) OTHOMIEHHUS,

Teopema Tykenxeiimepa (J. Guckenheimer). Poctkx
TOJOMOPQHBIX BEKTOPHBIX moJiell B ocoboH Touke 0 mpocrTpaHcTBa
€ ¢ runepbonnueckoil JuHefiHO# wacTbio THna [lyankape opGH-
TaJbHO TOMOJIOTHYECKH 3KBHBAJEHTHHI IPYT IPYTY.

CaTyanus pe3ko MeHsieTcs Aaxe MJs JHHeHHHX moJeil THNA
3urens.

Teopewma (H. H. Jlaguec, Kamauo (C. Camacho), Kginep
(N. H. Kuiper), Ilsiiinc (J. Palis), 0. C. Unbswenko, [8,
¢. 287]). [lnaroHanusupyemble JIHHeHHble BEKTODHbIE [0S, CIEKTP
KOTOPHIX JIEXKHT CTPOro BHYTPH 06JacTH 3uressi, opGHTAaJbHO TO-
TOJIOTHYECKH SKBHBAJEHTHE B HEKOTOPOH OKPECTHOCTH TOYKH
HyJb mpoctpaHcTBa €, ecH H TOMBKO eclH HabopH  0OGpaTHHX
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BEJHUHH HX COOGCTBEHHBIX 3HAUEHHH NepexOoAsT APyl B Apyra np#
R-nuneiinom orobpaxenun C—C.

Teopema (0. C. Unpsawenko, H. H. Jlaguc, [96]). 1Ba crpo~
IO 3Mre/ieBHIX HEBBIDOXKJEHHBHIX JHHEHHBIX BEKTOPHBIX NOJS, HMEIO-
HIMX HeTPHBHAJIbHEE XKOPAaHOBH KJETKH, OpOHTa/bHO TOMOJOrHye-
CKH 3KBHBAaJIEHTHBI, €C/IH H TOJBKO eclH OHH a¢¢HHHO 3KBHBA-
JIEHTHHI.

ITpo6anemu. s mosiyueHHS NOJHOH OPOUTAJBHOH TOINOJO-,
rHYeCKOll KiaaccH(GHKAIHM JHHeHHHX BeKTopHhx noJeir B C" oc-
Tanoch pa3obpaTh ciaeAyloLlye CaydaH.

1. JluHeliHble BeKTODHBIE NOJS, CHEKTP KOTOPHIX JE€XKHT Ha rpa-
EHlle obsacTd 3Hreas.

2. JluneliHEe BeKTOpHEBIE IIOJs, HMEIOIlHe HEeTPHBHAJbHBEIE KOP-
JIaHOBH KJETKH C HyJeBbIM COOCTBEHHHM 3HaYyeHHEM.

4.2, HeauneiiHnin cay4ail, PocTok rosoMop(pHOro BEKTOPHOIO
nois B 0co6OH TOUKe TOMOJOTHUECKH (H Jaxe aHAJHTHUECKH)
SKBHBAJIEHTeH CBOefl JHHEHHOH 4acTH JJs BCeX HepPe30HAHCHHX
nojeil co cmektpoM u3 obnactu IlyaHkape, a B o6jactH 3ureis
IJis TIOUTH Bcex (B cMbicie Mepsl JleGera) HaGopoB COOCTBEHHBIX.
3HaueHui. D710 caexyer u3 teopeMnl Ilyankape m 3urensa. OnHako.
POCTOK TOMOJOTHUEeCKH 3KBHBaJeHTeH CBOeHl JHHEHHOH YacTH 3aua-
CTYI0 ¥ TOrJa, KOria Teopema 3uress HeNpHMeHHMa:. MaJjble 3Ha-
MeHaTe]H He NPeNsTCTBYIOT 3TOH 3KBHBAJEHTHOCTH.

Nlanepon (M. Chaperon) [90, p./93] moxasan, 4To eCH CHEKTP:
JHHEHHOA YaCTH POCTKa TOJOMOP(HOro BEKTOPHOTO IIOJS B 0CO-
6oii Touke sBasieTcs cnabo runep6onHYecKMM HabopoM, TOTA&
POCTOK TONOJOTHYECKH SKBHBAJIEHTEH CBOell JHHeHHOH 4YacTH, W
COTNpATAONHE roMeoMOpdU3M MOXKHO BHOpAThb YAOBJIETBOPSIOUIHM
ycaoenio T'eabjepa.

Tarasa 5

OCOBbIE TOYKH BEKTOPHBLIX IOJIEN
HA BELIMECTBEHHOH H KOMINIEKCHOR NJIOCKOCTH

3zmech omMcaH MeToj] paspemeHHs: ocobenHocreli. OH MO3BOJIS-
€T 3aMeHHTb CKOJb YrOAHO BBIPOXJAEHHYIO 0COGYI0 TOYKY BEKTOD-
HOTO II0JIS HA IJIOCKOCTH TaK Ha3HIBAEMBIMH 3JIeMeHTapHBIMH, KO-
TOpHE XOPOIIO H3yYeHH KaK B BEINECTBEHHOH, TaK M B KOMILJIEKC-
HO o6sacTu. THNHYHBIE TOJST HE HMEIOT BHIPOXKAEHHBIX OCOGEHHO-
cTel.

§ 1. Pa3pemenne ocoGennocTedi

B atom naparpade HaiaraimoTcs KaaccHyeckas TeopeMa DeHIuK-,
COHa H ee MOIH(pHUKANUH. '

1.1. PasayTHe uaIM o-nponecc HAa MJIOCKOCTH. Haumem
C onpejeneHHa noJspHoro pasayTus. Ilycte raaakoe Hemrockoe
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B HyJe BekTOpHOe moje! o 3afaHo B okpectHocTH U  ocoGo#
Toukd O Ha miaockoctd R2. Tlyers (r, 9)—TOuka C NOJAPHLIMH
KoopAunatamu (r, ). Paccmorpum oroGpaxenne U\ {0}—R?,
(ry ®) »(r+1,9). O6nacte U\ {0} nepefizer npu 3TOM B KOJBLO
< BHyTpeHHell rpanuueli r=1. BekropHoe noJje, nojyyeHHoe H3 U
NpH 3TOM OTOOpPAXKEHHH, MOXHO TaK IJaJAKO NPOJOJIXKHTH B IOJ-
HYIO OKPECTHOCTb OKPYXKHOCTH r=1, 4TO NpOJO/IKeHHOe ToJie Noc-
Jle JesNeHHs Ha MOAXOAAIyl0 cTeneHp (r—1) Oymer rJaikuM B
HEKOTOPOH OKPeCTHOCTH OKPYXKHOCTH r=1, Oyaer umerb JHIIb KO-
HeYHOe YHCJIO OCOOBIX TOYEeK Ha 3TOH OKPYXKHOCTH H OyleT Hemso-
CKHM BO BCeX 3THX TOYKax.

3TO NOCTPOEHHE HA3LIBAETCH NOAAPHbIM pa3dyTuem ocoboi Tou-
KH BEKTOPHOrO IIOJISI, 8 OKPYXKHOCTb r=1, BO3HHKaoIas H3 0coboH
TOYKH, — BKACEHHOU OKPYHCHOCTHIO.
© Kaxpas u3 ocoGbiX TOYeK, NMOJYYeHHHIX NPH pas3idyTHH, Booblie
TOBOpSl, mpollle HCXoAHOH. [Jst fanbHeiIero ynpolleHHs NMOJyuYeH-
HBIX TOYEK MOXKHO CHOBa NPHUMEHSIThb NojsipHoe pasiyrHe. Ilpexne
4YeM OINHCHIBATh, KakKHe npocTefiliie TOYKH MOryT NpPH 3TOM MNOJIY-
MHTbCS, ONpeje]uM anrebpavdecKHii BapHaHT pa3AyTHS, Ha3kBa-
€MBIH O-NpoyYeccom. \

PaccmoTpum ecrecTBeHHoe oTOOpaxeHHe NPOKOJOTOR BelleCT-
BenHofi mrockoctd R2\ {0} na npoexrtuBHy:0 mpsmyio RP': kaxnoi
TOYKE TPOKOJOTOH TMJAOCKOCTH COMOCTABAAECTCA IpsMas, COeXHHSIO-
ias 3Ty TOYKy C HyJeM. ['padux 3TOro- otobpaxkeHuss 0003HAUHM

yepes M; ero 3aMbikanue M B npamom npoussefenudn R2 X RP!
Auddeomopdro smcty MéEGuyca. IMpoexktnposanue m: R?2 X RP!—R?

BJ0/Ib BTOPOrO COMHOXHUTeJs mepeBofuT M B R2; noauwm npoo6-
Pa3oM HYJS NPH 3T0M OTOOPaXK€HHH ABJAAETCH NPOEKTHBHAS NpAMast
L=RP! (Ha3piBacMas jajee BKACEHHOU NPOCKMUBHOU NPAMOL);
npoextupoBanve w: M\ L — R2\ {0} — auddeomopbuam.

Jlemua. I'ylaiKOMy HEMJIOCKOMY B HyJie BEKTOPDHOMY MOJIO U,
3aaHHOMY B OKpecTHocTH ToukH O miockoctdH R?,  cooTBerctByer
riajxoe noJje HalpaBJeHHH o, ONpeleJeHHOE B HEKOTOPOH OKpecT-
HOCTH BKJIeeHHOH npsMoil L Ha NOBepXHOCTH M BCIOAy, 3a HCKJIIO-
YeHHeM KOHEUHOr0 YHC/Ia TOYeK, PACIOJIOXKEHHBIX Ha L H Ha3mBa-
eMuix ocobbiMH. ITpn mpoektHpoBanuu = : M\ L—R2\ {0} mnose a
fiepexo[HT B NoJle HampaBJeHHH, NOPOXKAeHHoe moJeM v. B okpect-
HOCTH KaXJ0#il 0co060H TOYKH mMojie oo HOPOMKAAETCH HEKOTOPHIM
IMIalKUM BEKTOPHBIM fo/ieM O, He INIOCKUM B 0co60il TouKe.

YTBepXK/AeHHe JieMMbl MNO3BOJISET INPOAO/INKATb O-NpPOIecC IO
HHIYKLHUH,

JTO MOCTPOEHHE, B OTJIHMYHE OT MOJSPHOrO Pa3AyTHS, AOCJAOBHO
NIepeHOCHTCH B KOMILIEKCHYIO 06sacTh, ToabkKo BMecto R?2 u RP!
HyKHO paccmaTtpuBath C? y CP!,

. U T'rapxoe  BexkTOpHOE TOJIE  HA3HWBAETCS NAOCKUM B HEKOTOPOl Tou-
K€, ec/H OHO ofpallaeTcss B HYJb B 3TOH TOYKe BMECTE CO BCeMH NPOH3BOMHBIMH.
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1.2, dnemenTapHble 0COObIE TOYKH.

Onpeneanenune. OcoGas TOYKA BEKTOPHOrO NOJS Ha IJIO-
CKOCTH Ha3bIBaeTcsl 3AeMEHTAPHOU, eClH XOTs Obl OJHO COGCTBEH-
Hoe 3HayeHHe JMHEHHOH YacTH NoOJs B 3TOH TOYKe OTJIHYHO OT
HYJS.

Tonosoruueckass KinaccHPHKAUMsA H30JHPOBAHHBIX 3JIEMEHTap-
HbIX OCOGBIX TOYEK Ha BelleCTBEHHOH IJIOCKOCTH MPOCTa: KpoMe Y3-
JI0B, cefiesl, GOKYCOB H LIEHTPOB CPEAH HHX BCTPEYaloTCsl elle JIHIIb
censoysanl (pHc. 16).

1.3. Xopolwue pa3ayTusa. 3a KOHeuyHOe
YHCJIO MOJSPHBIX PasAyTHH HJIH ¢-Ipouec-
COB BHIPOXIAEHHYIO OCOGYI0 TOUKY BeKTOp-
HOTO NOJIST Ha ILIOCKOCTH MOXHO pacchl-
nate Ha KOHEYHOe YHCJO 3JeMeHTapHBIX
NPH OYeHb CJa6GbIX OTPAaHHYEHHSX HA BEK- ——w—
TOpHOE I0JIe.

Teopema Bernukcona ((I. Ben-
dixson) [75], [84]). BemecrBenno-ana-
JHTHYECKO® BEKTOPHOe IoJe, 3alaHHOe B
OKPECTHOCTH BellleCTBEHHO-H30JHPOBaHHON
0co60H TOYKH Ha MJIocKocTH R2, B pesyJib-
TaTe KOHEYHOro YHcJaa O-NpOueccos Iepe-
XOIMT B aHaJMTHYECKOe II0Jie HampaBJeHu#, 3ajaHHOe B OKPeCTHO-
CTH BKJ/IEEHHBIX IIPOEKTHBHBIX NPSIMBIX H HMeIOlee JIHUIb KOHEYHOe
YHCI0 OCOOBIX TOYEK, KaxKAas H3 KOTOPbIX 3JeMeHTapHa.

PasnyTue, onucanroe B TeopeMe DeHAHKCOHA, HAa3bIBaeTCA «XO-
powum pazdyruems.V

Teopema 3aiinenbepra ((A. Seidenberg) {105]). Xopouee
pasfyTHe CyllleCTBYeT AJs roJIOMOP(HOro BEKTOPHOIO IOJS, 3aLaH-
HOro B OKDECTHOCTH H30JIHPOBAHHOH 0co00#f TOYKH Ha ILIOCKO-
ctH C2

Iast riaikuX BeKTOPHBIX NOJIell aHAJIOTHYHAsi TeopeMa Crpasefi-
JIHBA IPH HECKOJbKO 6osiee XKECTKHX Orp aHHYEHHSIX.

Onpenenenne. BekropHOe nojie v YAOBJETBODPSET B OCO-
601 Touke xo ycaoBuio JlosiceBnua, eciiu |v(x)| yGbiBaer He GwiCT-
pee HEKOTOPOH CTENEeHH DPaCCTOSHHS A0 OCO0OMl TOYKH NpPH CTPEM-
JIEHHH X—>Xg, TO €CTb |U(X)|==c|x—x;|? AN HEKOTOPHX NOJOMKH-
TeJbHBIX C H P.

MH0XKecTBO POCTKOB BEKTOPHBIX MOJEH, He yA0BJACTBOPSAIOIIHX
ycnouio Jlosicesuua (S. Eojasiewicz), umeer kopasmepHocTb Gec-
KOHEYHOCTh B TNPOCTPAHCTBe BceX POCTKOB. Hampumep, mns  xo-
HEYHOKDATHON 0co00# TOYKH 3TO YCJOBHE BCErfa BbINMOJHEHO.

Teopema o mopTbe ((F. Dumortier) [84], [85]). Xopo-
Liee pasiyTHe CyIIECTBYeT AJs IJaJKHX BEKTOPHBIX MOJIEH, 3alaH-
HBHIX B OKPeCTHOCTH 0Cc000# TOukH Ha miaockoctH R? yxosiersops-
omux ycnosHio JlosceBnua. Kpome Toro, Kaxknoe Takoe moJe 3a

Puc. 16. Ceanoysea.

) B opureHaibHOH paboTe [84] <«xopollee pasnyTHe» yLOBJETBODHeT GoJee
KECTKHM TpeGOBaHUAM.
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KOHEYHOe YHCJIO NOJAPHBIX pa3AyTHH MOXKHO NpPeBPAaTHTh B raal-
KO€ BEKTOpHOe II0Jie B IUIOCKOH 06J1acTH ¢ KOHEYHBIM YHCJIOM 0CO-
OBIX TOYeK, KaxKJAast H3 KOTOPHIX 3jeMeHTapHa.

3ameuanune. B pabore [84] nmama HeckospkO HHasi, Gonee
CHJIbHas (OpPMY.JIHPOBKA. :

§ 2. Fnankas opGurasbHas Kjiaccupuxauus
3JIEMEHTAPHBIX 0COGBIX TOUYEK Ha MJOCKOCTH

DeMeHTapHOCTL 0COGHIX TOYEK HMeeT ABOSKHH cMbIc: 1) €l10XK-
Has ocofas TOUKAa paccHaeTcs Ha 2JeMeHTapHble, KaK Ha aTOMHI.
2) SunemeHTapHble 0COOble TOUKM CPABHHTEJNbLHO MPOCTO YCTPOCHE
(cM. § 2 1 § 5). YkKazaHHas B 3arjaBHH KJacCH(HKaUHKA NOJyYeHa
JITsi BCeX POCTKOB TJIaJKHX BEKTOPHBIX IIOJeff, 332 HCKJIIOYEHHeM
noamMHorooGpasusi KOpa3MepHOCTH OecKOHEeYHOCTh, H, B YaCTHOCTH,
IJisi BCEX POCTKOB aHaJHTHYECKHX BEKTODHBIX IIOJIEH ¢ H30JHPOBAH-
HOM ocofofi TOuxkofl; OHa Jaercs CJIeAYIOUIMMH ABYMsd TeOpEeMaMH.

2.1. Ta6auua HOpMaJbHBIX ¢GoOpM: aHAJWTHYECKMil caydai.

Teopewma. PocToK aHANMTHUECKOrO BEKTOPHOTO TOJSI B U30JH-
POBaHHOH 3JeMeHTapHOH 0cO60H TOUKe HAa BEINECTBEHHOH IJIOCKO-
CTH TJaJKo OpOHTaJbHO KBHBaJieHTeH OJHOMY H3 BEKTOPHLIX IIO-
Jell, yKa3aHHBIX B clelymolleli Tabaule (31eCb H BCIOAy B 3TOH
riaBe yHcaAa p, ¢ ¥ k HATypajbHblE, @ — BellecTBeHHOe, XE€R? x=
=(x, y), *=x2+y? I — onepatop nosopora Ha n/2, e€{0; 1; —1},
Jpo6b p/g HecOKpaTHMa).

Tun ocoboft Toukn Hopmaannas dopma
1. Mone ¢ Hepe3oHaHCHOH nH- w (x) = Ax
HeliHOH wacThlo
2. LeuTp no auneiHBIM YIeHAM @ (X) = IX 4 & (r2% + cr*k)x
3. Pesonaucubiit y3en w(x,y)=x5,+ (ny + sx”)a-g
4. Pesonanchoe cealo ¢ OTHO- w(x,y) = x [l + & (u® + au*®)] X
meHHeM COGCTBEHHBIX 4Yuceln 0 7]
=—plq Xz TMay,
u = xPy? —pe3oHaHcHbl MOHOM
5. BrlpoxnenHas sxeMentapHas | @ (x,y) = x (+x*+ axﬂk)—q-—:— 9
ocobas TOuKa 0x—" dy
(3HaKH 4 H—He3aBHCUMH)

2.2. Hopmaabhbie GopMbl B TAIaAKOM ciyyae.

Onpenenenue. DPoOpmMasvHbIM nepeoiM UHTE2PAAOM DPOCTK2
BEKTOPHOTO 10/ U HasbiBaercs GopMaJbHHi psig F, A1 KoTOporo
(9, grad F)=0.

Teopema. K TakuM XKe, Kak Bblllle, HOPMaabHHIM (popMam
NPHBOASITCS POCTKH INVIaAKHX BEKTOPHHIX TOJIell B 3/eMeHTapHHX
0COOBIX TOYKaX. YAOBJETBOpPSiIOUIUE YCI0BHIO JlosiceBlua ¥ He HMe-
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o1He $OpManbHOro NepBOro HHTerpana, TeiNOPOBCKHHA P KOTO-
poro HAaYHHAETCsS C MNOJOXHTENbHO ONpelesieHHOH KBaJpaTHUHON
¢$HOPMHEL.

OTH TeopeMbl NOKa3aHbl 1o yactsm B [94], [67], [14:90], [18],
[16], [32] u B rorossimieilics k nedatn cratbe 0. C. Habsienxo.

§ 3. Tonosornyeckasa KjJaccupUKauusl CIOMHHX
0COOBIX TOYEK C XapaKTEPHCTHYECKOH TPaeKTOpHeH

3anavua, yKazaHHasl B 3arviaBuH, anreGpandyecKd paspeminMa H
17151 ee pellleHHs MMeeTcs npocToii anroput™. Berooay B 3TOM mapa-
rpade peub HIAET O BellleCTBEHHON NJIOCKOCTH.

3.1. OcHoBHAas aJbTE€PHATHBA.

Onpenenenune ®azopas kpupas nuddepeHUUATLHOTO ypas-
HEHHs Ha IJIOCKOCTH HAa3bIBAETCS XaPAKTepucTu4eckol Tpaexropued
oco60fi TOYKH, eClH OHa BXOAKUT B 3Ty TOYKY HPH {—-+ 00 HJIH [—
—-—00, KaCasiCb HEKOTOPOH NpPsMON.

Onpenenenne. Ocobasi TOUKa BEKTODHOTO MOJsI Ha3HBAeTCs
MOHOOPOMHOL, eCln CYIIECTBYIOT OKPECTHOCTb 3TOH TOYKH R
raajikasi ayral’ ¢ HayajgoM B 3TOfi TOUKe, TPaHCBepCaJdbHAs MOJIO
BCIOly BHe HayaJla, Takue, YTO 1OJle HalpaBJeHUH B OKPECTHOCTH C
BoIOpOEHHOl Ayroii nugdeomMopdrHo crammaptHoMy (puc. 17).
TouHee, cyumecTByeT  HemnpepbiBHOe OTOOpa)KeHHe 3aMKHYTOTO
NpSAMOYroJibHHKAa Ha 3aMblKaHHe OKPeCTHOCTH 0c0GOH TOUKH,
nudpheoMoppHO mepeBOAsliee  BHYTPEHHOCTb  MPSIMOYrOJbHHKA
Ha JONOJHEeHHe OKPeCTHOCTH [0 VIOMSHYTOH  TpaHCBepcasib-
HOH JAyrH u npeobpasyloliee TOPH30OHTaJbHOE NOJe— B HCXOX-
Hoe; BepPTHKaJbHble CTOPOHBI NPSAMOYroJbHHKA OHO OTOGpa)Kaer
Ha TpaHCBepca/ib, a HHXXHIOIO IOPH3CHTAJbHYIO CTOPOHY NEPEBOLHT
B ocoby1o Touky. Kaxnas dasoBasi xpHBasi HCXOXHOrO MOJIS C Ha-
4aJjIoM Ha TpaHCBepcaJsH, JOCTAaTOYHO OJH3KHM K ocobofi Touke,
cllenlaB OJIHH BHTOK BOJIH3H 3TOH TOYKH, BO3BpalllaeTcs Ha Ty Ke
TpaHcBepcadb. OrobpaikeHHe, TNepeBOASILIEE HAYAJIBHYK TOUKY
KaXJ0# TaKOH AyrH B ee KOHell (TOYKY NepBOro BO3BpaleHHS Ha
TpPaHCBepCa/ib), Ha3LIBAETCS Npeobpasosanues, MOHOOpOMUL 0CO-
6oii Touku (puc. 17).

3ameuanne. Bo BHYTPeHHHMX TOUKax TPaHCBEPCAJH TNpeob-
pasoBaHHe MOHOJAPOMHH HMEeT TOT Ke KJacC IVIaJKOCTH, YTO H BeK-
TOpHOE 10Jie, H aHAJUTHYHO BMecte ¢ HUM. OQHAKO OHO MOXKeT He
IPOAOJKATLCS IMIAaJKO 3a Hayajo TpaHCBepCaJH Aaxke NJs aHaJH-
THYECKOTO BEKTOPHOTrO NOJs.

Jlerko npHBecTH NpHMep TIJIaJKOr0 BEKTOPHOTO MoJf, ocobas
TOYKAa KOTOPOrO He HMEeT XapPaKTePHCTHYECKOH TPAEKTOPHH H He
ABJseTcss MOHoApoMHoH (pHuc. 18). OnHAKO COOTBETCTBYIOLIee BeK-
TOpHOe MoJe 00f3aTeqbHO GyJeT NMJIOCKHM B 0co6Oil TOYKe. *

D T'nagkoCTh AYTH B HaYaipHOA TOYKE O3HAYAeT BO3MOXKHOCTH IMIAAKO Npo-
JAONXKHTb AYTY 9epe3 Haqaso.
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Puc. 17. Mononpomnas ocobas  Puc. 18. Hemonoapomuas oco6as
TOYKa. Touka 6e3  XapaKTepHCTHYECKOH
TPaeKTOPHH.

Teopema. Ocobas Touka IJ1aJKOTO BEKTOPHOTO TOJS Ha
IIJIOCKOCTH, He IIOCKOTO B- 3TOH TOYKe, JiMOO HMeeT XapaKTepUCTH-
YeCKYIO0 TPaeKTOpHIO, JHOO MOHOAPOMHA.

3.2. Tonosornyeckas kaaccupukauua auddepeHuUaNbHHIX ypPaB-
HEHHH HAa NJIOCKOCTH B OKPECTHOCTM 0c06oit ToukH. Kak 1gokasaHo
B [3], okpecTHOCTb 0COGO# TOYKH BEKTOPHOrO MOJsI, MHMEIOIIEro
XapaKTepPHCTHYECKYIO TPaeKTOpHIO, IPH HeOGpeMeHHTeJbHBIX Orpa-
HHYEeHHSIX Ha BEKTODHOe M0Jie pacnajaercsi B KOHeWHOe o0beqHHe-
HHE TaK Ha3biBA€MBIX THNepOOJUUECKHX, 12apabONHUYECKHX H 3JJIHM-
THYECKHX CEKTOPOB.

Onpenenenne. CraHgapTHeIM THNepGONHIECKHM (COOTBET-
CTBEHHO, napabo/HyecKHM, 3JJIHNTHYECKHM) CEKTOPOM HasbBaeTcs
MHOXeCTBO S (S, S.) C BEKTOPHBHIM 1oJeM U,(U,, U,) Ha HeM,
npHuyeM U,=x0[0x—yd[0y, S, orpanuueHo JuHMAMH X=0, x=1,
y=0, y=1, xy=1/2 (runepbonuyeckHil cekTOp); v,=x0/0x+
+y0/dy, S, orpannyeno auHusaMH x=0, y=0, x2+y?=1 (napabo-
JHYECKHH CeKTOp); v,=2%0/02, z=x+iy, S, orpanuueno ¢a3oBoi
KPHBOH 1OJI v,, pacnoJjioxkeHHOW B oGaactd x>0, y>0 u nonoJ-
HeHHOH Toukoit O (sanumnTHyeckHii cekrop) (puc. 19).

Puc. 19. /

a) TIumepGonuuecku#t cekTop, 6) NapaGoJWYeCKHR CEKTOD, B) SAMHOTHTE-
CKHf CeKTop.



OnpeneneHue. ['unepbonnyeckum (3JIHUNTHIECKHM, napabo-
JIHYECKHM) CEKTOPOM BEKTOPHOro moJis v ¢ ocoGoil Toukoit O Hasbl-
BaeTcs 3aMblKaHHe S OTKDBITOrO MHOXeCTBa, COAepiKallero HyJb
Ha CpaHHUe, NPH YCJOBHH, YTO CYLIeCTByeT romeoMopthusMm S,—
—S(S,~S, S.—S), nepeBoaswuii bha3oBble KPHUBHIE CTAHAAPTHOTO
noast v,(V, U.) B (da3oBble KpUBHlEe NOJS U, MpUYeM XapaKTepH-
CTHYECKHE TPAaeKTOPHH MNEepeXoAsT B XapaKTepHUCTHUeCKHe.

Teopema 1 ([3]). ITycts HekoTOpasi OKPECTHOCTb H30JIHPO-
BAHHOH OCOGOH TOUKHM IMIaAKOTO HEIJIOCKOrO BEKTOPHOro IOJs U C
XapaKTePUCTHUECKOH TPaeKTopHeidl He COJEPXKHT CYETHOTO YHCIA
JJIMITAYECKHX CEKTOpPOoB 0e3 oOmHMX BHYTPeHHHX TodeK. Torxa
3Ta ocobasi TOUKa HMeeT OKPEeCTHOCTb, pacnajaiollylocss B KOHeU-
Hoe o0beAHHeHHe napabo/MyecKHX, SJJIHNTHYECKHX M runepOOJH-
YeCKHX CEKTOPOB NOJSt U, He MMeIOLIUX OOIHX BHYTPEHHHX TOUEK.

M3 rteopemnt Hiomopthe (m. 1.3) BHITeKaer ciexyoouias

Teopema 2. 3akawueHue npeAblAylledl TeopeMbl CrpaBer
JIHBO AJsi 0c060f TOYKHM IJIaJKOrO0 BEKTOPHOTO 10Js, YAOBJETBOPS-
I0LLer0 B 3TOH TOYKe yc/aoBuio JlosiceBuua. B yacrHOCTH, 3akJiode-
HHE CIPAaBelJHBO OJs H30JHDOBAHHOH 0C000H TOUKHM aHAaJHTH-
4eCKOro BeKTOPHOTO MOJIS.

TeM campiM, martosioruueckast KapTHHa CO CUETHHIM UHCJIOM 3J-
JIHOTHYECKHX CEKTOPOB, He 3anpelleHHasi YHCTO TeOMeTPHYECKHMH
coobpaxenusiMH (TeopeMOH CyLIeCTBOBaHHS, €JHHCTBEHHOCTH H
HenpepuiBHOH 32BHCHMOCTH), He BO3MOXKHA B aHAJIHTHYECKOM CIy-
yae.

B knure [3] nocTpoeH nosHbIfi Ha0Op TONOJOrHYECKHX HHBapH-
4HTOB BEKTODHBIX IIOJIefl C KOHEUHBIM YHCJIOM OCOOBIX TOYEK Ha
cdepe, yA0OBIETBOPSIOIIHX YCIOBHSAM TeopeMmbl 1. B wacTHoCTH, 31O
JaeT TOMOJIOTHYECKYI0 KJIaCCH(OHKALHUIO aHAJHTHYECKHX BEKTOPHBIX
noJiefi ¢ H30JHPOBAHHBIMH CCOOBLIMH TOYKaMH Ha cdepe. [Ipobaema
peajiH3auuH, TO €CThb BONPOC O TOM, KaKHe H3 NepeyHCJEHHHX B
[3] ¢dasoBbix nmopTpeToB (aKTHYECKH peau3ylTCsi MJs aHaJMTH-
4EeCKHX BEKTOPHBIX NoJiefi Ha cdepe, ocraercss OTKPHITOH: HeH3Be-
CTHO, MOTYT JIH TaKHe IIOJIs HMeTb CYETHOEe WYHCIO MNpPELEeJbHBIX
HUKJIOB (cM. § 4, ra. 6).

3.3. Tonosornyeckas KOHEYHasl ONpeAedeHHOCTb. JlmarpamMmubl
HbioToHa BeKTOpHBIX moJed.

Teopema ([84], [85]). das kaxmaoro pocTka I/1afKOro BeK-
TOPHOTO MOJIsT Ha IJIOCKOCTH, YAOBJETBOPSAIOILEro yCJoBHIO Jlosice-
BHYa, MOXHO MO HEKOTOPOH# KOHEeYHOil CTpye ONpeAeSHTb, HMeeT
JIH 3TOT POCTOK XapaKTEPHCTHYECKYI0 TPAEeKTOPHIO HJH He HMeerT.
Ilpy HanMyuH XapaKTePHCTHUECKOH TPAaeKTOPHH HCCAedyeMHii po-
CTOK HMEeT KOHEYHYIO CTPYIO, BCe NPEeACTABHTENH KOTOPOH TOIMOJO-
THYeCKH 3KBHBaJeHTHH. B 3ToM cayuae ¢asoBwiii noprper npen-
‘CTaBUTEJISI HCCJAeLYyeMOro POCTKAa MOXKHO IIOCTPOHTb C TOYHOCTHIO
0 roMeoMop(pH3Ma C MNOMOIIbI0 KOHEYHOro YHCsia aJjreGpanye-
‘CKHX onepauuii HaX TeHJOPOBCKHMH Ko3(QHUHEHTAMH COOTBeET-
CTBYIOHIEH CTPYH.
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dTo moCTpOeHHe MpoBoauTCs caedylomuM obpasom. CrHauana
JesaeTcss Xopollee TOJSpHOe pa3iyTHe. 3aTeM pHCYIOTCsl (asoBbie
NOPTPeTH B OKPECTHOCTH IOJY4YeHHBIX INIPH 3TOM  3JIeMEHTapHbIX:
0cobbix Touek. [IpH HaJMYHH XapaKTEPHCTHYECKOH TPAEKTOPHH 3TO
MO3BOJSIET TOCTPOHTh, C TOUHOCTHIO A0 romMeoMopdusma, ¢as3oBbik
IOPTPET MNOJYYEeHHOTO NPH pasiyTHM BEKTOPHOTO IOl B OKpeCT-
HOCTH BKJI€eHHOI KpHBOil (00beaMHEHHS BKJEEHHBIX OKPYXHOCTeH).
3areMm IosyyeHHass KapTHHA IIPOEKTHPYETCS B HCXOZHYIO OKpecT-
HOCTb 0CO0OH TOYKH C NOMOIIbI0 OTOGpaKeHHs, oOpaTHOro pasay-
THIO.

CymiectBeHHO Gosee OBHICTPBIH €IOCO6 HCCHEIOBAHHS, HCHOJb3Y-
jouuii amarpamMmy HbioToHa W HOpMaJbHble QOPMBI, NPELTOKHI
A [I. Bpworo [18]; cxomubd aJropuTM 3anporpaMMHpOBaH
[18 : 16]. :

a,
Onpenenenns 1. Hocuresem BEKTOPHOro MonoMa X* s —

Win X* d%, X==(X, y)ER? nasniBaerca TOuKa ke, wm k-+e; pe-

wetku 22; e;=(1, 0); e;=(0, 1).

2. Hocurenem aHanuTHUECKOro BEKTOPHOro noss v ¢ ocoboit
TOYKOH HYJIb Ha IUIOCKOCTH HaspiBaeTcsl oObefUMHeHHe HOCHTeNeH
BCEX MOHOMOB TeHJIODOBCKOrO paasloKeHHs NOoJsi U, KOTOpHe HMe-
IOT HeHyJieBble KO3(h(PHIHEHTHL.

3. Huaepammoii HotoTOHG B8eKTOPHOZO NOASL U HA3BIBAETCH JO-
MaHasi, KOTopasi CTPOUTCs caelylomum obpasom. Pacemorpum 06b-
eUHEeHHe BCeX KBaJPaHTOB, BEPIIHHB KOTOPHIX pAacCIOJIOXkKeHH B
TOYKAX HOCHTeJIs NOJS U, a CTOPOHBI COHAanpasJeHbl CO CTOPOHAMH
NepBOr0 KOOPAMHATHOTO yrJa. I'paHHma BHINYKIOH OOOJOYKH 3TO-
IO MHOXECTBAa COCTOHT H3 JABYX OTKPHITHIX JydeHl H JIOMaHOH, HH
OIHO 3BEHO KOTOpOH He napaJjelbHO KOOPAHMHATHHM ociM (OHa
MOXKEeT COCTOSITb ¥ H3 OJHOH TOUKH). DTa JOMaHas M Ha3bBaeTCs
auarpammoil HeioToHa noas v.

4. T'2a8HOL 4acTol0 B8eKTOPHO20 NOAS U HA3LIBAeTCs CyMMa
BCeX MOHOMOB TeHJOPOBCKOTO PAa3JIOXKEHHS v, NOKa3aTelH KOTO-
pHIX DpHHajJexar RuarpaMMme HbIOTOHa, ¢ WX KO3(HIMEHTaMH.

CkaxeM, UTO HEKOTOpOe CBOHACTBO BHIMONHAeTcs aas8 I' — He-
BBHIPOXKIEHHBIX BEKTOPHBIX TIOJEH, €CJM MHOXECTBO BEKTOPHHX IO-
Jgeit ¢ nuarpammoit Helotona T', He o6safaloliux 3THM CBOHCTBOM,
BBIAE/SETCST KOHEUHBIM HYHCJIOM HEeTPHBHAJBHEIX a/re6panyecKHx
ypaBHeHHH Ha Ko3(pOdHUHEHTH TEHJIOPOBCKOrO PasjOXKeHHss NpH
MOHOMaX, NOKa3aTelH KOTOpPhIX NpHHaAnexar I

3.4. HccaepoBaHHe BEKTOPHLIX NOJeH No rJIaBHOH YacTH.

Teopema (. C. bepesosckas :[15]). Ilycts I' — muarpamMma
HeloToHa BEKTOPHOrO NOJIST Ha IVIOCKOCTH C H30JHPOBAaHHOH 0CO-
6oii TouKo# Hysab. B mpocTpaHcTBe BCeX aHaJHTHYECKHX BEKTOPHBIX
noseli ¢ puarpammoii HpioToHa I' cymecTByeT OTKpHITOE BCIOAY
n10THOe MHOXeCTBO U «I' — HeBBLIPOKIEHHBIX BEKTOPHBIX NOJei»,
oGnanawmee ciaenyomum cBoiictBoM. O6nacte U pacnagaercs
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ua ABe: S u ZF. BekTOpHHIE MOAS C IJaBHOH YacTbio B 06JaacTH S
YMeIOT XapaKTepHCTHUECKHe Tpaektopud, a B obaactu ZF — He
umeroT. O6JacTh S COCTOHNT H3 KOHEYHOro 4YHCJa CBSISHBIX KOMIIO-
HeHT S;; NOJsA ¢ IJaBHOH 4acThl0 B OJHOH H TOH Xe KOMIIOHEHTe
OpOHTaJBHO TOIOJOTHYECKH S5KBHBAJIEHTHH B OKPECTHOCTH HYJA.
['panunn obaacreit ZF B S — noayanre6panyecKkHe MHOMKECTBA.

S3ameuaHus 1. KpUTepHH NpHHAJJIEXKHOCTH K KaXXA0¥ H3 06-
aacred ZF u S chopMyJHPOBaHH B BH/Je SBHBIX YCJOBHH Ha rjiaB-
uple uactH. IIpoBepKa 3THX ycJOBHH, FPOMO37AKasl NpH cuere BPydY-
HYIO, 3aIpOrpaMMHPOBaHa. 3amporpaMMHPOBAHO TaKiKe BHIUHCIE-
HHe TJIaBHHIX YJ€HOB aCHMOTOTHK XapaKTepHCTHYECKHX TPAeKTOPHH.

2. llpeamaymas TeopeMa HHYero He TOBOPDHT O pasjHUEHHH
neHTpa H ¢okyca. [lo Hacrosilero BpeMeHH He H3BECTEH OTBeT
JAaxe Ha CJeAYIOUIHHA BOOpOC:

Ilyctb aisi AaHHOH AuarpaMMel HploTOHa CyulecTBYIOT BEKTOp-
Hele noJs 0e3 XapakTepHCTHUECKHX Tpaekropuil. BepHo i, uto
Cpelld TAaKuX IOJeH CyllecTByeT XoTs Obl OJHO, HMelouiee 0cobyio
TOYKY THNa HOKyc?

[IpeamonaraeMulil OTBET — IOJOXKHTENbHBIN.

§ 4. MpoGaema pa3anuenus neHTpa H dokyca

B stom maparpade oGcyxknaercs ojna H3 cTapeHIIHX mpobJeM
KAYeCTBEHHOH TeopHH AH(¢epeHIHaNbHbX YyDaBHEHHH.

4.1. HocranoBka npo6aemMb. PocTox aHaJHTHUECKOr0 BEKTOPHO-
rO IOJSi Ha NJOCKOCTH HMeeT 0coOyl0 TOYKY THNA LEHTP, €CH BhI-
{I0JIHEHO CYETHOEe YHCJIO YCJIOBHH Ha HeaHuHefiHble uileHH. ITostomy
HeBO3MOXHO yKas3aTb NpOBepsieMblii KpUTePHli HaJHUUsl LleHTpa B
CKOJIbKO-HHOYAb 00LHX O6eCKOHEYHOMEpPHBIX KJaccax ypaBHEHHH.
PeasncTuueckoii mpeactaBasieTcs cleAyloliasi IOCTaHOBKA npob.e-
MBI, ¥YKazaTb aJropuTM, 00JaJaloIuil CJAeNyIOLUMH CBOHUCTBAMH.
1. Kaxnapiii war aJaropurMa HMCNoJab3yeT JIHLUIb KOHEUYHYIO CTPYIO HC-
CJ1eJyeMOro moJsi ¥ OCYINEeCTBJSETCS ¢ NMOMOIbI0 ajreGpanuyecKux
NelCTBUH M MHTerpHpoBaHHs. 2. i BCeX POCTKOB IVIAJKHX HJH
aHaJIMTHYECKHX BEKTOPHBIX MOJed B 0CO6O0H TOYKe HA IIOCKOCTH,
He IPHHAJJIEKAUINX HEKOTOPOMY HCKJIOUHTENbHOMY MHOXECTBY
KOpPa3MepHOCTH GeCKOHEUHOCTb B COOTBETCTBYIOIEM (YHKIHOHAJNb-
HOM TNPOCTPaHCTBE, aJTOPUTM OCTAHABJAHBEeTCS 3a KOHEYHOe YHCHO
LIaroB, ¥ B 3TOM clydae ocobas TOYKa SIBASETCS (POKYCOM.

Takoi aaropuT™ HafJeH IJ KJacCOB BEKTOPHBIX MoJeli, mepe-
gucieHHBIX HHXe B ni. 4.3—4.5. CocrosiHHe npoGjeMH IeHTpa
U TOJHHOMHAJbHHX BEKTOPHBEIX HOJedl (HKCHPOBAHHO# CTeNeHH
obcyxpaercs B 1. 4.8.

4.2, Anre6pauueckas HepaspemMMOCTb. TpyaHOCTH 3ajJauH pas-
JIHyeHHd LeHTpa H ¢okyca B TOM, 4TO OHa ajreOpaHyecKH Hepas-
peliuMa B CMBIC/Ie onpefeteHus m. 2.1 raasul 3 [8, ¢. 300]. Heus-
BECTHO, fIBJISIETCs JIH 3TA 3a/a4a aHaJHTHUeCKH pa3pelIHMoH (nmpen-
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nojaraeMblii OTBET — MOJOXKHTedbHbI). JlokasaHo, uro npobiema
pasnuyenyst UeHTpa H (oKyca aireOpauyeckH paspemnma 0 KO-
pasmepHocTH 10 BiaouuTeapHo (cM. nm. 4.3, 4.4) ¥ HepaspemnMa
no kopasmepuoctu 11 (B. B. AnexceeB). AnaiuTHuecKas paspe-
IIMMOCTh JOKa3aHa JHWb A0 KOpPa3MepHOCTH 11 BKIIOUUTENBH.
[TepeuncauM KjacCh BEKTOPHBIX NoJeH, B KOTOPHIX npobJieMa
pasnuueHHs UeHTpa H Qokyca anreGpaHyecKH paspeilnMa.

4.3. lleHTp no JHHEHHBIM 4YJeHaM.

Teopewma. [Ipo6nema pa3nHYeHHs] UeHTpa M (oOKyca B Kjaacce
ypaBHeHHH € JHHeHHOH uacTblo Z=iw2, w>0, aHaJUTHYECKH pas-
pelInma.

310 — momudukauus tTeopeMbl A. M. Jlanynosa [43] u A. Ily-
aHkape [54]. HaMeTHM ee 10Ka3aTe/bCTBO, MOCKOJIBKY OHO HCHOJb-
3yeT NMOHSATHA, HYXKHble AJs JajibHeHIlero.

< Tycts v —cGopmanbupit pax  Tefiiopa H3yyaemoro noas.
YpaBuenue

(v, VF)=g(r? (M

OTHOCHTEJIbHO BellleCTBeHHBIX (OpMaJbHHX psaaoB F H g OT IBYyX
H OJHOrO NEPeMEHHOr0 COOTBETCTBeHHO Bcerpa paspemumo. Cy-
HIecTByeT eAMHCTBEHHOe pellieHHe 3TOr0 ypaBHEHHSA, I/ KOTOPOro
pasjoxeHHe F Mo cTeneHsM 2=X+iy H Z=X—Iiy He HMeeT YJeHOB
BHja 2"Z" npH n>1 B HauyuHaeTcs ¢ MosoMa 2Z. HasoseM 3710 pe-
HIeHHe OTMEeYEHHBIM.

KosdpHumeHTH B pasyiokKeHHH g 158 OTMEYEHHOrO pelleHHs
(Ha3nBaeMble JISANYHOBCKHMH (OKYCHEIMH BeJHYHHAMH) — 3TO MHO-

rowieHsl oT ko3doduuueHTo psina v. Ocobast Touka 0 monst v sB-
JSleTCA IEHTPOM, €CJH H TOJbKO €CJIM BCe 3TH MHOrodjeHuw o6pa-
IAI0TCH B HYJIb, UTO H JIOKa3bIBaeT TeopeMy. b

Teopema ({43], [54]). Ecan ananuTudecKoe ypaBHEHHe C JIH-~
HeHHOH yacThio Z2=iwz, ©>0, uMeeT QopManbHHIi TepBHH HHTEr-
paa (To ecTb cyulecTByeT peuleHHe ypaBHeHHs (1), A1s xortoporo
g=0, Fs%const), To none v umeeT ueHTp B Touke 0.

O6006iieHre Ha MHOTOMEpPHBIA cay4ai cM. B n. 3.2, ra. 4.

4.4. HuabnorenTHas XopjAaHoBa kJaerka. IIpo6aema pasiuue-
HHSl LeHTpa M (OKyca penieHa AJs NOJeH, YAOBJETBOPSIIOUIUX YCI0-
BHIo JlosiceBHua, JHHEHHAs YacTb KOTOPbIX — HHJBIOTEHTHAas XOp-
naHoBa Knerka [43], [102]. Pemenne npoBoauTcs B aBa miara.

1. ®opmanbHOli 3aMeHOH NepeMeHHHX W YMHOXEHHeM Ha ¢op-
MaJbHHH DPAA C HEHYJeBbiM CBOGOAHEIM YJIEHOM HCXOJHOE ypaB-
HeHHe MOXHO IPHBECTH K BHIY

X=y+f(x), y=sex!, e=+1;

TefinopoBckre ko03dduikenT (GOpMaIbHOTO psiAa f —— MHOrOYNEHH
OT TEHANOPOBCKHX KO3D(UUHEHTOB HCXOAHOrO pPsAAa.
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2. Teopewma. Ilycth B npejHjyllieM ypaBHEHHH

f@)=x"f(x), F@O=a+0.

Oco6ast Touka O MCXOAHOrO YypaBHEHHS MOHOJDOMHA, €CaH H
TOJBKO €CJH BHINOJHEHO OJHO M3 CAAYIOUIMX YC/OBMI:

——1

= —1 Oy
l=2n—1 wm 57;22 !
m>n an? < 4m.

Ecau npH stom He umeer Mecta cuMmerpHs f(x)=f(—x), Tor-
na ocobasi Touka 0 HMCXOJAHOTO YypaBHeHHs sBaAsgeTca (OKyCoM,
YCTOAYHBRIM, €CNH MJAJIIHA 4JeH HeJYeTHOH CTeNeHH B pPasjoxe-
HUM [ uMeeT oTpUUATeJbHBIH KO3 (HLHEHT, U HeYCTOHYHBHIM — B
IPOTHBHOM CJyuae.

3amevyanune, Orciona Jerko clefyer anarebpauyeckas pas-
PEIIHMOCTbh Npo6JeMH pa3jiHyeHHs UeHTpa H (okyca B paccMaTpH-
BaeMOM KJacce.

Teopema., Eciu HCXOAHHI POCTOK aHANHTHYEH, a MOCTPOEH-
HBIi Bhile GOpManbHBIH PAA [ He CONEPIKHT HEUeTHHIX CTeneHel
(f(x) =f(—x)), 10 ocobast Touka 0 siBAseTCS LEHTPOM.

TeopeMbl 3TOro M mNpeAbIAyIero IyHKTOB [OKa3bBAalOT, YTO B
KJacce BEKTOPHHIX IOJeH Ha IVIOCKOCTH ¢ HeHyJieBOH l-cTpye#t
(nuHeitHOM YacThio) B 0coGoii Touke rmpobJjema pasHYEHHS LEHTpa
H ¢okyca anre6panyeckH paspeliyuma.

Jns raagkux POCTKOB C HYJIEBOH JMHEHHON 4acTbio M HeHyJe-
Boil 2-cTpyeii npo6ieMa pasJjuueBus leHTpa M (OKyca He BO3HHU-
KaeT. Jleso B TOM, YTO KaXAbli TaKOH POCTOK, YAOBJETBOPSIOUIHH
ycaoBuio JlosiceBuya, BCeria HMeeT XapaKTEPHCTHUECKYIO TPaeKTo-
puto. TlpocTpaHCTBO POCTKOB ¢ HYyJeBOH 2-CTpyelt HMeeT KopasMmep-
Hoctp 10. B 3ToM mpocTpaHCTBe mpoGiaeMa pas3nHdeHHsT LUEHTpPa H
¢doxyca aarebpanuecKd paspeuminMa A0 KOpa3MepHOCTH O BKJIIOYH-
teapHO [48]. CienoBaTenbHO, B KJacce BCEX POCTKOB BEKTOPHBIX
noje#t B 0co6oil TOUKe Ha MJOCKOCTH NpobJeMa pas3fuyeHHsi ajreb-
panyecku paspemuma A0 KopadMepHOCTH 10 BKJIOYHTENbHO.

4.5. Oco6bie TOYKH Ge3 HCKIIOYHTENbHbBIX HanpaBJAeHWH,

Onpenenenne [1ankoe BexTOpHOe MoJie, 3aaHHOE B OK-
pecTHOCTH 0cO6OH TOUKH H He NJIOCKOE B 3TOi TOuUKe, He HMeeT
HCKJIIOUHTEJbHBIX HalpaBJeHHH, eC1d B pe3yJbTaTe OAHOrO IO-
JSIPHOTO Pa3fyTHS ero MOXKHO NpeBPaTHTh B BEKTOpHoe moJsie 6e3
9COOHX TOYEK HA BKJIECHHOH OKPYXKHOCTH.

3ameyanue HccaenoBanHe OKpPecTHOCTH ~ 0co6oif  TOUKH
6e3 HCKJIOUHTEJbHHX HaNpaBJeHHH C NMOMOINbLIO MOASPHOrO pas-
NyTHsl CBOJAMTCH K HCCJIENOBAHHIO OKPECTHOCTH 3aMKHYTOH (haso-
Boii KpHBOH (BKJNeeHHOH OKpyXHOCTH). OHO, B CBOIO Ouepens,.
CBOJHTCA K BHIUHCJIEHHIO COOTBETCTBYIOILEro NpeoOpa3oBaHHS MO-
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sogpomun. Ecau 310 npeobpasoBaHHe HETOXKIECTBEHHO, TO HC-
xomHass ocobas Touka — ¢okyc. TelnoporckHe KO3QPHUHEHTH
npeo6pa3oBaHHs MOHOAPOMHH BHIUHCJAKTCA PEKYPPEHTHO uepe3
TeHn10pOBCKHe KoddoduureHnTnt mnoas. OAHAKO  COOTBETCTBYIOLHE
¢GYHKIHH OKashiBaloTCs Heaare6paHuyeCKHMH, a MHOXecTBa  HX
HyJe# — Heanre6panyecKHMH MHOXecTBaMH. TeM caMblM, aJjro-
PHTM pa3iiHueHHs LeHTpa ¥ ¢okyca B Kiaacce moJell 6e3 HCKJiO-
YKTEJbHBIX HanpaBJeHHH CyllecTByeT, HO caMa 3ajaya pasJjude-
HHS B 3TOM KJiacce ajlre6panyecKH HepaspeuyMa.

4.6. O6wwmit cayyai. AsropuTM pa3/jHYeHHs IeHTpa H (PoKyca
B 06IeM cjyuae JIUNIb HaMeyeH H COCTOHT B caenyromeM. Ocobas
TOYKa BEKTOPHOLO IOJIS IIPH KPAaTHOM o-TIpolecce, NPHBOAAIIEM K
XopolleMy pa3AyTHIO, 3aMeHSieTCsl «C/JIO0KHBIM HHKJIOM» — 00belH-
HeHHeM O0coOBbiX TOYEeK MOJYYeHHOr0 MpH DPa3AyTHH IOJA Halpas-
JIeHH#, H MHTerpaJbHBIX KPHBBIX, JieXKAalIHX Ha BKJEeHHHX Npoex-
THBHBIX TNPSMBIX H COEJHHSIIOIUX 3TH ocobble TOUKH. Bce ocobme
TOYKM, HOJyUeHHBIE TPH 3TOM, 37aeMeHTapHbl. OKpPecTHOCTb CJIOXK-
HOTO ILHKJa, COHepXKallero TOJIbKO 3JeMeHTapHele 0ocoOnle TOUKH,
Hayyaercsi Merogamu [lionaka (§ 4, rii. 6), KOTOpeHle MO3BOJAIOT
BBIUKCJSATb ACHMITOTHKY I1Ipeo6pa3oBaHHsI MOHOADOMHMH HCXOAHOM
ocoboit Toukd. EcaH KakoH-HHOYAb OTPE30K IOJYYEHHOTO HPH 3TOM
aCHMMOTOTHYECKOTO psila 3ajaeT oToOparxkKeHHe, OTIMYHOE OT TOXK-
JEeCTBEHHOro, TO HcXoAHas ocobast Touka — pokyc. ACHMIOTOTHUe-
CKHH pal AJaf npeob6pasoBaHUs MOHOAPOMHH coBnajgaer ¢ id Juub
A/ MHOXECTBa BeKTODHHIX ToJell KOpasMepHOCTH OeCKOHEYHOCTb.

4.7. O606mennasa neppasi GoKycHasi BeJHYHHA.

Teopema ([32]). I'naBHBII YieH npeoGpa3OBaHUs MOHOLAPO-
MHH [Jisi MOHOADOMHOH 0CO60H TOYKH IVIaKOTO BEKTOPHOIO IOJIs,
YAOBJETBOPSIOLIEro ycJoBHIO JlosceBHYa, BCerfa JHHeeH.

Onpeaenenue. Ilycrb riaBHBIH wieH B NpeHAyled Teope-
Me eCTb X — ¢x. Benuuusa In ¢ HaswiBaercs nepsoud ¢okycuod se-
AUMUHOL COOTBETCTBYIOIIEH CN0XKHOH 0coGOH TOUKH.

3aMeuyaHHe. 3HaueHHe NePBOH (QOKYCHOH BeJHYHHH 3aBHCHT
OT Bbi6Opa TpaHCBepCaJ/id; ee 3HAK 3aBHCHT TOJNBKO OT BEKTOPHOTO
noas. Ecam nepBas ¢GoxycHas BeJHYHHAa OTJHYHA OT HYyJAsH, TO
ocoBast Touka — QOKyc.

Ipenninymas teopeMa Tak ke, KaK H KOHKDeTHOE BHIUHCJIEHHE
TepBO#t (POKYCHOH BeMYMHbI, HCHOJIb3yeT I'eOMETPHIO NMOBEPXHOCTH,
MOJTyyaeMOil U3 OKPECTHOCTH OCOBOH TOYKH NPH KPAaTHOM O-IIPO-
necce. JTa NOBEPXHOCTb MPEACTABJAACT COG0il 06beIHHEHHE KPYro-
BBIX KOJIel H JHCcTOB Mébuyca.

4.8. MosnHOMHAAbHBIE BEKTOPHBIE NOJs. Hiuxe paceMaTpuBaoTes
TOJIbKO BEKTOpHble II0JIsi, HMEIOLIHe LEHTP N0 JHHeHHHM YJeHaM.
Hainune uentpa A/s TakHX rNofeffl paBHOCHABHO O6PAlLEHHIO B
EHyJb BCeX JIANYHOBCKHX (OKYCHBIX BeanunH. [ToatoMy ycromxe
(eHTPa IJIsl NOJHHOMHAJIBHOTO NOJSA CTeleHH 7 3agaercs GecKOHeu-
HbIM YHCJIOM aJjreGpaMuyecKHX YPaBHEHHH HAa KOHEUHOE YHCJIO K03¢-
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(HUHEHTOB HccJeayeMoro noivHomuanpHoro noias. [lo Teopeme
T'unp6epta 0 6as3uce, 3Ta 6eCKOHEUHA CHCTEMA aJjrefpanyecKHX
ypaBHEeHH{1 paBHOCHJbHA KOHeuHO#. [IpoGsema pasnuyeHHs IeHTpa
# QoKyca Ajs NOJHHOMHAJBHBIX NOJEH CTENeHH 1 COCTOHT B TOM,
yTOOB! 3Ty CHCTEMY BBIUHCJIMTD.

JIsnyHoBcKHe (QOKyCHBIe BEJHUHHH BBHIUHCJSIOTCS N0 PEKyPPeHT-
HbIM (QOPMysaM; 3TO BhIYHC/IEHHe 3aNporpaMMHpoBaHo. HepelnenHnas
4acTbh NPOOJEMEI COCTOMT B CJHeAYIOUIEM: /s Kaxaoro n tpebyercs
Ha#TH Takoe N(n), 4ro6nl obpaileHne B Hy.ab nepBeix N(n) ¢oxyc-
HBIX Be/JMUHH TapaHTHPOBaJO HalH4YHe IeHTpa. HeusBecTHo naxke,
MeHbUIe Ju uHcaA0 N(n) pasMepHOCTH NPOCTPAHCTBA KO3 GHIIHEH-
TOB NMOJHHOMHAJbHLIX BEKTOPHBIX NOJEN CTENEHH 1.

HeoxunanHo npocroit orset noayuen Hioaakom (H. Dulac) mpu
n=2 58 :9]. OkasbiBaercs, N (2) =3: npu o6pallleHHH B HyJb Nep-
BHIX TpPeX (DOKYCHBIX BEJHYHH YpaBHEHHe HHTEIPUPYETCS] B KBaj-
parypax u umeer ueHtp. s modaeit Ix+f;(x), x€R? f; — onHo-
PORHBIN BeKTODHEIH nosuHoM creneHd 3, N=6. IToapoGuoe wu3io-
Kenue npobiaembl umeerca B kuHure K. C. Cubupcxoro [58].

§ 5. AHajuTHYeCcKasi KJAacCH(PUKALHSA 3JeMEeHTaPHbIX
0CO0BIX TOYEK B KOMIIJIEKCHOH 006sacTH

Hacrosmuit naparpad mnocesitieH OpOGHTAIbHOH AHAJUTHYECKOH
KnaccH)HKAHY POCTKOB BEKTODHHIX I0JIeH B 3JeMeHTapHOoH ocoboit
TOYKE C PEe30HAHCHOH JIMHEHHOH 4acTblo. JTa KaacCHpHUKAaUHUA HMe-
eT (yHKUHOHAaNbHEie MOAysaH. ITepBBIM IIaroMm sB/IsieTCS H3ydYeHHe
POCTKOB OJAHOMEPHBIX OTOOPaXKEHHH.

5.1. PocTkd XOHQPOpPMHEIX OTOGpaKeHM# C TOXKAECTBEHHOH Ju-
HeHHOA yacTbio.

Onpenenenne. Jlpa poctka f ¥ g KoHbOpMHHX oTo6pa-
xenuil (C, 0)—(C, 0), Ha3HIBAIOTCS QHAAUTUYECKU IKBUBANCHTHbL-
MU, eCIH CYUIECTBYeT pOCTOK KOH(OpPMHOro orobpaxkenus h:
(C, 0)—(C, 0), conpsrawomui pocTku [ H g: f=hogo k-1,

O6osnauum yepe3 A, npocrparctBo poctkos f: (C, 0)—-(C, 0)
BHZA

z—z4az224..., as+0.

Bce poctku Kiaacca A; ¢ OJHHAKOBOH 3-CTpyed (OpPMAJbHO 3K-
BUBaJeHTHH. OAHAKO AaHAJHTHYECKH HEIKBUBAJEHTHHIX POCTKOB
ropasno Goaeire. [To Kaxaomy pocTKy kiacca A, MOXKHO NOCTPO-
HTb KJacC POCTKOB TOJOMOD®HEIX (YHKIUA (WHBAPHAHT KJACCH-
¢HUKalMH); 3TH HHBADHAHTHl MJS ABYX (OPMajbHO 3KBHBAJEHT-
HEIX DOCTKOB COBNAJalOT, €C/IH H TOJbKO €CJAH COOTBETCTBYIOILHE
POCTKH 2HAJHTHYECKH 3KBHBaJeHTHH, ONHIIeM «IpOCTPAaHCTBO HH-
BapHaHTOB». IlycTh 0 H co — ToukH Ha cdepe Pumana. Musapuant
CTPOHTCA € NOMOLIBIO Nap POCTKOB KOHPODMHHX OTO6paiKeHH
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(p;:((g))'f" qu—)r P4t (Cv 0)»(C7 0)’ Q-1 (CP’ w)_..)(CP’ OO),
@ =1L

* Onpeaenenue. [IBe napa ¢ H 1 Ha3BIBAIOTCH IKBHBAJEHT-
HBIMH, e€CJH CyllecTByer JHHeHHoe orobpaxenHe A: C—C rakoe,
qTQ

@ oA=h o1p_

MuBapuaHTOM sIBJISIETCS KJAacC 3KBHBAJEHTHHX Nap.

IIpocTpaHCTBO TaKHX KJACCOB Ha3hBAaeTCsl NMPOCTPAHCTBOM HH-
BapHaHTOB H o0o3Hayaercs yepe3 M.

Teopema ([21], [32],[88],189], {97],[72]). . MuBapuanurT.
MHOXeCTBY aHaJMTHYECKd SKBHBAJEHTHBIX POCTKOB kjaacca A on-
HO3HQUHO COOTBETCTBYeT KJacC 3KBHBaJeHTHbIX nap [@] u3s M;
(byHKUHOHa/bHBIH HHBapHAHT).

2. 3KBHMOLAJTbHOCTb H 3KBHBAaJeHTHOCTb. [IBa
¢opMasbHO 3KBUBAJEHTHBIX pOCTKa KJjaacca Ag ¢ OAMHAKOBBIM
(OYHKUHOHAJIbHBIM HHBADHAHTOM aHAJMUTHYECKU 3KBHUBAJIEHTHHI.

3. Peanunsanusa Kaxaweh kiacc nap [¢] u3s M, peanusyer-
csl, KaK MHBaDHAaHT HEKOTOporo orobpakeHus kiaacca As.

4. AmanuTHyYecKas 3aBHUCHMOCTD. Ecid pocTok Kaac-
ca A; aHaJUTHYECKH 3aBHCHT OT KOHEUHOrO YHCJIA KOMIUIEKCHBIX
napaMeTPOB, TO COOTBETCTBYIOLIMH HHBApHAHT TaKXKe AHAJHTHUECKH
3aBHCHT OT 5THX NapaMeTpoB (aHaJuTHUeCKas 3aBUCHMOCTb KJaacca
nap or mapaMerpa O3HayaeT BO3MOXKHOCTb BbHIOpaTb [0 NpeACTaBH-
TENI0 B KaXKAOM KJacce TMap Tax, 4TO MONYYHTCS aHAJUTHYECKOe
ceMeHCTBO Nap pPOCTKOB). A

5.2. Kiaccudukauus pe3OHAHCHBIX OTOGDaXKEHHMA U BEKTOPHBIX
noJjiell ¢ HeNHHEHHOCTsiMM obLiero nojoxenHs. PaccMOTPHM MHO-
xectBo poctkoB orobpaxkenusi (C, 0)—(C, 0) ¢ pesoHaHcHO# JH-
HelfHOH 4acTblo BHAA

. A\
frzmvz4..., v=exp(—2m~‘q’—/~, z€C, 2y
3/lecb M HHXKE p M § — B3aHMHO IIPOCThle HATypaJjbHLie yHcaa. Po-
CTOK f¢ wumeer BHA 2—2-+az¢*l4 ... (3mech f¢— urepanus
f o...o f(q pa3)). O6o3rauum yepes B, Kiacc pocTKOB f Buia

(1), nn1s KOTOpBHIX B BhIpaXKeHHH IJad [¢ a5=0.

Teopema (C. M. Boponun, I0. C. Hnbsimenko [32]; [99]).
Hast poctkoB knacca B, cnpasenjnBa Teopema 5.1, B GpopMyIHpOB-
Ke KOTopo# Kjacc A, 3aMeHeH KjiaccoM B,.

PaccMOTpDHM MHOXKECTBO POCTKOB BEKTODHBIX MNoJjel, Ha3nBa-
eMBIX CelJIOBLIMH PE30HAHCHLIMH:

V(2)=Az+f(2), A=diag (A, ), f(0)=0,
0f10z(0)=0, Ay/h=—p/q, z6C. 3y

CyliecTByloT ABe M TONbKO ABe (a3oBble KPHBHE YDaBHEHHS 2=
=v(2), rojoMop(pHO npoionKaeMble B TOuKy 0; OHH KacaloTcs KO-
OpPAMHATHBIX OCed B HyJle H IO aHAJOTHH C BELECTBEHHHIM C/yyaeM
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Ha3HBAlOTC cenapaTpHcaMH. PacCMOTPHM  TOJOXKHUTEJbHO OpH-
eHTHPOBaHHYylo, o6xoxsmylo Toyky 0 meryio Ha cemapaTpHce, Kaca-
jouieiicss B Hysne ocu Oz;. 310 netyie cOOTBETCTBYeT npeo6pa3oBa-
Hue MoHoxpoMHH A;: (C, 0)—(C, 0) (cm. nuxe § 1, ra. 6). Oka-
3HBaercsd, A noas v BEAa (3) pocrok A, umeer Buj (2). O6o3na-
yuM Yepe3d B, KJ1acC POCTKOB CENJNOBHIX DE30HAHCHBIX BEKTOPHBIX
none# (3), AJA KOTODEIX mpeoOpasoBaHHe A; — Kiaacca B,

Onpenenenne. [IBa poCTKa U H @ TOJOMOP(HBIX BEKTOD-
HEIX 1OJIeli Ha3blBAIOTCS (POPMAALHO OPOUTAALHO IKBUEBANEHTHbIMU,
ecJqH cymecTByer ¢opManbHas 3aMena H u ¢dopmanbuwbiil pag T ©
HeHYyJIeBLIM CBOOOAHEIM YJIEHOM TakKHe, YTO

Ho=Two H.

3ameuaHue. B ciyuae, koraa paan H u T cxoasinnecs, 3T0
PaBeHCTBO BJieyeT OPOUTAJbHYI0 aHaJHTHYECKYI0 3KBHBAJEHTHOCTD
POCTKOB U H W.

Teopema ([32], [99]). das poctkos knacca B, npu p/gs%=1
(to ectb M%=—~y B dopmyne (3)) cnpaBemsnuBa Teopema 5.1, B
dbopMyIHPOBKe KOTOPO# ¢opMasibHasi M aHAJHUTHUECKAass SKBUBA-
JIEHTHOCTb 3aMeHeHa ¢(opMasibHOH H aHaJHTHYECKOH OpOHTaJbHONR
5KBHBAJIEHTHOCTBIO, a Knacc B, — kaaccom B,.

5.3. Ilpopoaxkenne npeabyliero: BHPOXKIEHHbIE 3JeMEHTap-
Hbie 0coOble TOYKH. PaccMOTpHM MHOXKeCTBO A DPOCTKOB  roJo-
MOP(QHBIX BEKTOPDHHIX IOJeH B BHPOXKIEGHHOH 3JeMeHTapHOil 0Co-
6o#i Touke. Kaxau#i Tako#i pOCTOK HMeeT ()a30ByI0 KPHBYIO, TOJO-
MOpDHO NpOAOJXKAEMYI0O B TOUKY HY./b, OHa Kacaercsi COGCTBRH-
HOro BEKTOpa JIHHEHHOH 4acTH pPOCTKa C HeHYJIeBHIM COGCTBEHHBIM
3sHavyeHHeM. Tak Xe, KaK H Bbillle, el COOTBETCTBYeT mpeoGpasoBa-
HHe MomoiapoMuu A: (C, 0)—(C, 0). OxasnBaerca, A(z)=z+
+az?+ ... O6o3HauuM yepe3 A, KJlacc POCTKOB, MJisi KOTOPHIX Ipe-
obpasoBanHe A — knacca A;. IlpocTpaHcTBO (GYHKUHOHAJNLHBIX HH-
BAapHaHTOB POCTKOB Kiacca A, yixe, ueM A, (He Bce pocTkKH H3 Ajy
peajHsyloTcsi, KaKk npeo6pasoBaHHS MOHOJAPOMHH [IJisi POCTKOB:
Kaacca Ap).

O6o3naynm uyepe3 M, TNOOMHOXKECTBO KjaaccoB H3 M,, cocrosi-
Wux #3 nap (@4, $-), AJAI KOTOPHLIX

9-(2)=2z+c

(3to — poctok ronomopduoro orobpaxkenus (CP, oco)—(CP, )).
Teopema ([98]) .dnsa pocrkoB knacca A, cnpaBepanuBa Teo-
pema 5.1, B dopMyaupoBKe kKoTOpoH ¢(opMasibHas IKBHBAJCHT-
HOCTb 3aMeHeHa Ha (OpMajbHYI0 OpOHTAJbHYI 3KBHBAJEHTHOCTD,.
a knaccol Ay u My — kanaccamu A; u M, COOTBETCTBEHHO.
3ameuanue. TeopeMH MNOCAEIHHX ABYX PasiesioB (GOPMYJIH-
POBaJIHCh AJIST DOCTKOB C HENIHHEHHOCTAMH OO6IIero MOJOXKeHHS;
aHaJIOTHYHble TeOpeMBl BePHH (e3 BCSKHX OrpaHHYeHHI Ha HeJH-
HEHHOCTH (HYXHO TOJBKO, YTOGB pacCMaTpHBaeMble pPOCTKH He
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Gnun dopmaspHO HIAH (opMaabHO OPOHTANbHO — SKBHBAJIEHTHH
JIMHEHBIM); M3NHIIHE TaKXKe OrpaHHueHHe A,7=—Ag, OAHAKO (op-
MyJIHPOBKH CTaHOBSTCA 60/iee IPOMO3JKHMH.

5.4, TeoMeTpHS aHANMTHYECKHX HOPMaNbHBIX dopM. Poctku me-
peuHceHHBIX BHIle Ki1accoB A,, Ay, B, B, (nm. 5.1—5.3) obnana-
0T caedyloiiuM ofmum cBoficTBoM. KaX/blii U3 3THX POCTKOB HMe-
©T NpeACTaBHTe/s], aHAJHTHYECKH HJH OPOHTAaNbHO aHAIHTHIECKH
SKBHBAJEHTHOrO OYeHb MPOCTOH HOpPMaJbHOH Qopme, HO He B
OKPeCTHOCTH 0co60i Touku 0, a B o6nacTH, conepxamei 0 Ha rpa-
HHIle. YIOMsHYTHle HOpMaJsbHble (OPMBI JJIi POCTKOB BEKTOPHBIX
noJseil Knacca B, unn A, Benucanbl B Tabauue m. 2.1 (cayyad 4
B), TONLKO HYXKHO CYHTaTh, uto e=1, k=1, a€C. lag Bcex H3y-
YaeMHX POCTKOB MOXKHO BHIGpaTh Hapy IiepeceKamllnxcs obJaa-
cTeil, MOKPHIBAIOLIAX NPOKOJOTYIO OKPECTHOCTh TOUKH 0, B KaXIOH
M3 KOTODHLIX POCTOK aHAJMTHYeCKH (OPOHTANBHO aHAMHTHYECKH)
9KBHBaJIeHTeH OJHOH M TOH Ke HOpMaJbHOH (opme. Bo3MOKHOCTB
Takoro BhI6Opa oOecreunBaeTCi TEOPEMaMH O «CeKTOPHAJbHOH
HopManuzauuu» [21], [94]. OnHaxo conpsraioiue roioMophH3MbL
B 3THX 006JacTsx pasauunbl. B nepeceueHun obJacTedl BO3HHKAeT
<yHKUHs nepexona — GurosoMopdpHoe oTOOpaxkKeHHe, CoXpaHsioulee
HOpMasibHyl0 ¢opmy poctka. [TocnenHee TpefoBaHue OUEHb KeCT-
KO; OHO MO3BOJISIET ONHCATh (QYHKIHIO Iepexola ¢ IMOMOIIbIO Maphl
POCTKOB (@4, @-).

drtor Habop — dopmanbHas uan opburanpHas ¢dopmanbHas
sopMaJsbHasi dopMa; mapa obiacTeil ¢ HyJEM Ha rpaHHlle, B KaxX-
JIOH U3 KOTOPBIX POCTOK yXKe NpPHBeJEeH K YNOMSHYTOH HOPMaJbHOM
<¢dopme, H, HaKOHell, QYHKIHS Nepexona — H obpasyeT aHaJHTHUe-
CKYI0 HOpMaJbHYHI (opMy pocTKa. 3Hasi 3TOT HabOp, MOXKHO MHO-
roe ckasaTh O CBOMCTBax pocTka. MIMeHHO Ha 3TOM IyTH MOJyueH bl
TEOpeMHl CIeAYIIEero pasaesna. AHATOIHYHBIA NMOAXOA MOXKeT OBbITh
#ICIIOIb30BAH B TEODHH JIMHEHHHIX CHCTEM C HPPEryJsipHoOit 0Co6oit
Toukoi (§ 2, ro1. 7).

5.5. Tpunoxkenus. PyHKIHOHAJbHEE HHBAPHAHTH POCTKOB f, U
# T. 1. 0603Haua0TCs WUy, fo H T. L.

Teopewma ([21], [89]). Pocrok orobpaxkenus f xnacca A, si-
JisileTcsi n-i CTeneHbld pocTka g Kiacca A, (omepauus — cynepno-
SUIHS), €CAH H TOJBKO €CIH HHBADMaHT WU; COCTOHT H3 POCTKOB
oTobpaXKeHHuil, NepPecTaHOBOYHBIX C YMHOXKEHHeM Ha Bce KOPHH
CTElNeHH N U3 eJHHHIILL.

Teopema ([21], [89]). Pocrox oroGpaxenus f xaacca A,
BKJouaeM (TO €CTh NPEACTaBHM B BHJe CABUTa 3a BpeMs eJHHHILA
110 $a30BHIM KPHBHIM TOJOMOP(PHOTO BEKTOPHOTO MOJA), ecaH H
TOJLKO €CJIH COOTBETCTBYIOIHH (YHKIHMOHAJbHBIH UHBADHAHT TPH-
BHaJIeH, TO ecTb OTOOpaXKeHHs ¢- U ¢, JHHEHHH.

Teopema ([32]). Pocrok BekTOpHOrO mosst knacca B, ananu-
THYECKH SKBHBAJIEHTEH CBOE€H NpeABapHTEJNLHOH HOpManbHO#l ¢op-
Me, eCJH M TOJNBKO €CJH COOTBETCTBYIOWUH PYHKUHOHAJILHHIE HH-
BapHaHT TPHBHAJIEH,
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-Teopema ([98]). PocTok v BeKTOpHOro moJs xJjacca A; uMe=
eT aHaJHTHYeCKOe LeHTpaJbHOe MHoroo6pasue ((asoByr KpHBYIO,
rosioMOp(pHO MPOAOIXKAEMYIO B HyJb W Kacawluylocs sapa JHHeH-
HOH 4acTH B HyJie), eCIH H TOJBbKO eclau W,= (id, @,).

5.6. No6GaBaenue 006 aHAJIMTHYECKHX HOPMaJbHBIX (opmax.
A. J1. Bporo u I1. M. Eausaposuim [60, c. 165, 144] aHOHCHPO-
BaHH TeopeMhH 00 aHaJHTHYECKHX HOPMaJbHHX (OpMax pOCTKOB
PE30HAHCHBHIX BEKTOPHHIX noJef, mnogobHble TeopeMe IlyaHka-
pe—/onaka.) 3TH TeopeMbl ONHCHIBAIOT KaKHe MOHOME TeHJoO-
POBCKOTO pa3JIOXEHHS POCTKAa BEKTODHOIO NOJIsI MOXHO YOHTH €
IOMOILBIO aHAJUTHUEeCKOH 3aMeHbl KoopauHat. IlonyyeHHas npH
3TOM HODMAJIH3CBAHHAsT HeJHHEHHOCTb COJEPIKHT TaK MaJjo U/eHOB,
YTO [Ba POCTKa C Pa3HBHIMH HOPMAaJIM30BaHHBIMH HeJHHEeHHOCTSIMH
aHaJHTHYECKH HE3KBHBAJEHTHBHI.

§ 6. OpOuranbHas TonoJOrHyeckas Kiaccudukauus
3JIEMEHTAPHBIX OCOGHIX TOYEK HAa KOMINIEKCHOH NJIOCKOCTH

6.1. HepesonaHchblii caydaid. PocToOK BEKTOPHOro mnoss*c Hepe-
30HAHCHOH JHHeHHON YacThid Ha KOMIJIEKCHOH NJOCKOCTH JHOO
aHAJUTHYECKH OSKBHBAJEHTEH CBOel JHHeHHOH dYacTH  (cooTBer-
CTBYIOIIHE IOCTATOYHble YCNOBHS npuBeleHbl B § 1 rnasw 4), nubo
Jaxke TONOJIOrHYecKH ei HeskBuBasieHTeH (B. A. Haiimyas).
B nepsom cayuae op6uTanbHAsi TONMOJOTHUECKast KJIacCHOHKaUMsk
IpocTa, BO BTOPOM — IIOUTH He HCCJe/I0BaHa.

6.2. CepnoBble pe3OHaAHCHble BEKTOpHBie N0Jfl. Kak yKa3blBa-
Joch Bhimie B m. 2.1, ronomopdHOe celOBOe PE30HAHCHOE BEKTOP-
HOe moJie B 0co6oil Touke Ha nuockocTH C? ¢opMmasbHO Op6HTAb-
HO 3KBHBaJEHTHO NOJIO

z(I—}—uk-}-auzk)%—}-xwa%, 7\=——iZ—, u=z°w?, acC. (3)

Teopema Kamauo u Caga ((C. Camacho, P. Sad) [79]).
Uucna p, ¢ u k cocTaBAAOT NOJHBIH HAGOP TONOJOrMYECKHX HHBa-
pPHaHTOB POCTKa CEAJOBOIO PE30HAHCHOTO BEKTOPHOTO MOJIS.

6.3. BripoXacHHBIe 2JeMeHTapHble ocobble TOYKH. POCTOK KJjac-
ca 4, dopmanbHo OpOGHTaNbHO SKBHBAJEHTEH POCTKY

(22 +azd) a%—]—fw a%, a6C, @

H ¥MeeT (QYHKUHOHaJbHBIH Moayas Buia (g-, @), rae ¢.=id+c.

II. M. Enu3apoBelM nojyueHa OpGHTadbHAs TONOJOTHYECKAsd
KJaccH(HKaUHsl POCTKOB (4) mpHu J06BX @, ¢-, @i, 33 HCKIOYe-
HHeM caydas ¢_=id, @ — HppaLHOHA/JBbHOE YHCJIO, AHOMALKLHO XO-
poiro npHOMHXKAaeMOe pPaUHOHaJbHHIMH YHCJaMH. B YacTHOCTH,
CIpaBeNJHBA

D Cum. takxe A. H. Bpiono, Hoxa. AH CCCP, 1983, 263, sumn. 4, 781—784.
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Teopema (1. M. Emusapos, 1983). Ilyctb pocTok v xaacca

A, uMeeT (QyHKLHOHAJBHEIH MoAyJab (P_, @), mpuuem $_=id. TlycTs
yucao a B (opmyae (4) pamuoHaJbHO: @=p/¢, B OTOOpaNKEeHHE
2—vP, (2), v=exp (2nia) ¢dopmasbHO 3KBUBAJEHTHO OTOOPAKEHHIO
2vz (1 + 2%+ az?*). Toraa uucaa p, ¢ U B o6pasyioT NOJHbIH Ha-
©60p MHBADMAHTOB OPOHTAJBHOM TONMOJOTHYECKOM KAaCCHUKaIHK
POCTKOB, Aaa KOTOpHX ¢_=id u a€Q. A

3aMeTHM, YTO UHCJIO k CBSi3aHO C MOAYyJeM aHaJHTHYeCKOH
KAacCUPHKALMH MCXOAHOrO POCTKa, a He € ero dopmanpHol 0pGH-
-TaJbHOH HOpManbHOH (opmoil, H He MOXKeT OHITb BBIUHC/IEHO HH
II0 KaKOH KOHEUHOH CTpye POCTKa U.

T'rasa 6
L HKJbI

Srta raaBa nocssimeda (npeaenbHHIM) HHKJAaM AHbdepeHIHa b-
HBIX YPABHEHHI B BEIeCTBEHHOH M KOMIEKCHOH 06J1aCTH, a TaKxe
O6IINM CBOHCTBAM TOJHHOMHAABHLIX AuddepeHlHaJbHEIX ypPaBHe-
HHH Ha KOMIIVIEKCHOH IJIOCKOCTH.

§ 1. MpeoGpasoBaHHe MOHOAPOMHH

3zecy ompepensiercs npeoOpa3oBaHHe MOHOADOMHH, CBs3bIBa-
ollee LHKAbL AH(GOepeHIHaIbHEIX yPaBHEeHHH B KOMIUIEKCHOH 006-
JIaCTH ¢ roJoMop(dHBIMH OTOOpaxKeHHsIMH TpPaHCBepcaslell K HHM.

1.1. Onpenenenns. PaszoBas KpuBasi TOIOMOPDHOTO BEKTOPHOTO
NOJS — 3TO  CBsI3HOE OJHOMEpDHOE KOMIUIEKCHOe MHoroo6pasue
(uMeroLIce BelleCTBEHHYIO pa3MepHocTs 2). Pasopoe npocTpan-
CTBO YpaBHeHHsI B OKPEeCTHOCTH Heoco60# Touku pacciaoeHo na ¢a-
30BBIe KpHBHe. B Lesom ke (asoBble KPHBHe 06pasyior, BooOlle
TOBOpS, HE PAaCCJOEHHe, a JHIIb CJIOeHHE.

Caroenue ¢ k-MepHBIMH JHCTaMH Ha N-MePHOM MHOrooOpa3uH —
3T0 pa3bueHHe Ha KR-MepHBIe IVIaJKHe BJOMXKEHHBlE MHOr00Gpa3us
(MUCTHL CNOeHHs) TaKoe, 4TO pa3bHeHHe HEKOTOPOH OKPECTHOCTH
KaXJOH TOYKH MHOroo0pas3us Ha CBsi3HBle KOMIIOHEHTBHI Illepecede-
HHsi JIUCTOB C OKDECTHOCTbIO BhinpsMiaseMmo (auddeomopdHo pas-
GueHMi0 n-MepHOro Ky6a Ha INIOCKOCTH, NapaJjJiefibHble K-MepHOH
Tpanu).

CJioeHHe Ha3BIBaeTCs roJioMOpdHBIM, ecJiH  MHOroo6pasHe, JHC-
Thl ¥ BBIIPAMJICHHST FOJIOMOpPGHbBIE. :

3aMKHYTOMY OYyTH Ha JHCTe CJIOEHHS OTBeyaeT POCTOK oTobpa-
JKEeHHs] TPaHCBepCaJu K JHCTY B HCXOJAHOH TOUKE B ceGs, Ha3blBae-
Mbifi monodpomuell nytu. OnpenensieTcss MOHOAPOMHA TaK. Bui-
NpsiMJIeHHE CJOEHHS B OKPeCTHOCTH TOYKH NYTH Ompeaensier AHD-
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<peomopH3M JOKAJBHHIX TPaHcBepcalsiefl B TOYKAX NYTH, MOKPHITHIX
3TOH OKDeCTHOCThIO, NEePEBOASILUHA TOUKY JHCTa B TOYKY TOTO XKe
gucrta. Ilepexonss or HauaJbHOH TOYKHM MYTH K KOHEYHOH MO MOCJe-
JOBATENbHOCTH MOKPHIBAIOWIHX NMyTh OKPECTHOCTeH, mosyyaem AHG-
deoMoppH3M JOKAJIbHOH TPaHCBepCajH B HCXOAHOH TOYKE NYTH B
cebsi, MepeBOMASLUIMA TOYKY KaxKJAOTO JIHCTa B TOYKY TOro XKe JIHCTa
H HayaJibHYIO TOUYKY B cebs.

MoHopOMHUSI He 3aBHCHT OT BHIGODA TPaHCBepCa/H: ONpede/eH-
Hble Ha PasHBIX TpaHCBepcasix npeoGpasoBaHHs CONpSAXKEHH (me-
pesomsATca Apyr B Apyra auddeomopdusMoM TpaHcBepcaJeil).
B cymnocrtn, MoHOApOMHS — OTOOpa)keHue B ceGsi  JIOKAJbHOIO
MHOr000pAa3Hs JIMCTOB BOJH3H HCXOAHOH TOYKH OYTH, H TNpH ee
onpejie/ieHHy TPAaHCBepcads MOXKHO OBIO OBl He YINOMMHATH.

MoHoapoMusi nNyTH He MeHsieTCsl IIPH 3aMeHe NYTH TOMOTOI-
HBHIM €My Ha TOM Xe JIHCTe IIyTeM.

Bosnukaomee npeacrasiaeHre GyHAaMeHTAJbHON TPYNNB JHCTA
B Ipynmy pPoCTKOB AHQGEOMOPYH3IMOB TpAHCBEPCAJH HA3HBAETCS
2epynnoil MoHoOpomuw (WM I'PYNNOH FOJOHOMHH) CJOEHHS.

I'pynna MOHOAPOMHH FOJIOMOP(HOINO CJOEHHSI COCTOMUT H3 POCT-
KOB ToJOMOD(MHBIX OTOOpaxkeHHH# (B CMBIC/Te €CTeCTBEHHOH KOMI-
JIEKCHOH CTPYKTYPHI Ha JOKaJbHOH TpaHCcBepcasH, TO ecTb Ha JO-
KaJbHOM MHOTOOOpa3HH JIHCTOB).

[Ipn 3aMeHe HCXOAHOH TOYKH 3aMKHYTOTO NYTH Ha JIHCTE ApY-
TOH TOYKOH TOr0 Ke MyTH HOJyyaercs Npeobpa3oBaHHe MOHOAPO-
MHH, CONpsAXeHHOoe HcxoxHoMmy. IloatoMy npeo6pa3oBaHHe MOHO-
JAPOMHH, ¢ TOYHOCTbIO [0 CONPSAXKEHHS, ONpeNesasieTCss KIaccoM CBO-
OO HOII FOMOTOIHH 3aMKHYTBIX NyTel Ha jucTe.V

Onpeaenenne. KoMNAGKCHbIM YUKAOM TOJOMOP(HHOrO BeK-
TOPHOIO MOJIA HashlBaeTcst Kjaacc ¢BOOONHOH OMOTOMNHMH 3aMKHYTHIX
myrelf Ha ero ¢as3oBoii KPHBOH,

Ilpeo6pasoBaHueM MOHOADOMHH KOMIIEKCHOrO LHKJIA HA3HI-
BaeTcs COOTBETCTBYIOLIee UHKJY NpeobpasoBaHHe MOHOAPOMHH CJIO-
€Hust Ha ()a30oBble KPHBHIE. DTO POCTOK OTOGPaKEHHs] TPaHCBEpCalH
K ¢a30Boil KpHBOH B cebsi. MOHONDOMHsSI KOMILIEKCHOTO LHKJAA ro-
JoMop¢pHa M He 3aBHCHT OT BhIOpa TpaHCBepCaJH, HauyaJbHOH TOY-
KH H OT NpEeACTaBHTE/] KJaacca CcBOOOZHOH TOMOTONHH myTeH
(c TouHOCTBIO O GHroI0OMOP(HBIX CONpPSIKEHHN).

1.2, Peanusauus. Besaxuit pocrok C*-pudpdeomopdusma (R,
0)—(R»"',0) MoxeT ObiTb peasu30BaH KaK IPeoGpasoBaHHe MO-
HOAPOMHH 3aMKHYTOH (a30BOiHl KPHBOI I/iaAKOro BEKTOPHOro MOJS
Ha BellecCTBEHHOM n-ME€pHOM MHoroo6pasuum (Ho He B R™; mpm-
Mep — npeoGpasoBaHHe x——x, x6R).

Teopema ([34:6]). JToGoit pocTok aHaauTHYecKoro Auddeo-
Mopopusma (Cn»~1, 0)—(C»"!,0) Moxer 6uiTh peasH30BaH, Kak
npeo6pa3oBaHHe MOHOAPOMHH, COOTBETCTBYIOLlee KOMMIJIEKCHOMY

1) Jlpa 3aMKHYTHIX IIYTH Ha JIHCTe HA3WBAIOTCSt CBOGOAHO TOMOTOMHEIMH, eC/H
COOTBETCTBYIOUHE OTOGPAXKEHHS! OKPYKHOCTH B JIHCT TOMOTOIIHEL
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LMKy roJoMopdHOro BEKTOPHOro NOJs, 3alaHHOTO B N0A0GJacTH
npocrpancrea C”.

Iloxasare bctBo uenonb3yer pesyabtaT Coio (Y. T. Sue, In-
vent. math., 1976, 38, Ne 1, 89—100): wreliHoBO MoaMHOTOOOpa3ue
aHaJHMTHUECKOTO MHOTOOGDA3Hs HMeeT OKPECTHOCTh, TaKikKe SBJIAIO-
myiocs Muoroobpasnem lllteiina.

§ 2. JlokanbHas Teopusa auddeomopdpnsmon

Jlokanbuble Teopun AudppeoMopdH3MOB H AHPepeHIHANbHBIX
ypaBHEHHMH DOYTH HIEHTHUHH, B stom naparpacde naercs KPaTKHi
0630p nepBo#l M3 YIOMAHYTHIX TEOPUH.

2.1. Jluneiinpie HopMaJbhble dopmbl. B 310M nyHKTe O6CyXaaer-
csl aHaJHTHYecKas, TJafKas H TONOJOrMYecKas 3KBHBaJEHTHOCTH
poctka nuddeomopdHsMa B HENOABHUIKHON TOUKe CBOell JHHeHHOH
4acTH.

Onpeneanenne. Ha6op A= (A, ..., A.)€C* HasbiBaercs
MYAbTUNAUKQATUBHO PE3OHAHCHbIM, €CJM CYLIecTBYeT HeJOYHCJeH-
HBIH BeKTOp M= (my, ..., My) C HEOTPHUATEJbHLIMH KOMIIOHEHTa-
MH, CyMMa KOTOPHIX He MEHbIe [BYX, TaKOH, YyTo JJIg HEKOTOPOro
j€{1, ..., n} BEIDOJHSIETCS PaBEHCTBO

3peck Am—Ar ... Ay

Onpenenenune HaGop AEC™ mnpunainexur obaacru ITyan-
Kape, eciu MOAYJH 4Hce] Habopa Bce MeHbIUe eNHHHIB HJH BCe
Goabuie enuuuuel, Jlomosaxenne k obnactu ITyankape cocraBaser
obaacre 3ueeas.

Teopema, Oaa noutu Bcex (B cMucae Meph JleGera) Ha6o-
POB COGCTBEHHBIX YHCes JHHEHHOH YacTH pocTkKa TroJoMop¢HOro
JupdeomopdusmMa B HENOABHAKHON TOYKe DOCTOK OHI0JOMOPHO
3KBHBaJIEHTEeH CBOeH JHHelHO# uacTH (mpeBpallaercss B CBOK JIH-
HellHyi0 yacTs 6HrosIoMOpdHOH 3aMeHOH KOOPAHHAT B OKPECTHOCTH
HEeMmOABHXKHOHA TOUKH).

TouHee, crpaBefJUBEl CAEAYIOUIHE TEOPEMHL.

Teopema Ilyankape. Pocrox ananutHueckoro auddeo-
MOp(hH3Ma B HENOABHAKHOH TOYKE, CHEXTP JHHEHHON YacTH KOTOpPO-
ro npuHapaexur obiaactu ITyankape u MyJIbTHNNHKATHBHO Hepes3o-
HaHceH, 6HrosioMOpGHO 3KBHBAJNEHTEH CBOSH JHHEHHOH YacTH.

Onpenenenune. HaGop AEC™ HaswmBaercs Habopom MYyasbTu-
naukarusvoeo tuna (C,v), ecanm ans Bscex j€{l,...,n}, mé€
€Z, :|m|=Zm;>=2 BHINOJHAIOTCH HepaBeHCTBa

| 2y— W] > Cm[™.

Teopema 3urens. Pocrok ananutHueckoro pugpdeoMop-
¢H3Ma B HENOABHXKHOH TOYKE, CNEKTp JIHHEHHOH 4YacTH KOTOPOro
HMeeT MYJbTHNJIHKATHBHHIA THN (C,v) IJs HEKOTOPLIX IOJIOXKH-

104



TeJbHEX C H v, GHroJoMoppHO 3KBHBaJeHTeH CBOell JIHHEHHOH
YacTH.

ApndmMmernyeckHe YCIOBHS Ha A B TeopeMe 3Hreisi MOXKHO OC-
aabure [18:31]. AHanuTHYECKHe H TeOMeTpPUYECKHe TEOPEMHBl O
pacxogHuMocTH GOpMaJbHEIX 3aMeH, NPHUBOASILIKX AHAJTHTHUECKUH
aupdeoMopdusm K JHHeHHOH HOpManabHOW (GOpMe, B Ciayyae na-
TOJIOTHYECKOH O6JIM30CTH Habopa A CYUeTHOMY UHCJY pEe30OHAHCOB
[34 : 6] arasnoruynsl chopMyaHpoBaHHEIM B § 1 ruaaBsel 4 TeopeMaM
0 BEKTOPHHIX NOJISIX.

Fnankast Teopust He HajaraeT TaKHX apHpMeTHUecKHx TpeboBa-
HHH Ha CIIeKTD JHHeHHO[ YacTH.

Teopema Cteprbepra (S. Sternberg). Pocrox raaako-
ro audpdeoMopdpuaMa B HENOABHKHONA TOYKe INpocTpaHcTBa R?7,
CNeKTp JHHEeHHOH YacTH KOTOPOr0 MYJbTHIJIMKATHBHO HepeloHaH-
CeH, MJIaAKO 3KBHBAJIEHTEH POCTKY CBOeH JHHeapH3allHH B Hemold-
BHXKHOH TOUKe.

3aMeuaHHe, DBelecTBeHHO JHHeHHbIH HEBBIPOXKACHHEIH OlE-
paTop, CNeKTp KOTOPOTro MYJbTHIIHKATHBHO HEpe30HAHCEH, He HMe-
eT COGCTBeHHHX 3HaueHHui, no MoAaynwo pasBubix 1. Tem cambiM, He-
NoABHKHAsE To4Ka B TeopeMe CrtepHbGepra THnep6o/uHYyecKass B
CMBICJIE CJIeAVIOIIEero OfipeAeseHHud.

Onpenenenune. Henogsuxuas touka audbdeomopdusma Ha-
3bIBaeTcs 2unepboiuveckol, ecaiy HH OLHO U3 COGCTBEHHBIX 3Haue-
HHH JHHeAHOH yacTu JHPPeomMoppH3Ma B 3TOH TOYKE He PaBHO IO
MOAYTIO eAHHHILE.

Tononoruyeckass Teopusi He TpeGyer OTCYTCTBHSL PE30HAHCOB.

Teopema T'po6mana-Xaprmana ([67]). Poctok C!-
raazkoro puddeomMopdusma B runepOoOIHUIECKOi HENOABHKHONH TOY-
Ke TONOJIOTHYECKH 3KBHBAJIEHTEH CBOeH JIMHEeHHON YacTH.

Oro6paxeHus: OGIIEro NOJNOXKEHHS THNEepPOOJHYHE H  Hepeso-
HaHCHBHI.

2.2, PesoHaHCHBIA cayyaii. B pesonancHoM cayuae ¢opmanbHas
HOpManbHas ¢opma pocTkoB AnddeomMopdusMoB JLaerca HOPMYJaH-
pyeMoi Huxe Teopemoil [lyaukape—ionaka.

Onpenenenne, Ilycts 2y,...,2, — KOODAHHATH, B KOTOPHX
MaTpHla JHHeHHOH yactu pocTka audpdeoMoppusMa B HENOABHK-
HOH TOYKe HMeeT JKODJaHOBY HOPMAaJbHYI0 GOPMY; Z; COOTBETCTBYET
COOCTBEHHOMY 3HAYEHHIO A; (YHCsia A; HEOOS3aTeNbHO DPA3JIHYHbI).
Onnounen 2m0/0z; Ha3LIBAETCH MYALTUNAUKATUBHO DE3OHAHCHOLM
4N€HOM, €CJIH BHINOJIHEHO DE30HAHCHOEe COOTHOIIEHHEe Aj=A™,

Teopema Ilyankape— dwoaaxka. PopmanbHoe oTobpa-
JKeHHe ¢ pe30HaHCHOH JHHeHHOH yacTbio GOpPMaJbHO IKBHBAJIEHT-
HO TakKoOMy OTOOpaxeHHIO, JHHeHHAas 4acTb KOTOPOT'O HMeeT 2KOp-
JlaHOBY HOpMaJspHYH0 DOpPMy, a HenuHeliHas YacTb COAEPIKHT TOJb-
KO MYJbTHINJIHKATHBHO PE30HAHCHBIE YJIEHHI.

B cayuae, xorma cnekTp JHHeHHOM wacTH POCTKa aHaJUTHYeC-
Koro au¢pdeomopdusma B HENOJBHXKHOH TOYKe MNPHHAANEXKHT OG-
aactu IlyaHkape, POCTOK Bcerja AHaJHTHYECKH SKBHBAJIEHTeH CBO-
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eft GpopMasibHOA HOPMaNbHOK (opMe, ONMHUCAHHOH B TeopeMe [Tyas-
xape— Jlo1aka.

dopMasibibie pALb, NPHBOAsUIHE pocTok AHddeomopdrama H3
o6aacTH 3ureasi ¢ PE30OHAHCHOH JHHEHHOA YacThio K HOPMaJbHOM
dopme Ilyankape—Jljonaka, 3a DEAKHMH HCKJIIOUYEHHAMH pacxo-
natcs (reopema A. [I. Bpiowo [18:31]). B raagkom caydae
crnpaBeiJanBa

Teopema Yens ([67]). Ecmu nBa poctka auddeomopdus-
Ma B runep6OJMYecKOit HEMOABHIKHON TOuYKe (POPMaJbHO 3IKBUBA-
JIEHTHBI, TO OHH TJ1aJIKO 5KBHBaJEHTHEL.

2.3. UuBapHanTHble MHOrooG6pasust pocTkoB AHdpdeomoptHamoB.
Jas orobpaxenuii cnpaBeasuBe: Teopema Anamapa—Ileppoxa,
TeopeMa 0 IHEHTpaJbHOM MHOrooGpasuu W npunuun csefends Ilo-
wuTadwsuaE (cM. § 4, ra. 3).

[Mycts f — nuddeomopdusm. Hamomuum, uro uepes f9, >0,
o6o3Hayaercss uTepamus f of o...of (g pas), [ ¢=(f9)~!, pac-
cMaTpUBaeMas TaM, I'ie OHa OmpejeseHa.

Onpenenenue. Tpaexropus Touku p nod Oedcreuem Ough-
peomoppusma f— 310 MHOKECTBO ToueK fZ(p), paccMaTpHBaeMBIX
JUIsi BCEX ¢, AJIST KOTODPHIX 3TH TOUKH OTNpeJeJeHbL.

PaccMOTpUM HeBBIPOXKIEHHbIi JuHelHbl onepatop A: R™—R™.
TIpoctpancTBo R™ pasiaraercs B NPSIMYIO CYMMY Tpex HHBapHaHT-
HBIX MOANPOCTPAHCTB:

Ri=Ts®T:®T*

(Byksb S, u ¥ ¢ o6GosuaualoT stable, unstable u centre coorser-
CTBEHHO, KaK U B § 4, ra. 3). 3T0 pasaoxenue onpejensercs cCrie-
AyiouuM TpeGOBaHWeM: CreKTp orpanuyenus A [.s (COOTBETCTBEHHO

A|u, A|T°) neXHT BHyTpPH (COOTBETCTBEHHO BHE MM HA) €(HHHYHOH

OKDYXKHOCTH. Y cmoii4igoe ukeapuanmunoe mHoeool pasue pocmra
ouppeonoppusmna x— Ax -+ ... Kacaercs maockoctd 7% B HyJe,
Heycrotdusoe — T*, a yewTpassroe — miaockoctu ¢ Teopemu § 4
rJaBbl 3 MepeHOCATCS Ha OTOOpaXKeHHs, ecJH B HX (OPMYyJNHDOBKE
BEKTOPHbie nojst H AH(depeHUHaNbHble YDaBHEeHUs 3aMeHHTb HH(D-
deomopbusMaMu, pelIeHHs — TPaeKTOpUAMH auddeoMoppusmos,
HempepbiBHOE BpeMsi cleaaTh IHCKDETHHIM  (3aMEHHTb ¢ Ha ().
Poab CTaHAapTHOrO ceiJjia B AHCKDETHOM cJyyae Hrpaer oTobpa-
KeHHe
(x, y, u, v)—(2x, —2y, u/2, —v/2),

rAe X, Y, 4, U — TOYKH YeTbipeX MNOANPOCTPAHCTB, AIJA KOTOPHIX
npsaMas cyMMma IepBHIX ABYX paBHa T%, a aByx Apyrux T

2.4, UHBapHanTHBE MHOroo06pa3vs uukjaa. PaccMOTpPHM nepHO-
AHYecKoe peuleHHe AHGdepeHUHaNbHOrO YpaBHeHHS M (UKCHpyeM
HEKOTODPYI0 OKpecTHOCTs U cOOTBeTCTByIOWelt 3aMKHyTO# (a3oBoi
KpuBOH y B ¢azoBom npocTpaHcTBe, Ilycts A — COOTBETCTBYIOIee
3TOMy LHKJYy IpeoGpa3oBanue MoHozpomuu, Ws, W+ u We—
ycToiluMBOe, HEyCTOMYHBOE M LEHTpaJbHOe MHOI0O6Gpa3vs poCTKa
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nTo6paxKeHus A B HENOABHXKHOH TOUKe, COOTBETCTBYWOLLEH LHKJY.
Paccmorpum obbenHHenHe Bcex Ayr (Da30BHIX KPHBBIX ¢ HadajaoM
Ha Ws, Kakaasi Ayra paccMarpHBaeTcsl Ha MakKCHMAJbHOM HHTEp-
BaJie BPeMeHH, B T€YEHHe KOTOPOro OHa He BBHIXOAHT 3a MpeAeJbl
okpectnocTH U. OkpectHocte U MOXHO Bbl6path Tak, 4dYTO 3TO
ob6beaHHeHHe o6pa3yeT MHOroo6pasHe, Ha3bHIBaeMOe YCTOUYUBLIM
MHO2006pasuem yukaa y. D10 MHOroo6pasHe HHBAPHAHTHO OTHO-
CHTEJIbHO HCXOJHOTO YPaBHEHHS, M BCe DeUIeHUs Ha HeM 3KCIOHEeH-
LHaJbHO MPUOAHKAKTCA K y OpH f—> +oo. AHajJoruuHo omnpeie-
JISETCS HeycTol4usoe muoezoobpasue yukaa vy, OHO COCTOMT H3 AYT
($a30BBIX KPHBHIX, KCIIOHEHLHANbHO NPHOMHKAKUMIHNXCA K y INpPH
f—>—oco. AHaJIOTHUHO ONpefeNsercs H YEHTPaAbHOe MHO2000pasue
4uKaa vy, nosefeHHe (a30BHX KPHBHIX Ha HEM 3aBHUCHT He TOJBKO
OT JIUHEHHBIX, HO H OT HeJHHeHHHIX UYJeHOB Npeobpa3oBaHHsS MO-
HOLPOMHH.

Ecnn nenojBHKHAas TOYKa POCTKa NPeoGpa30BAHHS MOHOAPO-
MHH A runepOosnyecKkasi, TO ¥ LHKJ y HasblBaeTcsl eunepboiuuec-
Kum. Bce LUHKAB ypaBHeHHMs: OGIIEero MOJIOXKeHHs THrepOOoJHUYecKHe.

Teopembl 06 HHBapUaHTHBIX MHOroo6pasusx B OKpPECTHOCTH
3aMKHYTBHIX (a30BbIX KPHUBBIX aHAJUTHYECKHX BEKTODHHIX HOJeH
anoncupoBansl A. [I. bpiono [18:42]. B cuay rteopemsr m. 1.2
‘OHH TEPEeHOCSITCS Ha JIOKAJbHYIO TEOPHIO aHAJHUTHYECKUX Ruddeo-
MODP(PHU3MOB.

2.5, PasnyTus. YKaxeM B 3aK/IOueHHE OJHH KJAacC DOCTKOB
JAuddeomophusmoB, npobieMa TOMOJOTHUECKOH KjaacCHPHKALHU
KOTOPBHIX aJ/JreCpaHyecKd paspeliHMa A0 BHIPOXKIEHHH JIO0H KO-
He4YHOH Kopa3MepHOCTH, Peuyb HAeT 0 HEKOTOPOM KJacce pPOCTKOB
JupdeomMopdHU3MOB NIOCKOCTH B HENOABHKHOH TOUYKe, AJsi KOTOPO-
ro npo6sema OJHOBPeMeHHO HeTpHBHaJbHa M paspewnuma. [lepe-
YHCJAHM CHayajJa KJAacCH pPOCTKOB, AJs KOTOpBIX INpobJjeMa TpH-
BHAJIbHA.

PocTky ¢ runep6osiHuecKoii 0coGoii TOYKOH HCCAELYIOTCS Teo-
pemoit I'po6mana—Xaprmana. Pocrku, JuHefiHag 4dYacth KOTO-
PBIX — IOBOPOT Ha yroJ, He COH3MEpHUMBIH ¢ 2m, SIBAAIOTCA CXKHUMa-
IOLWIMMH HJIM PacTATHBAIOILIMMH, 32 HCKAOUEHHEM MHOXKEeCTBa BHI-
POXIEHHBIX POCTKOB KOPa3MEPHOCTH GECKOHEYHOCTb (B 3TO MHOXe-
CTBO 1NONAafaloT, BIPOYEM, TaKHe BaXKHble K/IacChl, KaK KOH(POPM-
Hble M COXpaHslolllhe miIouiaib oTtobpaxKeHus, JHHeHHasd 4acTb KO-
TOPBIX B HENOJABHUKHOH TOYKE — IIOBOPOT).

OcraloTcsi POCTKH, JHHefHast YacTh KOTOPHIX a) NOBOPOT Ha
yroJ, COM3MepHMBIH C 2m, (HeKOTOpasi cTelneHb (HTepauus) TaKOro
POCTKa UMeeT TOXHECTBEHHYIO JHHEHHYIO 4acTh); 6) YHHIOTEHTHAas

1
KOpJaHoBa KaeTka (gj)-

Onpenenenne. Ilycts f— nuddeomopdusm okpecTHOCTH
HYJIsE Ha BELIECTBEHHOH IIOCKOCTH ¢ HENOJNBHXKHO# TOUKOH HYJb H
C YHHNOTEHTHOH (MOXKeT OBITb TOXKIECTBEHHOH) JHHEHHON YacThbIO.
TpaekTopua TOUKH p NOA AeHCTBHEM [ Ha3bIBaeTCsl XapaKTepHCTH-
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YeCKoli, ec/lii OHa BXOAHT B To4ky O C ONpele]eHHOH KacaTelbHO.
DTo 3HAYUT, YTO TCUKH [(p) ompeneseHbl mpu Bcex ¢=0 uau ¢<<
<0, limfe(p)=0 (npu ¢g—+o0 WIM g—>—00), U paccTosHue OT
f¢(p) mo Hekoropol mpsMoil [ — BennuuHa 6osee BLICOKOTO MOPSI-
Ka MaJoCTH, yeM pacctosinme ot f¢(p) mo mynaa. Poctox augpdeo-
Mop(hu3Ma B HENMOABHXHOH TOUKE HMEET XapaKTepHCTHYECKYIO Tpa-
eXTODHIO, ecJu KaKoi-nnGO ero npeACTaBUTENb ee HMeeT.

Hannune XapakTepHCTHYECKOH TPAeKTOPHH y pocTKa Auddeo-
Mop(pu3Ma, JHHeHHas 4YacTb KOTOPOTO YHHIOTEHTHAa, YCTaHaBJIH-
BaeTCs MO KOHEYHOH CTpye pocTka. TOMOJOrHYeCKHd THUIl POCTKA C
XapaKTepUCTHYECKON TpaeKTopuell omnpejesseTcs € NOMOLIBIO KO-
HEYHOro uHcaa ajnre6pauyeckux NeHCTBHH 1O KOHEYHOH CTpye Me-
TOLOM paspelenus ocobennocreit [86].

§ 3. YpaBHeuus Cc mepHOAMYECKOA NPaBoi 4acThbio

B sroM naparpade paccMaTpHBAlOTCA YPaBHeHUs C NEpHOAR-
YecKO¥ NPaBofl YacTbi0 B OKPECTHOCTH IOCTOSIHHOTO —pelleHHs, a
¥MEHHO, YPaBHeHHs BHIa

22 —o(t, x), vt 0=0, v+ x)=0( %), (1)
X TPUHAAJIEIKUT OKPECTHOCTH HyJs B npocrpaHctse V, V=R" uiu
V=Cr, t BeulectBeHHO. DyieM cuuTtarh, 4To { mpoberaer OKpyXK-

Hocts S'=R/2nZ. BriGop HOBOro BpeMeHH T M Jo0aBjieHHe ypas-
Henus t=1 (Touka — 370 d/dt) npeBpamlaeT HCXOAHYI CHCTEMY
B aBTOHOMHYIO:

x=uv(t, x), t=1, o, 0=0, #eS.

IIpeoGpasorauyue MOHOAPOMHH IIOJYYEHHOrO0 aBTOHOMHOTO ypaBHe-
HUS, COOTBETCTByIOLlee 3aMKHyTO# ¢asoBoit Kpusoit x=0, Hasu-
Baercst npeoGpa3oBaHieM MOHOAPOMHH HCXOAHOTO NEPHOAHYECKOTO
ypaBHeHHs. DTO NOCTPOEHHE BMeCTe C TeOPeMOH O peajsH3auHH H3
§ | cBoxur TeOpHIO NEepHOAHYECKHX YPaBHEHHH K JIOKaJbHOH Teo-
pun nuddeomopdusMoB: Bce 3pdekTH, HabuaonaeMbie B OHOA
Teopuu, HabawoawTcs © B Apyrof. OAHaKo BHIYHC/EHHE ACHMII-
TOTHKM INpeoOpa3oBaHUsl MOHOAPOMHH, KaK INPaBHJO, HEBO3MOXHO
Ge3 mpHBeleHHS NePHOAMUECKOro AHpdepeHuHaNnbHOrO ypaBHEHHS
K HOpMaJbHOH dopme. HaudeM ¢ u3ydeHHs auHeliHOro caydas.

3.1. Hopmaabhas c¢opMa JHHEHHOTO YpaBHEHUs ¢ nepHoaHYe~
CKUMH KOo3({HuMeHTaMH. PaccMOTPHM ypaBHeHHe

x=A(t)x, A(+20)=A(), xeCm

IIpeo6pasoBanue MOHOJAPOMHH TaKOTO ypaBHEHMS — HEBHIPOXKIEH-
Hblfi JauHelinwlt onepatop C: C"—C", HasbBaeMHil oneparopom
MOHOOpOMUL.
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Teopema ®noke (G. Floquet). CymecTByer JHuHe#HHast nO X
" 2n-nepHoauveckKass mo ¢ sameHa x=B(f)y, Kotopas IepPEBOIUT
MCXOHOE JIHHeiHOe ypaBHeHHe B ypaBHeHHe C IOCTOSHHEIMH K03(-
¢unmentamu y=Ay, npuuem C=exp(2nA).

3ameuaHune. JiuHeiHoe nepuHoanuecKoe nO ! ypaBHEHHe C
BeI[eCTBEHHBIM (a30BBIM NPOCTPAHCTBOM MO¥KeT OBITh IPHBENEHO
K YPaBHEHHIO C NOCTOSIHHBIMH KO3(HIUHEHTAMH BeleCTBEHHOH JIH-
HelHO# 3ameHoll X=B(f)y saump ¢ BIBOe OOJABIIHM [I€DHOAOM IO
{, yuem mpaBas 4YacTb. [IpHuMHA: HEBHIPOXKAEHHBIH JIHBeHHBIA Orle-
paTop HMeeT KOMILIEKCHBIH Jorapu@M, BelIeCTBeHHHH XKe — HE
BCeria, HO €ro KBajpaT HMeeT BELIeCTBEHHBIH JOrapHdM.

B cuny Tteopemb ®joke, MOXKHO AOOHTBCS 3aMEHOH nepeMeH-
HBIX TOro, 4yTo JHHeHHas (mo x npu x=0) uacrtb ypasHerus (1)
aBTOHOMHA; cOOCTBEHHBIE YHCJIA OllepaTtopa NOJYYeHHOTO aBTOHOM-
HOrO ypaBHEHHs Ha3bIBaeTCsi COOCTBEHHBIMHM UYHCJIaMH HJIM CHEKTPOM
MepHOJNUECKOTO ypaBHEHHUS.

3.2. Jluneiirble HopmadbHble (opmbi. Obaacre Ilyarkape npas
nepHoguuyeckero AuQGGEpEeHLHaAbHOTO  ypaBHEHHS] X=AX- ...
ONpenesercss ycJaoBHeM: Bce COOCTBeHHble YHCJa JHHeapH30BaHHO-
ro ypaBHeHus1 JexaT B noaymaockoctd ReA<<0 (ReAr>0).

Onpenenenne. HabGop A€C" coGCTBEHHBIX YHCeN omepaTopa
A pezornancen Oas 2m-nepuoduueckozo ypasHerus x=Ax+ ...,
€CJIH BHINOJHEHO COOTHOUIEHHE '

Aj= (A, m) +ik, me€Z.", |m|=2m;>=2, k€Z, 1<<j<n.

Teopema Ilyanxkape. ITepuoauyeckoe nuddepeHuuasbHoe
ypaBHeHHE, CIEeXTP JHHEHHOH 4YacTH KOTOPOTO JIEXKHUT B 00J1aCTH
[lyankape u He pe3OHaHCeH, NMPHUBOAUTCH B OKPECTHOCTH HYJIEBOTrO

pellleHHsT K aBTOHOMHOH JHHefiHOH HopMmaJbHOH dopme x=Ax OH-
roJIoMOpHBIM 27-epHofHYECKHM TI0 ! npeoOpa3oBaHueM.

Teopema ([18:31]). BuronomopdHoe mpuBeneHHe K aBTO-
HOMHOH JNHHEeHHOH HOPMaJIbHOH (OopMe CyLieCTBYyeT AJf BCeX ypaB-
‘HEHHUH, CIIeKTP JIMHEHHOH YacTH KOTOPBIX NPHHAIJIEXKHT HEKOTOPOMY
MHOX€eCTBY TNOJHOH JeGeroBofl Mephl B mpocTpaHcTBe C" (a WMeHHO
MHOKECTBY TaKHX A, JJISI Ka)KAOTO M3 KOTOPHIX CYLIECTBYIOT NOJA-
x)urejpHble C U ¢ Takue, 4TO

|A— (4, m)—ik|>C- (|m]+|k])™
nas Bcex me€Z,", k€L, |\m|=2).

3.3. PesoHaHcHBle HOpMaJbHble GopMul. [IycThb JuHelHHIE Orne-
paTtop A HMeeT XKOPJAaHOBY HOpMaJbHYIO dopMy, 2= (2, ..., Z,) —
KOOPAMHATH B KOpPAaHOBOM Oasyce; 2; COOTBETCTBYeT COOCTBEH-
HOMY 3HaueHH0 A;. OnmHOuNen 2me*(0/0z; HasbiBaeTCs PE30HAHC-
HbIM 4AEHOM, eCJIH BBHIOJIHEHO COOTHOLIEHHE

B pe3onaHcHoM cJaydyae nepHoaudeckoe AuddepeHnHaNbHOE
YPaBHeHHe C TOMOIUBIO 3aMeHHl, (opMaJbHOH IO X H IEepPHOIH-
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YeCKOH No !, MPHBOAHTCA K BHAY

y=ly+w(t, y),
rie MaTpuua J HMeeT XOpIAHOBY HOpMajbHylo ¢GopMmy, a @ -—
dopmanbubit pax Pypee no ¢ u Teitropa mo Yy, COCTOSIWHH H3 On~
HHX PE30HAHCHBIX YJIEHOB.

B 10KaabHOH TEODHH aBTOHOMHBEIX AH(depeHUHaNbHBHIX ypas-
Henui H gudpeoMopdPusMoB sw0boe KOHEUHOE YHUCIO YJIEHOB HOP-~
ManabHoii ¢opmbr [lyankape—/Jliosaka BHUHCJASETCS € NOMOLIbIC:
KOHEYHOro 4qHcja anareGpanueckux jefcTBui. ad neprHOLMYECKHX
JHQdepeHIHAJBHEIX YPaBHEHHI yXKe BBHIUHCJIEHHE OllepaTopa MOHO-
IAPOMHH JHMHEapU30BaHHOH cucTembl TpefyeT peileHHs JHHEHHOM
CHCTeMBl ¢ NepHOAHYECKHMH KoadduuueHtTaMH B R*; npu n>1
pellleHHe TAKOrO0 yPaBHEHHs, KakK NPaBHJO, He MOXKeT ObiTb Haii-
JeHO ¢ MOMOoLIbIo KBaapatyp (cM. § 3, ro. 7).

§ 4. Mpepeabrble UHKAB NOJAHHOMHAJIBHBIX
BEKTOPHBIX MoJiell HA MJIOCKOCTH

HewnsBecTHO, KOHEUHO JIH UYHCJIO MpPeReJNbHBIX IUHKJOB BCSKOTO
AOJHHOMHKAJbHOTO BeKTODHOTO IOJISi Ha BeLIeCTBEHHOH IJIOCKOCTH.
B [1oKa3aTenbCTBe KOHEYHOCTH, NpeanoxeHHoM [romakom [25],
HMeeTcsl He 3all0aHeHHbIH npoben [32].

4.1, TlpoGnema KOHEUHOCTH M CJAOXKHBE uukab. [lyankape
(H. Poincaré) ceen npobieMy KOHEYHOCTH K HCCJACJOBaHHIO
OKPEeCTHOCTH TaK Ha3BBaeMOIO CJ0XKHOTO LHKJA.

Onpenuenue. Caoxnbim yuKAOM BEKTOPDHOrO 1OJsA  Ha-
3niBaercss OObeJUHEHHEe KOHEYHOrO HMC/JIa OCOOBIX TOUEK H HeTo-
yeyHulX ()a30BHIX KPHUBBEIX 3TOTO MNOJIS, NPHYEM MHOXKECTBO OCOOBIX
TOYeK HeNyCTO; pelIeHHs,, COOTBETCTBYIOIIHE HETOYeYHBIM (Ha30BHIM
KDHUBBIM, CTpeMsTcs K OCOOBIM TOYKaM IpH f—-+oo H [—>—o0;
CJIOXKHBIY I{HKJ CBsi3eH M He MOXKeT OBITb CTSHYT Ho cefe HH B Ka-
Koe CBOe COOCTBEHHOE NMOJAMHOXKECTBO.

3ameyaunue., CHoXHBE HLHMKIB MOTYT COCTOSITh H3 OJHOH
TouKH. CJIOKHBle LHKJB 4acTO BO3HHKAIOT H3 OCOOBIX TOYEK NpH
paspeileHHH ocoGeHHocTe#d. [IpuMepnl CI0XKHBIX ULHK/IOB H306pa-
>KeHbl Ha pHc. 20.

N

9 o

\”\—/o/

A

Puc. 20. CHOXHHHA IIHKJ:
a) nonyckamouHf ¥ 6) He JONYCKalOWHH Npeo6pa3oBaHHs MOHOLDPOMHH.
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ITpo6GieMa KOHEYHOCTH PAaBHOCHJIbHA CJeAyIoUlei:

Moxer aH cyeTHOe YMCJIO NpejeJbHEIX HHKJIOB IOJHHOMHAJb-
HOTO BEKTOPHOrO MOJIS HAKANJHBATBCA K CJI0XKHOMY LHKIY 3TOro:
1oas?

IlpeanonaraeMblii OTBET — OTPHIATENLHBIN, HPHYEM HEe TOJBKO
JJ151 TIOIHHOMHJbHBIX, HO H IJIs1 aHAJHTHYECKHX BEKTOPHHIX IOJeH.

4.2, Npeo6pa3oBaHie MOHOAPOMHH CJAOXHOro uuknaa. /Ipeobpa-
308aHue MOHOOPOMUL OAR CAOKHOZO YUKAQ oOupelefsieTrcsi Tak
XKe, KaK JJs 3aMKHYTOH (a30Boii KPHBOH, TOJbKO BMECTO TpaHC-
Bepcain  OepeTcs HnoAyTpancsepcass — romeoMopdHuili  obpas.
MONyHHTEPBaJa ¢ BepwIMHOK Ha uukae (puc. 20a). Iloayrpanc-
BepcaJb TpaHCBepcajbHa BEKTOPHOMY MOJIO B CBOHX BHYTPEHHHX
toukax. He BCAKHII CJOXKHBIH HHUKJI JOMycKaeT npeoOpa3oBaHHe
MOHOJpoMHH (puc, 206).

Ecau nonyrpaHcBepcajib NPHHALJIEKHT aHAJHTHYECKOH KPHBOIL,
TpaHCBepPCaJbHOH K CJIOXKHOMY HHKJIY, TO BO BHYTPEHHHX TOYKax
9TOH MOJNyTPaHCBepcanu npeobpa3oBaHie MOHOJAPOMUH aHAJHTHUYHO,
OJTHAKO OHO MOXET He mpojpoJkartecs Aaxe Cl-rimagko B oKpecT-
HOCTb BEpPUIHHEL. JTO CBSA3aHO C NPHPOJOH NpeoOpa3s0oBaHUS MOHO-
ADOMHH, KOTOpOe 3a4acTylo NPHHAMJNERHT KJIaccy <«IOJyperyJsip-
HBIX OTOOpa’KeHHui», BBeJeHHBIX JlI0/1aKOM.

Onpenenenne. Pocrox orobpaxenus [: (R*, 0)—(R*, 0)
Ha3BIBAETCS NOAYpe2YyAapHblm, €Clu JJsl JI000ro AOCTATOYHO GOJb-
LIOro HaTypaJibHOro N CylllecTByeT TaKoe R, uTo

k

X =ch°+VP.(lnx) x% 0 (xV),
S lAt i

rae ¢>0, 0<vo<vi< ... <v<<N, P; — mHorouseHsl. IIpexcraBu-
TeJb TOJYPEeryJasipHOTO pOCTKAa HasbiBaeTcsl MOJYPEryJsipHBIM.
oToOpaxKeHHEM.

Onpeaenenne. Pocrox 0oTo6pascerus B TOUKE Ha3blBaeTCS
NAOCKUM, eClH BCe €ro NPOM3BOAHBIE B HEH DaBHBl HYJIO.

Teopema diomaxa ([25]). [ToryTpancBepcanb K CAOKHOMY
LMKy IOJHHOMHAJbHOTO BEKTOPHOTO I0Js, NONMYCKAIOIIEMy Ipe-
o6pa3oBaHHe MOHOAPOMHH, MOXKeT ObiThb BHIOpaHa TaK, 4YTO Npeod-
pa3oBaHHe MOHOAPOMHH JHOGO NJOCKO, JHGO 06GPaTHO IMJIOCKOMY,
Ju60 noayperyJaspHo.

O6o6menune ([32]). YrBepxaeHue teopembl [ljonaka BepHO-
A/ TIaJKHX BEKTOPHBIX Iosiel, Bce ocoOble TOUKH KOTOPHIX YAOB-
JIeTBOPSIOT YCJI0BHIO JlosiceBuua.

Ecan K c10XKHOMY LHKJAY BEKTOPHOTO 10JIs, yAOBJETBOpPSAOIIE-
ro ycaoBHIo JlosiceBHYa B 0COOBIX TOYKAaX, HaKalJHBAIOTCH 3aMKHY-
Thie ()a30Bbie KPHBHIE, TO 3TOT CJIOXKHBIH LHKJ AONycKaer npeobpa-
30BaHHEe MOHOADOMHMH, a TNPENeJbHOMY LHKJIY, PAaCIOJ0XKEeHHOMY
BOJIH3H CJOXHOIO IHKJIa, COOTBETCTBYET H30JHPOBAaHHAS HENOABHAK-
Hast TOYKa Npeo6pa30BaHHS MOHOAPOMHH.

Hionak BLIBOAHT H3 CBOeHl TeopeMbl CyIIeCTBOBAaHHE OKPECTHO--
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CTH CJIOXKHOrO LHKJIa, CBOBOAHOH OT NpelesbHBIX WUHKAOB, NMPH NO-
MOIIH JeMMBbI:

IMonyperyasipHoe orofpakeHHe JHGO TOXKAECTBEHHO, JHOO HMe-
€T H30JUPOBAHHYIO HeNOABHKHYIO TOUKY HYJIb.

Kontpnpumep: f=x+e"*sin(1/x).

CylecTByeT aHaJHTHYECKOe BEKTOPHOE I0Jie, HMeloliee CJI0XK-
HHH LUK, npeofpa3cBaHHe MOHOIPOMHH KOTOPOTO — TOXKAECTBEH-
HOe ILIIOC HeHYJIeBOl MIOCKUH n06aBoK [33].

4.3. OTKpbiTHIE BOMPOCHI.

I. Bepro 2iH, YyTO NOJHHOMHAJNBHOE BEKTODHOe MOJie Ha BellecT-
BEHHO!l NJIOCKOCTH HMeeT JIHIIb KOHeYHOe YMCJIO NpeJe/ibHhIX LHK-
JIOB?

II. Bepro au, uyto ocobas ToOuKa aHAJHTHYECKOTO BEKTOPHOTO
nmonsi Ge3 XapaKTEeDUCTHUECKHX TpPaeKTOpHH Bcerhaa JHOO UEHTD,
Jau60 dokyc?

IIpennosaraeMble  OTBETH — YTBepAHTeJbHHE. YTBepAHTE/b-
HBIH OTBET Ha BTOPOH BONpPOC CJEAYyeT M3 YTBEPAHTENBLHOI'O OTBETA
Ha nepBHii., BTopofi Bompoc BmJeneH, YTOOB NOAYEPKHYTb, UTO
IOJIOXKHTENbHO peliaollasi ero <«Teopema», IIHPOKO pacmpocTpa-
HeHHasi B MaTeMaTHUYeCKOH JuTepatype H (Goabkiope, He AOKa3aHa.

ITI. Tunotesa. Has kKaxpaoro n cyumecrByeT Takoe N, 4TO
ypaBHEeHHe ¢ IOJMHOMHAJbHONH NPaBOH YacThio CTENEHH n Ha IJIO-
CKOCTH He MOXKET HUMETh: a) KOMILJIEKCHOTO TpeJesbHOr0 ILHKIa,
KpaTHOCTb KoToporo mnpesbimaer N [95]; 6) Goabme N Beurect-
BEHHBIX TIpele]bEbIX LUHKJIOB (Bompoc I'mnbbepra B ero 16-it mpo-
©JeMe, He DellleHHBIH yXKe NpH n=2).

4.4, OnHa reopema KoneunocTH. IIpu JonosHuTeNbHHX OrpaHH-
YeHHSIX Ha BEKTOPHOE MOJie KOHEYHOCTh AOKa3aHa.

Teopema ({33]). [lonuHOoMHaNbHOE BEeKTOpPHOE TOJIE C HEBHI-
POXK/JEHHBIMH OCOOBIMH TOYKaMH Ha  BeIIeCTBEHHOH NJIOCKOCTH
(BKaIOuast GeCKOHEUHO yJAa/jeHHBle)) HMeeT KOHEYHOE YHMCJO Ipe-
JeJbHBIX LHKJIOB.

ITonuHOMHMaJMbHOE TONe Ha TJIOCKOCTH MOXKHO 3aMEHHTb 37ech
AHAJHTHYECKHM BEKTODHBIM I0JIeM Ha 3aMKHYTOH ABYMEepHO# mo-
BEPXHOCTH.

4.5. Meroa pokKaszateabcTBa Teopembl Jlonaka u ee o606uieHus.

Onpenenenune. Croxasll yuKA HA3LIBACTCH 3INEMEHTAPHBIM,
eCJIH Bce 0cOOBie TOYKH Ha HeM — 3JIeMEHTapHHE,

I ar I. Croxuelji uuka B o6obmeHHol Teopeme [dionaka 3a-
MEHsIeTCsT 3JMeMEeHTAPHBIM. IDTO fesNaeTcsi C TOMOLUbK  XOpOLIero
Pa3nyTHSI He3JeMeHTapHBIX 0COOBIX TOYEK, CYIIECTBYIOLIErO MO Teo-
peme Benaukcona—Jliomoptee (§ 1, ri. 5).

Hlar II. IIpeo6pazoBaHHe MOHOADOMHH 3JE€MEHTAPHOrO CJOXK-
HOTO IMKJa pas3fiaraercs B CYNEPNO3HUHIO OIpeleseMbX HHXKe
OTOOpaXXeHU COOTBETCTBHUSI.

Oro6pakeHHe COOTBETCTBHA MJIS TrHNepGOJHYECKOrO CeKTopa

D Qnpenenenne paxo HHxe B m. 6.1.
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0c060# TOYKH BEKTOPHOrO 1101 Ha IJIOCKOCTH — 3TO OTOGpa’KkeHHe
BIOJb (ha30BHIX KPHBHIX MOJYTpaHCBepcasH, uepe3 KOTopylo ¢a-
30Bbie KPHBBEIE BXOJAAT B CEKTOP, Ha NOJyTpaHCBEpcasb, yepe3 KO-
TOpYI0O a3oBbie KPHBBIE BHIXOASIT H3 CEKTOpa
(puc. 21); BepuiMHaA NOJyTpaHCBepcaad, Mo
ONpe/eJIeHHIO, IEPEeXONHT B BEPLIHHY.

Ecaun sneMeHTapHBIN CAOXKHBIN LUK — He-
ONHOTOYEUHBI H AONyCKaeT mnpeoGpasoBaHHe
MOHOJAPOMHH, TO BCe OcoOble TOYKH Ha HeM
npuHagaexar kaaccam 1, 4 u 5 u3 Tabauun
n. 2.1 rnaswl 5. M3 kinaccudHKALHOHHOM Teo-
pemel nm. 2.1 ¥ 2.2 ryiaBu b BhiTeKaer

CaneapctBue. OrofpamenHue COOTBETCT-
BHA /ISl THOEPGOHYIECKOrO CEKTOPA IVIaJKOTo 5:: cgé%BET?TT:ﬁa);(;-
BEKTOPHOTO NOJIt HA BEMIECTBEHHOH MIOCKO- /o5 wor e T -
CTH ¢ ocof0ff TOUYKOH, YAOBJETBOPSAIOIIEH pa.
ycaosHio JlosiceBHua, MosyperyJasipHo, KOTAa
ocobasi Touka HeBBHIpOXKIeHa, H MMeer BHA exp(—1/A) wan h(—1/
/In x), Koraa ocobasg ToYKa BBIPOKIEHA; 3jech 1 — HOJYPeryJjsip-
Hoe OToGpaxKeHHe.

Knaccudukaunosnass TeopeMa CBOAHT JOKa3aTeJbCTBO  3TOrO
YTBEpXKJAEHUS K CJydaro, KOrjia BeKTODHOe 10Jie HMeeT HOpMalbHYIO
¢opmy, ykKazaHHylo B Tabauue. B stoMm cayyae orodpaxkeHHe COOT-
BETCTBHS JIETKO BBIYHCJSIETCH.

Ol ar III. JJokaseiBaeTcs, UTO CyNEPNO3HIHH OTOOpaXKeHHH CO-
OTBETCTBHS, II€PEYHCJIEHHHX B MNpeJbAyHIeM CJIeACTBUH, NpPHHAA-
JexaT OJHOMY H3 KJ1accoB, Ha3BaHHbIX B Teopeme [ionaka (poct-
KH NOJYperyasipHbiXx oToOpaxKeHHl ofpasyioT rpynny).

4.6. TloansoMuaJbHble BEKTOPHbIE NOJS BTOPOiH cTeneHH. XoTd
KOHEYyHOCTb YHCJa HHMKJIOB H 3JecCh -He NOKa3aHa, IoJydYeHa HeKo-
Topas HHpopMauHsa 0 HopMe H PACIOJNOXKEHHH NpelesbHbIX LHKJIOB
{81 :3]. Hanpumep, oHU Bceraa BBINYKJBL H KaxKIblH H3 HHX OKPY-
JKaeT JHIUb OAHy ocobyio Touky. ITocTpoeHsl KBaJgpaTHUHBIE HOJIS
c yeThpbMs OpelenbHEIMH Hukaamu [80], [107]. Jokasagro, uTO
HHKAaKOH KPYr Ha NJ0CKOCTH R? He CONEPKHT CUETHOrO YHCJAA npe-
JeJbHBIX UHKJIOB KBaJIPaTHYHOIO BeKTOpHOro mouas [81].

L%

§ 5. IlpenensHbie UHKJIB CHCTEM,
6IM3KHX K FaMHJbTOHOBBIM

B stoM naparpade paccMaTpHBAIOTCS BO3MYILEHHSI T'aMHJbLTO-
HOBBIX CHCTE€M Ha BELIECTBEHHOH H KOMIUIEKCHOH MJIOCKOCTH.

5.1. Poxnenne BEUECTBEHHBIX NMpeAeNbHBIX UHKJIOB. IIycTh Bek-
TOPHOE II0Jieé Ha BEleCTBEHHOH IJIOCKOCTH HMEEeT CeMeHCTBO 3aM-
KHYTHIX (a30BHX KPHBBIX, 3aBHCSIHIHX oT mapamerpa. IIpu Boswy-
HIeHHH TaKoro (B BhICIUIEeil CTeNEHH BBIPOXKAEHHOrO) TMOJsS BO3HH-
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Kaer, BooO1Ie roBops, noJie ¢ H30JHPOBAHHBIMH HEBLIPOXKACHHBIMH

LHKJaMH.
ITpumep. Majoe BO3MylleHHE T'aMHJIbTOHOBA IOJISI:

. oH . oH
x==—07—‘|—8A(x, Y, 8), y:——a}-‘+83(x, Y, 8).

Onpenenenune. LHukn y(c), Jexamuii Ha JHHHA YDOBHS
H=c, HasmBaercsi nopoxdarouum, €CJH BO3MYILIEHHOe ypaB-
HEeHHe HMeeT NPH MaJbX |e| HenpephIBHO 3aBHCALIMA OT & LHKJ,
cTpemsiuiics K y(c) npu e—>0.

Onpenenenune. Bapuayueli (moHoOpomuu) Ha3bIBaeTCs
byukuns [(c)= ¢ (Bdx—Ady) (unrerpan no y(c) npu e=0).

Teopema ([52]). Ecau uuka y(c) nopoxnatomuit, To I(c) =0.
O6patTHO, ecau ¢ — MPOCTOM HyJAb BapHalUMH, TO HHKJI y(C¢) — no-
POXKAAIOIHKH, U NOPOXK/IEHHBIA UM LUK BO3MYLIEHHOH CHCTEMB NPH
MaJbiX |€| HeBBIPOXKIEH H IVIaJKO 3aBHCHT OT €.

JlokasaTeJbCTBO OCHOBAaHO Ha TOM, 4YTO / eCTb INPOH3BOAHAS
npupamienus H Bronb BuTka ¢$Ha30BOH KpuBOH no g npH e£=0.

5.2, PoxaeHHe KOMMNJAEKCHBIX LUHKJIOB. B KOMIJIEKCHOM cJiyyae
paccmarpuBaercs ceMmefictBo ypaBHeHu#d w,=0. l-popma . Ha
JBYMEpHOM KOMIJIEKCHOM MHOroo6pas3uu npeanmoJaraercss TroJjo-
MopdHOH U rosoMopdHO 3aBucCAILEH OT KOMILIEKCHOTO (MaJjoro)
odHOMepHOro napaMerpa e, HeBoamymenuast dopma (orBeyamomas
£=0) npeanonaraercs TO4YHOH: wo=dH, rne H — rosomopdHas
¢ynkuus. IlycTs ypaBHeHHe wo=0 HMeeT ceMeHCTBO HEONHOCBS3-
HBIX HHTerpaJibHbIX KpHBHIX. Posib ¥ (¢) Hrpaer KOMIIEKCHBIH LHKJI,
NpeACTaBJeHHbII 3aMKHYTBIM NyTéM Ha HEOJHOCBSI3HOH HHTErpaJb-
HOH KPHBOH QOPMH o, NyTb HenpephBHO (a KpHBas TOJOMOPGHO)
3aBHCHT OT KOMIIJIEKCHOTO NapameTpa &.

Bapuauus 7/ —ronomopdnas pymxuus or c¢: [ (¢)= §m,
(e)

do
"’:"258" .o TaK Onpejie/leHHyI0 Gynxkumo / nasbBaloT abesieBbiM
HHTErpa/om, 3aBUCSLIUM OT NapameTpa.

Teopema ([50], [27:2]). Ecnu KoMmIeKCHBI wuKa y(c) 1o-
poxnaomuii, to /(c)=0. WsonupoBanusle Hyau | onperensior
NOpPOXKJaioliHe KOMIJIEKCHBIE LHKJb; MNOPOXKAEHHbIE HMH UHKJL
IPH MaJblX |e| HeBBLIPOXKIEHBI H TOJIOMOPGHO 3aBHCAT OT & TPH
e70. .

LIuK7B, COOTBETCTBYIOLIHE NPOCTHIM HyasM I, rosomopdHO 3a-
BHCAT oT ¢ U npH &¢=0.

5.3. HccaenoBaHue Bapuauuu. B anre6pauueckoil CHTyalHH
NpOBepKa H30JHPOBAHHOCTH HyJell BapHaluu objeryaercs.

Onpenenenune MHorounen crenesd n+41 oT ABYX KOMI-
JIEKGHBIX NePeMEHHBIX Ha3bBIBATCS NPABUALHLIM eCIH OH uUMeeT n?
KPHTHUECKHX TOYEK C Pa3/JIHUYHBIMH KDHTHYECKHMH 3HAYEeHHIMH H
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JIMHAM YPOBHsI ero HMelT 7+ 1 DPa3JHYHBIX ACHMITOTHYECKHX Ha-
[paBJ/ieHHH.

Muorousied o6Liero NoJOXKeHHsl TNpaBHJeH; KPHTHUECKHE TOYKH
NPaBHJABLHOTO MHOTO4YIE€Ha HEeBHIPOXKEHbI.

B 0oKpecTHOCTH HEeBHIPOXKAEHHOH KPHTHYECKOH TOYKH MHOrQUJIEH
6urosoMopdHO#i 3aMeHOH KOOPAMHAT NPHBOAMUTCH K HOPMAaJbHOH
dopme H=x2+y?4-const. Ucyesawmum B KPUTHIECKOH TOYKE LHK-
JIOM HAa3BIBAeTCsl LMK/ Ha Heoco6O#l JIMHMH ypoBHs GyHkuuu H,3a-
JaIOIIKiCsS B YKa3aHHOH CHCTeMe KOODJHHAT BelleCTBEHHOH OKPYXK-
HOCTbIO X24y?=c(, ecld ¢ BeUleCTBEHHO, H OKPYXKHOCTBIO X—iy=
=Yce®, x—iy=Yce ", @€[0, 2n], (x, y)€C2 ec1H ¢ KOMILIEKCHO:
Hcue3alomuil NUKT Ha JUHAH ypoBHA H=c o6o3Hauaercss uepes:
8(c) (sror UHKA ompejpeneH AJs ¢, OJM3KHX K paccMaTpHBaeMOMY
KPHTHYECKOMY 3HayeHHIO, H HCYe3aeT, CTErHBasChb B KPHTHUYECKYIO:
TOYKY, KOrla ¢ CTPEMHTCS K 3TOMY KPHTHUECKOMY 3HayeHHIO QyHK-
uuu H).

Teopewma ([27]). Ilycte H — mpaBuJbHBIE MHOrOYJIEH CTere-
HH n+1 1 o—1-popMa Ha NJIOCKOCTH C NMOTHHOMHAJNbHBIMH KO3(-
bHUHeHTaMH CTeNeHU He Bhle n. Ecan

Ie)=$ o @
6(c)

— TOX/JAeCTBEHHHBI! HyJb (Kak (QyHKUHS OT ¢), TO PopMa » TOYHA.
3ameuanne. HMrak, B ycloBHAX TeopeMbl BO3MYLIEHHe ce-
MelicTBa JIMHMH ypoBHs ¢&ysKuumH f, 3amaHHOe ypaBHeHHeM dH -+
+ew=0, onpenenseT TOXIECTBEHHO HYJEBYIO BapHalHUIO MOHOAPO-
MHH TOJIBKO B TOM OYEBHAHOM cJydyae, KOTJa BO3MYIUEHHble HH-
TerpajbHble KpUBble — ajnrefpandyeckue, a HMEHHO — JHHHH YPOBHSE

6/113K0r0 K H MHOrouseHa TOH e CTeleHH, 4yTo H H.

5.4. Ocaabaesnas npo6aema I'manGepra. I'minbepr B 16-i mpo-
6neMe BbICKa3aJ THIOTE3Yy, YTO YHCJIO NPeNebHBIX UHKJIOB IOJH-
HOMHAJIBHOTO BEKTOPHOTO IIOJISI Ha BelUEeCTBEHHOH IJOCKOCTH Orpa-
HHYEHO 3aBHCSINEH JIHIIb OT CTENEHH MOJS BEJHYHHOM.

Mz runoreswt 'unbbepra cieayer OrpaHHYeHHOCTb YHCJIA IO-
POXKJIAIOMIMX UHKJIOB /5 TOJMHOMHAJNBHEIX BO3MYIUEHHH TOJHHO-
MHaJIbHBIX FaMHJIbTOHOBHIX 1oJed. B oTiHyde oT rumote3n [Hib-
6epTta, 370 ee ocnabJiieHHe AOKA3aHO.

Teopema Bapuenko ([20]). CywmectByer N(n, m) Takoe,
4TO IJIsi JI000ro BeIleCTBEHHOrO MHOTOW/I€Ha CTeleHH n 0T JABYX
NepeMeHHBIX, AJs J1000ro HenpepHBHOrO ceMeficTBa 3aMKHYTHIX.
CBSI3HBIX KOMIIOHEHT €ro JIMHHMI YPOBHA y(¢) M AJAs J060H NOJH-
HOMHaJbHOH 1-(OPMEl ® C KOMIOHEHTaMH CTelNeHH He BbIlIe M
HHTerpasa o no y(c) aubo TOXKAECTBEHHO 10 ¢ paBed HyJW0, IGO0
uMeer He Oosee N(n, m) BelleCTBEHHBIX HyJed (C y4yeToM Kpart-
HocTed). ’

3ameuanus. 1. KoHeuHOoCTh 4YHCJIAa POXKAAMILIHXCA Mpeaeb-
HBIX [UKJOB He Jl0Ka3aHa jaxke AJs INOJHHOMHAJbHBIX BO3MYILIEHHH
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fIONHHOMHANBHBIX TaMUJIbTOHOBHIX cucTeM. [lero B TOM, 4TO mpe-
JeJbHble LHHKJIB MOTYT POXKAATbhCsl HE TOJNBKO M3 3aMKHYTHIX (paso-
BBIX KDHBBIX, HO H BOJH3H CJOXKHBIX LHKJOB, 00pa30OBaHHBHIX Ce-
napaTpHCaMH raMUJIbTOHOBA ypaBHEHHS.

2) B [20], [69] MoxHO HaliTH 000O0IeHHS TeOpeMBl Ha MHOTO-
MepHbIH M Ha KOMIVIEKCHHIH CJIyyaH, HO JI0Ka3aTeJbCTBA NPHHIHIH-
aJIbHO He HalOoT HHKaKOH sIBHOH OLleHKH uHcaa N.

5.5. Cneunaapsble cay4an. OnucanHble HHXKe ClelHaJbHbBlE HH-
Terpajiil BO3HHKAIOT NPH NPHMEHEHHH TeopeMnl 5.1 K CTaHAapTHHM
ypaBHeHHsIM TeopHH Oudypkauuii OOHX IHHAMHYECKHX CHCTEM.
B 3THX CIeNHaJbHBIX CJydyasx YHCIO HyJeH BapHauuH OOBHIYHO OKa-
3bIBaeTcsi PABHBIM MHHHMAJIbHO BO3MOXHOMY II0 COOOpaKeHHSM
pasmepHocTH (cBoeoOpasHass HeK0Je0JeMOCTb COOTBETCTBYIOIIEro
JuHefiHoro au¢depenunasbHoro ypaBHenus [lnkapa—®ykca).

[Tpumep 1. [eficTBuTeNisHOE N-MepHOE NPOCTPAHCTBO Ha30BeM
yeboblue8CKUM, eCTH HeHyJeBble QYHKUMH NPOCTPAHCTBA HMEIOT Me-
Hee n HYJIeH C Y4eTOM KPaTHOCTH.

OG6osrauuM uepe3 £2,, NPOCTPAHCTBO BCEeX NOJHHOMHAJbHBIX
1-dopm BHAa

o=A(x, y)dx+B(x, y)dy,

raie A U B — BenieCTBeHHble MHOTOWJIEHBl CTElEHH He Bbille m.

Teopema (I'. C. Ilerpos, 1984). IlpocTpaHcTBO HHTErpaJioB
(2) mo ucuesarmlHM IuKIaM MHorowlesHa H or ¢opm w€Q, 4B-
Jsiercs ueObllueBcKUM npH Jio6oM m. 3xech H=y?*—x%+43x, ucue-
3aI0llHe LHUKJIB COOTBETCTBYIOT HHTEPBaNy MeXAY IBYMS KpHUTHYe-
CKHMH 3HayeHHsMH: |c|<2. TeM xe cBoiicTBoM o6Jajaer Ipocrt-
PaHCTBO QYHKLHH, NOJYYeHHBIX AaHaJHTHYECKHM IIPOAOJIKEHHEM
ONHCaHHBIX MHTErpajoB ¢ HHTepBata |c|<2 B OTKPHITYIO BEPXHIOKI
{UnU HIXKHIOIO) IMOJYMJIOCKOCTb, OOBEJHHEHHYI0 C HHTEpBAJIOM
|c| <2. AnanoruyHoe yTBepKAEHHE BepHO MJIsi HHTErPAJOB 10 HC-
4e3aloluM IHKJIaM TaMHJIbTOHHAHOB H =y?+x2+x4 H=y*—x?+
+xtn H=x3+3+hxy. A

JloKasaTeabcTBa HCNOJL3YIOT fIBHHIA BHJ ypaBHeHuil [Tukapa—
dyxca Qa5 HCCAELYEMBIX HHTEFPajOB W TEOPHI0 MaJOUJIEHOB
1[69] .
~ Hpumep 2. Aarebpo-reoMeTpHueckHe METOAb HCCIELOBaHHS
HyJiell HHTerpajoB, BO3HHKAIOIIHX B TEOPHH IIOTEPH yCTOHYHBOCTH
aBTOKoJeOaHui, onHcaHel B [8] (cM. ykasaHHyio TaM JHTeparty-

py)-

ITpumep 3. HcecnenoBanne notepu yCcTOHYHBOCTH aBTOKoJseGa-
HUH ¢ AByMsl napaMd 4YHCTO MHHMBIX COOGCTBEHHBIX 3HaueHHiD
yIHpaeTcsl B OLEHKY YHCJa HyJell HHTerpana

1) A TakXe HCCIefOBaHHe OHQypKauuil LHKAOB B OGOOLIEHHOH TEOPHH MO-
zenn Jlotka—BoJbTeppa (B 3TOK MOJENH pacCMaTPHBAIOTCH BEKTOpHHE MOJA HA
fIJIOCKOCTH, KacaloljHecs KOOPAHHATHHX oceif).
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1@ =§2L2%  o=pydx—oxdy, o=y (xdy—ydx)
N0 3aMKHYTOH KOMIIOHeHTe JHHUH ypoBHs H=c ¢yukuun H(x, y) =
=x*y*2" B TpeyrosbHHKe x>0, y>0, z>0, rae z=1—x—y, afp==
=1, >0, y>0 (npezmonaraemoe YHCJIO0 HyJell — OfHH).

§ 6. NMoaunomuHasbrbe AU depeHHaIbHbIE YPABHEHUS
Ha KOMILJIEKCHOH IJIOCKOCTH

TFonomoptHble BeKTOpHEIE NMOJIS Ha KOMIJIEXCHOH NpPOeKTHBHOM
IJIOCKOCTH HCYEPNBIBAIOTCH MOJAMH  aarebpsl JIH NpOeKTHBHOMN
rpynnel, JHHeHHHIMH B OIHOPOAHBIX KoopAuHarax. llpyrue mnous
HanpaBsJeHHH ¢ KOHEUHBIM YHCJAOM OCOOBIX TOUeK TakXKe OKa3H-
BaloTcsl anreSpanyeckuMu. OHH CTPYKTYPHO HEYCTOIUHBHIL.

6.1. lonycTumble moJs.

Onpenenenne. [Honycrumeir noaem HANPpasaeHuld HE
KOMNAEKCHOM MHO02006pa3ui HasbBaeTCs I[OJe TPSIMBIX, TIOJO-
MophHOe Ha JONOJNHEHMH K aHAJTHTHUECKOMY IOAMHOXKECTBY KOMII-
JIEKCHOH KopaaMepHOCTH He Menblie 2. Ilose HanpaBaeHHHA MOJHHO-
MHAJILHOTO BEKTODHOTO MOJIS B C? mpopoJkaercs A0 nonycmmoro
noJs HaﬂpaBJIeHHH B CP2,

Teopema ([29]). Honyctumoe noje HanpabJeHHH Ha KOMI-
JIEKCHOH TNPOEKTHBHOH MNMJOCKOCTH (a TakKXe Ha KOMIJIEKCHOM HpO-
€KTHBHOM MPOCTPAaHCTBe NPOM3BOJAbHOH pa3MepHOCTH) B Joboi ad-
(GHHHOH OKDECTHOCTH NOPOXKAAeTCs MNOJHHOMHANbHBIM BEKTOPHBIM
TOJIEM. ‘

JBa momycTHMBIX TOJSI HAa KOMIJIEKCHOM MHOroo6pasuu Ha3biBa*
I0TCSl TOnoao2u4ecku (AHGAUTUYECKU) IKBUBANEHTHbIMU, €CJAH Cy-
mecTByeT roMmeoMopdusM (6uronomopdusM) MHOroob6pasust Ha cebs;
nepeBOASIIHIl HHTErpaJbHble KPHBbIE OJHOI'O MOJS B HHTETrpasbHbIe
KPHBBIE JPYroro. '

ITycTe &% — KOHEYHO-MapaMeTPHYECKOe CEeMEHCTBO JIO0NYCTHMBIX
noJjeid HanpaBiaeHuii Ha CP2 ToBopsdr, uto cBoiictBoM A obiaanaer
THIIMYHOE NOoJe KJjacca &£, eClH MHOXKecTBO 3HAaueHHH napameTpos,
KOTOPHIM COOTBETCTBYIOT He 06Jajlalollie 3THM CBOHCTBOM TNOJS,
HMeeT HyJeBYylo Mepy JleGera.

I'oBopsrT, uto cBoiicTBOM A o6nanaer obuiee no IleTpoBckoMy—
Jlanpucy nose knacca &£, eCTH MHOXKECTBO 3HAUEHHH NapaMeTpoB,
KOTOPBHIM COOTBETCTBYIOT He ofJiafaioliue cBOiicTBOM A moss, HUrAe
He MJIOTHO H He pasjielisieT NPOCTPAHCTBO NapaMeTpPOB (nonoxaeﬂue
K 3TOMY MHOXEeCTBY JIHHEHHO CBSI3HO).

6.2. IlonuHoMHadbHble moas. PaccMOoTpuM momycTHMBlE nOJFS!
HanpaeaeHu#t B CP? OTBeYawllide BCEM MOJHHOMHAJBHBIM BEKTOD4
HBIM NOJSIM CTeleHH n B (HKcupoBaHHoH addunHOll Kapre. ITOT
KJacc LONYCTHMBIX MoJied H COOTBETCTBYIOIIHX HM  YDaBHeHHF
0603HayuM Yepe3 ¢,. Obuee no IlérpoBckomy—Jlannucy noae
Kjgacca s, MMeeT Ha OeCKOHeUYHO yAaJeHHOH NpAMOH, JOnoJHAK-

uz
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uleli ucxonuylo adbdbunnyw Kapry, (n41) ocobyro TOUKYy; 3TH 0CO-
6ble TOUKH HAa3bLIBAlOTCH OeCKOHEeYHO yoaseHHuimu. B OKDECTHOCTH
“Takoil 0coGON TOUKH Haule JOMYCTHMOE IOJe HanpaBJeHHH MOXKHO
3ajaTh KakK I0Jie HANpPAaBJEHH BEKTOPHOTO MOJS C HEBBIPOXAECHHOH
.0co6oit Toukol. OTHOWIeHMe COGCTBEHHHIX YHCeal JIHHEapH3alUHH
3TOro MOJsA B OCOGOH TOYKe HA3blBaeTCs XaPAKTEPHUCTHUYECKHM UHC-
JIoM 0CO6OH TOUKH (B 3HaMmeHaTejb CTABHTCS COOCTBEHHOe YHCJIO,
yell cO6CTBEHHBIHl BEKTOp HAaNpaBJjeH BAO/b GECKOHEYHO YAaJeHHOH
npsMoit).

Ilocne yhaaneHuss 3THX ToueK OeCKOHEUHO YAaJieHHass mnpaMas
€CTAHOBHTCH HHTEIDaJIbHOH KPHBOH.

Teopema ([70]). das TtunwysHOoro mojsi Kjacca £, BCe HH-
TerpajbHble KpHBble, KDOMe KOHEYHOro 4Hcaa, miaotHe B CP2

Huas o6wero no Ilerposckomy—Jlanaucy mossi Kjacca fn
©JHMHCTBEHHAsi HHTErpajibHasi KpuBasi, roMeoMopduas chepe c BH-
KOJNOTBIMH TOYKaMH, — GECKOHeYHO YJaJieHHas NpAMas C BBIKOJO-
THIMH GeCKOHEUHO Y/laJieHHBIMH OCOOBIMH TOUKAMH.

Teopewma. Ecau nsa moas kaacca &, C yKasaHHBIM CBOHCT-
BOM TOMOJIOTHYECKH 3KBUBAJIEHTHBI, TO HAOOpHl XapaKTepHCTHYEC-
KHX yucesa WX GeCKOHEYHO yAaJeHHBIX ocoObix ToueK R-nHHelHO
sKBHBadeHTHB (cM. [29], [46]). [locnennee o3Hayaer, yTo CyIHecT-
Byer R-nuneiinoe npeo6pasoBanue R C—RC, nepesoasiuee OfHH
#Habop B APYro#.

3ameuvanune. B pmoxkasaTeabCTBe HCNOJb3yeTcss 0OOGIIEHHe
Teopemul [lyankape o yucaax BpalleHHs.

JTemma ([46]). [Tycrs ABa pocTKa KOH(POPMHBIX OTOOPaKeHHH
(C, 0)—(C, 0), auHeiiHBle YacTH KOTOPBIX — IOBOPOTHI, TOMOJIOTH-
YeCKH 3KBHBaJeHTHH, Torma yrjel NOBOPOTa AJag OGOHX DPOCTKOB
COBNafalT (C TOYHOCTHIO N0 3HAKA).

Huasi raaakux oTo6pakeHH# coBmajeHHe He o6s3arenbHo. Jlem-
Ma BepHa jJisi oTOOpaXKeHHH, NpU KOTOPHIX rpasHua obpasa Jio-
60fl JOCTATOYHO MaJIOH OKPECTHOCTH HyJs Mepecekaer TIDAHHLY
npoo6pasa.

[ HONYCTHMBIX [OJIeil HamnpaBJieHHH, OTBeYalOUIHX OMHOPOA-
HbIM BekTopHeiM nojsM B €7 u3 R-3kBuBaseHTHOCTH HaGoOpoB
XapaKTePHCTHYECKHX YHCeJ OGeCKOHeYHO YJaJeHHHX OCOGHIX TOYeK
CJEAYET TONOJIOTHYECKAs SKBHBAJEHTHOCTb [39].

Teopema ([29]). Haa mouTd KaxkAOro mouas kKiaacca &, Cy-
LIeCTBYeT TaKasd ero OKPEeCcTHOCTh B KJacce &, H TaKass OKpecT-
HOCTb TOXAecTBeHHOro romeomopdusma CP? B cefst, 4TO BCSKOE
TioJie U3 MepBOiHl OKPECTHOCTH, CONPSIXEHHOe C HCXOAHBIM IHDH MNOMO-
iy romeoMopdusMa u3 BTOpoH, adQHHHO SKBHUBAJAEHTHO HCXOA-
HOMY. )

OnucaHHOe 3JeCb CBOHCTBO MOJS Ha3biBaeTcs abCOAOTHOU He-
2pybocreio.
~ Yucao KOMIIEKCHBIX TNpeJeNbHbIX HHKJIOB YPaBHEHHs KJjacca
S, (UHKJIOB, OTBEYAIOIIHX H30JHPOBAHHBIM HENOJBHIKHHIM TOYKaM
cBOell MOHOJAPOMHH) He GoJee yeM cueTHO [50].
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Teopema ([29]). IToutn Bce ypaBHeHHS Kjaacca Sf, HMeIOT
GeCKOHEYHOe KOJIHYeCTBO KOMILJEKCHBIX Npele/abHBIX LHMKJOB, KO-
TOpHle TOMOJIOTHYECKH HEe3aBUCHMBl (B TOM CMbICJe, 4YTO IHKJIHI,
Jexaliye Ha OJHOH HHTerpasibHOH KpHBOI, He3aBHCHMBI KaK 3Je-
MEHTH TPYNIbL I'OMOJIOTHH 3TO#f KPHBOH C KOMIAKTHBIMH HOCHTe-
JSMH).

Teopema ([72]). CBoiicTBa ma0THOCTH, aBCOMIOTHON Herpy6o-
cTH u GeCKOHEYHOCTH KOJHYECTBA T'OMOJIOTHYeCKH He3aBHCHMHIX
npe/leIbHHX IHKJIOB BHIIIOJIHAIOTCS A/ BCeX NOJeH Kiaacca Sfn, HC-
KJI0Yasi HeKOTOPOe BeIleCTBEHHO-ajAre6panyeckoe nogMHoroo6pa-
3HE BellleCTBEHHOH KopasmepHOCTH 1 (a He HNPOCTO MHOXKeCTBO Me-
PH HyJb) B NPOCTPaHCTBE KOI(DPHIHEHTOB.

3aMmeyanue. INo-BuANMOMY, TeMH K€ CBOHCTBAMH 06JafaioT
QOYTH BCe AONYCTHMBIe mojsi HanpasaeHH# B CPY, nOpoXKAeHHBIE
DIOJMHOMHAJbHEIMY BEKTODHEIMH NOJSAMH cTeneHu n>1 B Cd (cp.

[96]).

T'arasa 7

AHAJIUTUYECKAS TEOPUSA NHPPEPEHIUHAJIbHBIX
YPABHEHHNR

OTa rjaBa NOCBsllleHAa TEOPHH YDaBHEHHH 6e3 IOJABHXKHHX
KDHTHYECKHX TOYEK H JHHEHHBIM YDaBHEHHSAM € KOMIJIEKCHBIM

BpEMEHEM.

§ 1. ¥YpaBHeHus 6e3 NMOABHXKHBIX KPHTHYECKHX
TOYEK

[ToHsiTMe KPHTHYECKO# TOUKH BO3HHKAaeT, KOrJla PeuIeHHsd MU3Y-
4a10TCcs KaK QYHKIUHH OT BbIACJNEHHOH NnepeMeHHOH.,

1.1, Onpenenenne, 1. ITycts F — ronomMopdHas ¢GyHKUHS B He-
KoTopo#t o6jsactu mpoctpaHctBa Cn*2. Pewenuem Ouppeperyuars-
HO20 YPaBHEHUS

Flz,w,w',...,w"™)=0 (1)

Ha3blBaeTCs NMOJHOe aHAaJHTHYECKOe NPOJOJIKEeHHe pOCTKa ToJio-
MopdHOil GYHKUMHE 2+ w(2), YAOBJIETBOPSIONEH 3TOMY ypPaBHEHHIO.
YpaBuenue (1) HasblBaercs aazebpaudeckum, ecnu F — INOJTHHOM
mo w, wh, ..., wm,

Onpenenenue 2. Touka BeTBJEHHUS pellleHUS HA3LIBAETCS €ro
KpUTU4ECKOU TOYKOU.

Onpenemnenne 3. Judpdepenunansuoe ypaBuenne (1) mmeer
nodsudcHsle KpuTuveckue TOYKU, eCIH KPHTHYECKHe TOYKH ero pe-
IWIEHHH 3aMOJNHSIOT HEKOTOPYI 06/acTh HA OCH 2; TOYKH 3TOH 06.Ja-
CTH HA3HBAIOTCH HOOBUNCHbLIMU KPUTUHECKUMU TOLKAMU YPABHEHUS.
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1.2, HopsvXKHble KPHTHYECKHMe TOYKH YpaBHEHMS [MepBOro Ino-

psAKa. . i

ITpumep. PaccMoTpuM ypaBHeHHe ¢ PallHOHAJIBHOH INpaBOH
4acThiO

dw P(z, w) 9

4z Q(z w)’ @

P u Q-—wHorounens. [lycts xpuBas Q=0 npoextupyerca
Ha oOaacTh ocu 2. Toraa Bce TOUKH OCH 2, KPOME KOHEUYHOrO
yuc/aa, — NOABWKHBIE KpHTHUECKUe AIA ypaBHeHus (2). [ledcTBurenns-
HO, MyCTh @—Heocobas TOuKa BeKTOpHOro noasi Q0/0z-+Pé/Jdw
u nyctb Q(a)=0, Ql.—:(0)5=0. TlycTb $,—HUHTErpasbHaa KpUBaf
ypaBHeHua (2), MpoxXoAsulas yepes Touky a. Orpanuuennue z [, He-
NIOCTOSIHHO; CJeJOBaTeJbHO, NIPH HEKOTOPOM HATypPajbHOM m (yHK-
uus ¢t=(z— 2z (a))!/™ aBjseTcs JOKaJIbHHIM IapaMeTpOM Ha KDPHBOH
Qo B TOUKe @; 3HAYHT, z(a) — anre6panyecKasi TOYKAa BETBJCHHSA
pelieHHsl ¢ HayaJbHBIM ycJoBHeMm a. MTak, noaBHiKHble KPHTHYEC-
KHE TOYKH pacCMaTpHBAEMOT(0 YpaBHEHHs NpPeICTaBJAAT cobOH
0cOGEHHOCTH INPOEKTHPOBAHHS HHTErpafbHBIX KPHBHIX Ha OChb Z;
caMH HHTerpaJjibHble KPHBble rojoMOpdHEl (ocoGeHHOCTell He HMe-
10T, cM. 1. 1.9, ra1. 1).

Teopema Ilennese. Bce nmoaBHXHHE KPHTHYECKHE TOYKH
ajare6panyeckoro ypaBHEHHs

F(z,w,w')=0 (3)

— aJareGpaHyecKHe TOUKH BETBJIEHHUA.

Anre6panyeckoe ypaBHeHHe (3) He MOXET HMeTb MOJBHKHHEIX
KPHTHYECKHX TOYEK HHOH NPHPOAH, YeM y YpaBHeHHs, pal3obpal-
HOTO B NpeJBIAyllleM NpHMepe; Ha 3TOM OCHOBAaHO J0Ka3aTeJbCTBO
teopeMbt [lenneBe (P. Painlevé).

1.3. Ypasuenuss Pukkarn. OcraBlasics uacts naparpada no-
CBsIllleHa MCCJENOBAHHIO YPaBHEHH{I 6Ge3 NOABHKHBIX KPUTHUECKHX
Touek (cM. [1], [22] u ykasanHyI0O TaM JHTEpaTypy).

Teopema ([22]). YpaBuenune (2) He nuMeeT NOABUKHBIX KPHUTH-
YeCKHX TOYEK, €CJIH H TOJLKO €CJH 3TO ypashexnue Pukkaru:

‘2'—‘:=a0 (2) w?+a,(2)w+a,(2).

€ [leficTBHTEJIbHO, €CAH ypaBHeHHe (2) He HMeeT KPHTHUECKHX
TOYEK, TO COOTBETCTBYIOLlee IIOJI€ HANpaB/JCHHH AHAJIHTHUECKH
npojoskaercs Ha npoussenenne CXCP!, z6C, w€CP!, u Tpanc-
BepcasbHo KaxkiaoMmy ciaow {2z} X CP!, kpome, MoXKeT GHITb, KOHEY-
Horo MHoxecTBa caoeB. [logunMem nose d/0z Ao BEKTOPHOro HOJS
U, mopoxjaloliero Hallle Ioje HanpaBJeBHl; TfIPOEKTHPYS ¥ Ha
cron {2X CP'} BROoMb OCH 2, NOJYYUM CeMeHCTBO TOJOMOPQHHIX.
BEKTODHHIX MOJIeH Ha NPOEKTHBHOM npsimoil. Ho Takue noas 3ana-
I0TCA NOJIHHOMAMH BTOPOH cTenend. P
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1.4. YpaBHeHHsI, He pa3pellieHHble OTHOCHTEJbHO NPOM3BORHOH.
®yke (L. Fuchs) nHawen yciaoBus Ha anre6pandyeckoe ypaBHeHHE
(3), Heo6XOAHMBle H AOCTaTOYHBIE A TOTO, YTOOHR OHO HE HMEJIO
MOABHIKHBIX KDHTHUECKHX TOYEK. :

Iycre ¢ynxuus F onpenenena B obaactu QX C?, 2€Q, (w,p)é€
€C2. Tlopepxnocts E ypaBHenusi F =0 monosausiercss «GeCKOHEYHO
yAaJeHHEMH TOYKaMH» 10 3aMkHyToji noBepxHoctH E B- QX CP2
ToukH, B KOTODHIX OTOOpaiKeHHe CKJalZblBaHHsd, MpOeKTHpYOllee
noBepxHocts E Ha IJIOCKOCThL (2, @) BAOJL OCH p, He SABJAeTCH
JOKaJIbHHM AH(pdeoMopdH3MOM, Ha3bBaATCA, KaK H B § 7 raasu 1,
oco6bIMU AJAs ypaBHeHHs (3). YcaoBusi PyKca — ABHO BbLIMHCaH-
Hple OTPaHHYEHHS Ha TOBeleHHe IIOBEPXHOCTH YPaBHEHHs BOJIH3R
6eCKOHEUHO Y[ aNeHHHX H 0cOGBIX ToueK. IToJMHBIA CTHCOK 3THX ycJI0-
BHII comepxHuTcs B Kuure [1]; B [22] oxmo ycioBHe mpomyLieHo.
Anre6panyeckre ypaBHeHusi (3) 6e3 MOABHXKHBIX KDHTHUECKUX TO-
YeK CBOAATCA K YPaBHEHHSM PHKKATH HJIH $BHO HHTETPHPYIOTCH
[22], [100]. ChopmynupyeM B 3aKJOYeHHe CJELYIOUIYIO TEOpPeMY
MaunbpmkBucTa (S. Malmquist).

Teopema. Ilycts F — nOAHHOM OT Tpex NepeMeHHLIX. Toraa
ypaBHeHHe (3), HMelollee x0T OB 0AHO MepOMOp(HOE, HO He pa-
IIHOHAJNbHOe, DelleHHe, He HMeeT NOABHXHBIX KPHTHYECKHX TOUYEK.

Ha si3uike auddepenunanbroii anreSpsl Teopust ajre6panyeckKux
vpaBHeHHl (3) 6e3 NOABHIKHBIX KDPHTHYECKMX TOUEK, H3JIOXKeHa B
{100]. HoxkasareabctBo Teopembl ManbMkeucTal u ee 0606uieHuit
MOXKHO HaHTH B [26], rae npuBeaeH OGIUHPHBIH CIHCOK JHTEPATYPHI.

1.5. YpaBHenns Ilennese, Ilennese (P. Painlevé) u TamGoe
(B. Gambier) knaccuduuyuboBanu ypaBHeHHS

w”=R(z, 0, '),

He HMelollHe MOJABHXHBIX KPHTHYECKHX TOYEK, NPH YCJIOBHH, 4TO
yskuus R pauuoHaipHa Mo @ H @' ¢ KO3(ULUHEHTaMH, Mepo-
MOPOHBIMH 10 Z U ONpelleJeHHBIMH B HEKOTODOH o6JacTd § miaoc-
KOCTH 2. YpaBHeHMsi, 06/ajaionde 3THM CBOHCTBOM, 4acTO HAa3hl-
B2IOTCS YPaBHEHHAMH KJjacca P. '

Onpenenenne. PaccmMoTpum ABa ypaBHeHHs Kaacca P.
Ilycrs npaBas wacTh OfHOro OmpenesteHa npu z€Q,, a APYroro —
npu z€Q, CkaxeM, 4To NepBoe ypaBHEHHe MHIYUHPOBAHO H3 BTO-
poro, ecJu CyllecTByeT rojomopdHoe orobpaxkenue H: QX CP'—
—Q, CP!, nepeBossiulee cjoH z=const Apyr B Apyra, ApOoGHO-JH-
HeltHOoe Ha KaxaoM cioe {z} X CP! u mepeBoisiliee nepBoe ypaBHe-
HHe BO BTOpOe.

INennese u Iam6be Hamy Tako#i cnucok M3 50 ypaBHewuil,
UTO KaXKJoe H3 ypaBHEHHH KJacca P Moxer ObTh HHIYUHPOBAHO
H3 OJIHOTO H3 ypaBHeHHH 3TOro cnucka [1], [22]. U3 sTux nstulecs-
TH YpaBHEHHH 44 HHTErPHPYIOTCA B KBaAPAaTypax HJIM NPHBOAATCA

) Tlo-BHAHMOMY, nepBoe, CBOGOLHOE OT NPOGENOB.
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K anre6pauyeckuM ypaBHeHHsM BuAa (3). OcranbHHeE LIECTH HA3H-
BaloTCs ypasHenuamu Ilennese, NepeducJHM HX

I. w"=6w?42; Il @"=2w3+zw-+ta;
Il @"=w"w!+4e’ (aw?+b)+e¥ (cw?+dw™), |b]|+]|d|+0;
V. @" = % w'w! —i—,E w? +4zw? 42 (z?-—a) w +pwl;

Vo' =" [t g )——-—+ (aw+ LANE
+y +6"“"”’+ L
" r2 S 1 1 1 .
VL @'=" (G + g +a=r )~ (3 He=r tams) T
< 1) (ws) 1 g 2(z=1)
+ 2D [atp 24y 0 T )

Bce pewenHs mepBhIX yeTHIpex ypaBHemm [TenneBe — Mepo-
MopdHbie QyHKUHH. PelieHHs NATOMO ypaBHEHHS HMEIOT JJOrapHpMH-
YeCKHe TOUKH BeTBJeHHsi z=0 u 2=o00, a wecrtoro: 2=0, z=1, 2=
=oco. HenaBHo 0GHapyXeHa CBA3b MeX/ly HHTErPHPYEMEIMH ypaBHe-
HUSIMH MaTeMaTHueckoil (QH3MKM M ypaBHeHHsiMH Kiacca P. Tak, ec-
JH GYHKIUS @ — pellleHHe BTOPOro ypaBHeHHs [leHsese, TO QyHK-
135824

u(z, t)=t"3(w'(2) +w?(z))
siBIsieTcsi pelleHHem ypaBHeHHsi KopteBera-me ®pusa. [Togpobree
06 HccnenoBaHUM ypaBHeHHit [TeHneBe M HX NMpHIOXeHHsX cM. [23].

§ 2. JlokanbHasi TeOPHUS JHHEHHBIX ypaBHEHHH
C KOMIJIEKCHbIM BpeMeHeM

Ator nmaparpad nocBslleH TeOPHH GoOpMaNbHBIX M aHAJTHTHYe-
CKHX HOpMaJbHHIX (OpM JIMHEHHBIX ypaBHeHHH H cHcTeM. Koaddu-
UHEHTH ypaBHEHUH — POCTKH B HyJe MepoMOpdHHIX PyHKUHH ¢ IO-
JiuocoM B Touke 0. Touka 0 B 3TOM ciyuae HasmiBaeTcs 0cOOOH.

2.1. PeryasipHbie M HpperyaspHbie 0co6bie TOUKH.

Onpenenenune. Ocobas toyka 0 cHcTeMHl

2=A(t)z, z6C, (4)
Ha3HBaeTCHA PeeYyAAPHOL, eCIH BCe PelleHHsS CHCTEMBI B KaXKJOM CeK-
TOpe MJIOCKOCTH ¢ ¢ BepwiHOH O pacTyr He GbiCTpee HEKOTOPOMH
(orpHuuarenbHOH) CTeneHH MOAYJs f, Koraga ¢ CTPEMHTCH K HYJIO,
ocTaBasick BHYTPH ceKTopa! (moxasaTeib B 3TOH OlleHKe — OBLIHH
AJIsT BCEX CEKTOPOB M Bcex pemteHuit). Oco6asi Toyka, He SBJSIOLLA-

) He uMeeT CMHCJTAa TOBODHTb O CKOPOCTH pOCTa MHOrOo3HauHoO# QYHKIHH
TIPH CTPEMJIEHHH apryMeHTa K JIOTapHQMHYecKol TOYKe BETBJIEHH:H, He OrpaHHYH-
Bas OYHKUHIO Ha CeKTop: OYHKuMs Int pacrer kak [f|~! npm crpemJenun ¢
K HYJ/IO BXOJb CleUHaNbHO BHGDAHHOHR CIHpaJIH.
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sics peryJsipHOH, HasmiBaeTcs uppeeyrapHoii. AuanoruyHo ompe-
HensieTcsl PeryJasapHOCTb M HpperyJspHocTs oco6oii Toukn O ans
YPaBHEHHS

x® fa (f) x*=D4 ... +a,(t) x=0. ()

Npumepn. 1. Ilpu n=1 peryaspuocts 0co6oil Toykx O CHCTe-
Mul (4) paBHOCHJIBHA NPOCTOTE NOJI0ca A B HyJE.

2. Ocobas rtouka 0 cucremsl z= (A/f)z, rne A — nocTosiHHAA
MaTpHUa, peryaspHa. Pocrok ¢yHnaMeHTaNbHOH MaTpHUsl pelleHH
uMeer BUA X (!) ={4; mo ompenenenuio, t4=e*ln*, OT™MerHM, 4TO aHa-
JIHTHYECKOE NPOLOJIKEHHe 3TOTO POCTKAa HMeeT, BooOlie roBOps, JO-
rapudMHyecKoe BeTB/eHHe B Touke 0.

3. Ilycrp L — MHOroysneH ¢ KOMILIEKCHBIMH Kosq)qmuneHTaMn
YpapHeHHe

d-
L (t dt)x =0
Ha3biBaeTCA ypasgneruem Jiaepa. Iiyctb My, ..., A, —KOPHH MHO-
royneHa L XpaTHOCTH &y, ...,R, COOTBeTCTBEHHO. Torja Q)ymla-
MEHTAaJbHasI CHCTEMa pememm ypaBHeHym ditrepa uMeeT BHA th
tMint, ...t (ne)*7, ..., t*m(In£)*»~". Ouesugno, ocoas Touxa

0 3toro ypasuem«m peryJaspHa.
3ameyaHnue. YpaBHeHHe Jjilepa npesBpallaeTcsi B ypaBHeHHE

d
€ NOCTOSAHHBIMM KO3dduuneHTaMy BHIA L( )x =0 ¢ nomouso

3aMeHsl f=e".

Onpenenenne. Ecau matpuunas ¢yHkuus A B cucreme (4)
HMeeT NPOCTOl MOJIC B HyJe, TO ocobast Touka 0 cuctembl (4) Ha-
3bIBaeTcs hyxcosol.

Teopema 1. dykcoBa ocobasi Touka cCHCTeMH! (4) peryasipHa.

3ameuanue O6paTHOe, OYEeBH[HO, HeBepHO. JleHACTBHTENbHO,
ocobas Touka 0 ypaBHenus Jiinepa mopsaka n peryaspua. [Ipespa-

‘MIM 3TO ypaBHeHue B cucteMy (1) ¢ moMmompio 3ameHsl 2= (X, X, ...
.., X* 1) Oco6ast TOUKa NMOJNYUYEHHOH CHCTEMH GYAET PeryJsipHoOil,
a MaTpHLA 3TOI CHCTeMbI HMeeT, BOOGILe rOBOpS, IIOJNIOC B HyJle NO-
PAIKa n.

Teopema 2. Ocobas Touka 0 ypaBHeHHs (5) (KO3(pdHUHEHTH
KOTOPOr'O — POCTKH MepoMop¢hHBIX (yHKUMH B HyJe) peryJspHa,
€CJIH U TOJBKO ecJH Bce QYHKUMH 1’a; rosioMOpbHEI B HyJIe.

Tpe6oBanue rosoMopdHocTH B HyJe GYyHKUH #'a; Ha3HBaeTcd
ycarosuem Dyxca.

{, d d \"-!
3amMeuvanue. 3aMeHa z—{x (t a—t-}x .. (t 717) x) npe-
BpauaeT ypaBHeHue (5), yuoa.neraopmomee B touke O ycaoBuio
®dykca, B cucreMy (4) C DPOCTHIM NMOMIOCOM B HyJe. ITO IOKa3bl-
BaeT, uyTO Inf—ecrecTBeHHOE BpeMs [J/Isi ypaBHEHHH C pEryJspHOH
0coboit TOuKoii.
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2.2. ®dopmanbHas, roromopdHas u MepoMopduas IKBHBAJEHT-
HocTh, Bclofy HHXKe uepes m oGo3Hadaercs npoektHpoBanue CX
X C"—C BROJIb BTOPOTO COMHOXKUTEJS.

Onpenenenune) Jisa ypaBHeHus (4) Ha3bIBAIOTCA 2010~
MOPPHO (MEPOMOPPHO) IKBUBAAEHTHBIMU, €CAH CYUIECTBYeT TroJo-
MmopdHoe (MepoMopdHoe ¢ moaocoM B Touke 0) orobpaxenne BX
K C" B cebs, TuHEHOE 1O 2, COXpaHsIllee BpeMs [ H INepeBOAs-
lee OQHO YpaBHeHHe B Apyroe. 31ecb B — OKPeCTHOCTb HYJS WIH
TIIPOKOJIOTAsi OKPECTHOCTb HYJsi COOTBETCTBEHHO. IIpYrHMH CJIOBaMH,
cylmecTsyer rosomopoHoe (mepomopdHoe) orobpaxenue H : B—
—GL (n, C), HaswBaeMOe CONMpsiraloLIHM H TakKoe, 4YTO 3aMeHa
(4, 2)— (t, H(t)2z) nepeBOLMT ONHO ypaBHEHHe B IpYroe.

IBe cuctems 2=A(f)z u w=B(f)w conpsKeHn 0TOGPaXKeHH-

eM H, ecnid u TOoAbKO ecau B=f{H-'\+HAH1.

Onpenenenne. Ecau npeapiiylllee COOTHOLIEHHE BBHINOJHE-
HO, KaK paBeHCTBO (opMaJbHEX psiioB W H — (QopMaibHBIN DAL
Teitnopa (Jlopana) no ¢ ¢ koapduunentamu u3 GL (7, C), To cH-
CTeMBbl Ha3BIBAIOTCS GopmasvHo O-3K8UBANEHTHOIMU UAL HOPMAND-
HO F -axkeusarenTHbiMu (O — KOJNBLO POCTKOB roloMepdHBIX QyHK-
uuit B Hysne, & — ero nose wacTtHex). MHorna sMmecto «dopmasns-
HOH O-' uian & -5KBHBAJIEHTHOCTH» OyJdeM TOBODHTb «(OpPMAIbHO
2010MOPPHAAY U «POPMAALHO MEPOMOPPHAA> 3KBUBANEHTHOCTD.

Teopema ([37]). U3 dopmanbnoit O- uian F -5KBHBaAJIEHTHO-
CTH POCTKOB CHCTEM C PeryJ/sipHOH 0CO6OH TOUKOH ClefyeT HX TroJO-
MopdHas (COOTBETCTBEHHO, MepOMOp(Has) 3KBHBAJEHTHOCTb, NpH-
yeM CONpSAralomui GopMaibHbIl PAA CXOLUTCS.

Ias cucteM ¢ UPPEryJsipHOi 0COGOH TOYKOH 3TO  HEBEpHO.

2.3. Monoapomus. Ilyctb fp%=0 — npousBosbHas TOYKa, B KO-
TOopoii onpeneneHa matpuua A cucremn (4). Ilpu aHanTHTHUECKOM
NPOLOJIXKEHHH Had neTrJell ¢ HayaJOM H KOHUOM f;, o6xoxasmiel
TouKy 0 OAMH pa3 B NOJOXKHTEJNbHOM HampaBJeHHH, NPOCTPAHCTBO
DOCTKOB B TOUKe {, pelleHHil cHcTeMbl (4) mnepexoJuT B cebs.
SToT aBTOMOpPGH3M JHHEeH, He 3aBHCHT OT Bb6Opa mnetsH, obia-
Jaoulell - ONMCAHEBIMH CBOHCTB2MH, H Ha3blBaeTcs npeobpasosaHu-
em morodpomuu. Hanpumep, ans cucremn 2= (A/t)z npecGpaso-
BaHHe MOHOJADOMHH paBHO exp(2miAd).

OnHO TOMBLKO NOHSITHE MOHOAPOMHH IO3BOJISIET OMHCATh pelle-
HHS cucteMul (4) c peryasipHoi 0co6oit TOUKOH.

Teopema. Cucrema (4) c peryasipHoll 0co6oii TOUKOH Mepo-

MopdHOo 3KBHBasenTHa chcTeMe 2= (C/t)z, rne 2niC — npoussonb-
HOoe 3HayeHHe Jorapupma Inpeo6pasoBaHHS MOHOLPOMHHM  CHCTe-
MBl (4).

- 4 Ilyctb Touka fp-—Ta Xe, yTo H BHile, X — PocTox GyHIa-
MeHTaJbHOH MaTpPHUL PelleHHH cucteMu (4) B TouKe fy. PaccMot-

D OnpenensieMule HHXE CONPATAOUIHE OTOGPAMXKEHHST — 3TO ABTOMOP(HIME:
TPHBHANLHOrO BEKTODHOI'O DAacCAOCHHA € ONHOMepHOH - 6a30# B (OKpecTHOCThbIG-
HYJs HJH NPOKOJIOTOH OKPECTHOCTHIO HyJs) M cyoem C»,
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PHM aHaJHTHYECKOe MNpofoskeHHe poctka H=X{-¢ na mnpokoso-
TYI0 OKPeCTHOCTh HyJs. OHO OZHO3HAYHO, MOCKOJBKY NPH IPOAOJI-
JKEHHH Haj nerned, o6xomsuieii 0, poctkn X H € yMHOXalorcs
crpaBa Ha OJHY H Ty e MaTpPHUy npeo6pa3oBaHHs MOHOAPOMHH
T=exp(2aiC). IIpoponxenue poctka H mepoMopdHO B HyJse B CH-
Jiy peryJsipHocTH ocoGoii Toukn 0. Hakower, ¢ — dyHnaMeHTalb-
Has MaTpHla pellenHuii cuctems 2= (C/t)z.p>

JBe mocsielHHe TeopeMbl MO3BOJSIOT HCKATh PEHIeHus JIHHEHHHX
muddepeHInaJbHEIX YPaBHEHHH M CHCTEM B OKDECTHOCTH peryJsp-
HOH 0c000fi TOYKH B BHIe (OpPMasbHBIX PSAOB IO CTelneHAM ! H
In, He 3a60Ts¢b 06 ux cxoaumocTH ([37].

Jns ypasHeHu#t (5) orbickaHHe (OPMaNbHBIX pelIeHHH Hauu-
Haercss C pellleHUs Oonpejesiollero ypaBHeHHS. A HMeHHO,
ypaBHeHHe (5) ¢ peryJsipHo#i ocofoit To4KOoi 0 MOXKHO 3amHcaTthb
B BHIE

(—-)x+b (t)( } Tk b, (8) x=0,

rae b;—ronomoppubie Gyukuud. Onpedeastowee Yypasnenue
B 3TOM CJayuyae uMeeT BHI

A, (O A L. 45, (0)=0
Ecan xophu A; 3TOro ypaBHEHHs MNONAPHO PA3JMYHBI, TO ypaBHe-
Hue (O) uveer cpyHlIameHTaJmuyxo CUCTeMYy pewenuit @; (£) £, rae
9, —ronomopdusie pynkumd, ¢ (0)£0 (cm., manpumep, [e?]).
2.4, dopmanbHas TeOpUs JMHEHHBIX CHCTeM C (PYKCOBOH 0COGOM
TOuko#. [sisi popmasibHO# KIacCHPHKAUMH JIHHEMHBIX CHCTEM IO-

yIe3HO MpHBJeub OOI[HE METOAbl TEOPHU HOpMaabHBIX (opm [lyan-
kape (ra. 3). PaccMOTpuM HeaBTOHOMHYIO CHCTEMY

tre=A(t)z; A(0) =0, (6)
omepaTopHo3HauHas Qynkuus A ronomopdua B Hyne. PaceMoTpHM

COOTBETCTBYIOUIYI0O ABTOHOMHYIO CHCTEMY, B KOTOPOH ILITPHX O3Ha-
yaer d/dt (v — HOBOe BpeMs):
2’=A(t)z, V=t

dasoBble KPHBHIE HOBOH CHCTEMH BHe ILIOCKOCTH f=0 coBmaja-
IOT ¢ HHTerpaJbHBIMH KpHBBIMH cTapo#l, Teopema Ilyankape—]lio-
naka (m 3.2, ra. 3) nosBossieT HaiiTH GOPMaJbHYIO HOPMaNH3YIO-
LIy 3aMeHy, CONPATalollyl0 aBTOHOMHYIO CHCTeMy ¢ ee (opMalb-
HOW HOpMaJbHOH (OpPMOI, HeNHHeHHAss 4YaCTh KOTOPOH COJEPXKHT
TOJLKO pe30OHaHCHble YJeHH. JlJs cHcTeM, JIHHEHHBIX Mo 2, 3Ta
rTeopeMa Moxer OHITb YCHJeHa: HODMaJbHas ¢Gopma H HOPMaJjH-
3yomas 3aMeHa JHHeHHH Mo 2, NpHYeM HOpMaJH3ylollas 3aMeHa
coxpaHsieT BpeMsd .

Onpexenenne. HaGop (A, ..., An) €C" — pesonaHCcHbLL
Oz cuctemol (6) ¢ ¢yxcosol ocoboi Touxol, ecau Pa3HOCTL Ka-
KHX-JIH00 IABYX YHCcesJ Habopa — HaTypaJibHOe HHCJO.
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Teopema. Cuctema tz=A (f)z ¢ dyxcoBoit 0co6oit TOUKOMN
M Hepe3OHaHCHHIM cmektpom onepatopa A (0)=A, dopmaisHo
O-3KBUBAJICHTH4, @ 3HAYHT, H roJoMopdHO 3KBHBA/JCHTHA, CTaHAapT-
HOft: tz=—Az.

Cnencrtsue. B ycaoBusx npeiwiayiuieit Teopemsl (QyHAaMeH-
TalbHass MATpulla pelleHuil cuctembl uMeeT BHA @ (f) t*, rme @:
B—GL (n, C)—rosoMoppHast onepaTopHO3HauHasa ¢ynkuus, B—
HEKOTOpAast OKPeCTHOCTb HYJIA.

Jloka3areabCcTBO TeopeMul. [IycTe (A, ..., A,)—cexTp
onepatopa A== A (0) u ocobast Touka—(ykcoBa, To ecTb B ¢op-
myae (6) r=1. Jlurejinas yacTb COOTBeTCTBYIOLlE!l aBTOHOMHEOMN
CHCTEMBl MMeeT Torfga CoOCTBEHHbie 3HAUEHHSI Aq, ..., A, 1. OnpHo-

0
4jieH szi Frn ABJSIETCA DE3OHAHCHBIM YJE€HOM, €CJIH M TOJNbLKO eC/IH
/

;=MA; +k. llpeAviayinas TeopeMa clefiyeT Telepb H3 yCHICHHOR
tTeopemsl [Iyankape — lionaxa. b

B pesonancsmom ciayuae BhipaxKeHHe A (QYHAaMEHTaJAbHOR
MaTPHIB pelleHHH CJOXHee, Ho (hOpMajbHas HOPDMaJbHas ¢opMa
JIHHEHHOU CHCTEMBI ¢ DPeryJsipHoii oco6o#f TOUKOH BCerja HHTErpH-
pyercsa. Ha stom ocnoBar Meron Ppobenuyca, nmo3BOJSIOMHHA HH-
TerpPHPOBaTh ypaBHeHHe (D) ¢ peryJasapHoii 0coGoii TOYKOH ¢ MmO~
MOublo PAfOB [37], He3aBHCHMO OT HaJHYHsi PE30HAHCOB.

2.5, ®opmaapHas TeopHs JHHEHHBIX CHCTeM ¢ HedYKCOBo# 0CO-
604 TOUKOH.

Onpenenenue, Habop (M, ..., An) — pE30HAHCHbLL OAs CUC-
Tembr (6) ¢ Hegykcosol ocoboil Toukod (r>>1), eCaH Kakue-HU-
6yab OBa yHMcsaa Habopa paBHbl, H HePE3OHAHCHBIA B MPOTHBHOM
cayyae. COOTBETCTBEHHO, cHcTeMa (6) HasbBaeTCst pe30HAHCHOH MK
Hepe30HaHCHOH.

Teopema, ITycts B cucreMe (6) r>>1 u cHeKTp MaTpHIH
A(0) nepesonances. Torfa 37a cucreMa GopManbHO (-5KBHBAJIEHT-
Ha CHCTeMe

tro=B(t)w, B(1) =diag(bs(1), ..., ba (1)),

3necb mMatpuua B(f) — nuarosHajbHa C NOJHHOMaMHu b,(f) creneHu
He Bbllle r—1 Ha quaroHaJIH.

3ameuanune. [locaeanss cHcrema HasbiBaeTcss (GOpMabHOM
HOpMaJibHOH (opMoii cHcTeMbl (6) HJIH HOPDMAaJH30BAHHOH CHCTe-
MO#; OHa pacnajaeTcss Ha ONHOMEPHBIe M HHTErpPHPyercs; NycTb
f B(t)t7"=D(t"')4Clnf, rae C — nocrosiHEas J[AHArOHAJbHAS
matpuua, a D — puaroHa/ibHast MaTpHlla ¢ NOJHHOMaMu oT ¢! Ha
JHaroHa/y CTeleHH He Bbille r—1.

CnencrBue. PyHndMeHTalbHas MaTpHIA (OPMa/bHEX pe-
P
weHui cucreMel (6) umeer Bum X (&) =H (¢)t°expD({-!), rae H—
$opMasbHbIi OnepaTopHO3HauHbli psig Teisopa [19], [37].
[TpuBenem HaGpOCOK KPaTKOrO LOKa3aTe/bCTBA.
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« 3ameHuM cHcTeMmy (6) aBTOHOMHON

dz dt
—_— —_——f7
=4z, o=t
Iyers Ay, ..., Az—cnexktp MaTpuunl A (0). Jlunefinas uacTb pac-
CMAaTpHBAE€MOt ABTOHOMHOM CHCTEMBI HMEET CIEKTP A, ..., A, 0.

IlpumeruM x 3TOfl cucteme Teopemy Ilyaukape — Jlwonaka, Moaudu-
a

IMPOBAHHYI0 KaK B mnpejsaymieM nyHkre. OpHoused szzg;;

SBIACTCA PE30HAHCHBIM YJEHOM, €C/JH M TOMbKO ecan A;=A; Ciae-

0BATE/bHO, CylleCTByeT dopMaibHas 3amena (¢, 2)— (£, H () 2),
JKOTOpasi IPUBOAUT PACCMATPHBAEMYIO aBTOHOMHYIO CHCTEMY K BHAY

dw * dt -
—E=B(t)'w, —E=t s

rae B— JuaronanbHas MaTpuua C ¢opmanbhbiMu  pafamu  Tefnopa
Ha AuaroHam. Iomoxu: B (f)=B(t)+-¢'B, (t). Toraa dynzamen-
TaJbHAasi MaTpHIld PpELIeHHA CHUCTEMbl tw—=B (f)w mnpuver BUA
W=e"tCexpD(t!), rne C u D Te xe, uto M Bbume, B,=B,.

3amena (¢,2)s(¢,H 2), H=e " H sasaserca uckomoii. P
AHaJOTHYHBIA pe3y.bTaT AJfd DPE30HAHCHBIX CHCTEM HAeT

Teopewma ([73]). Pesonancuan auneiinasa cucrema (6) ¢ Hedyk-
COBO# 0c060¥ TOYKOH GOopManbHO MepOMOP(HO SKBUBANICHTHA CHCTEME

t'w=B(#)w, B(t)=Di+ ... +D- t"2+Ct"™" (7)

rae r<r, oneparopsl D; u C nonapHo KOMMYTHDYIOT K ONlepaTOph
D; AnaroHa/M3upyembl.

PopmMaapbHO MepoMOp(dHBIE 3aMeHbl AAIOT B PE3OHAHCHOM CJY-
yae 6OJbLIHe YyNpollenHus, yem GopmasbHo rojoMopduse, 1o CBsI-
3aHO ¢ TeM, 4TO NpH (PopmManbHO ToJOMOP(HBIX 3aMeHax NOPSAIOK
HOJII0Ca NMPaBOH YacTH CHCTeMBl (4) He MOXKeT M3MEHHTHCH, a NpPH
¢opmanbro MepoMopdHEIX — MOXKeT (cM. mpuMep m. 2.1 ¢ ypasHe-
HHeM Diinepa).

2.6. AcumnroTnHyeckue paan u aBjeHue Croxca, Hopmasusyro-
IiHe 3aMEHbl, ONHCaHHble B NpPEABIAYyLIeM pa3fene, 3ayacTyio pac-
xoasarcs, Hanpumep, psix Zkltk asasercs GOpMasbHBIM pelleHHEM
ypaBHeunst 2x+ (3t—1)x+x=0 [37]. Onpuako ¢opmaibuble 3a-
MEHbl NMO3BOJSAIOT HAalTH TaK HA3biBaeMble aCHMOTOTHUECKHE PSIIBI,
NPHOJIHKAKLIME HCTHHHBIE PelleHHS B AOCTaTOYHO Y3KHX CEKTOpax
¢ BepuuHOH 0.

Onpenenenne. Ilycts f-— rosomopdpHas ¢yukuHs B Cek-
Ttope S ¢ BepwnHOH 0. Pa0d IZf,f* HaswiBaeTCq ACUMNTOTUHECKUM
g 3ToH QYHKIHH, ecjd OpH J06oM R k- uacTHas CyMMa 3TOro
psiia orauyaercs ot f Ha o(#*) npu =0 B S.

Teopema, B ycnoBusx teopeM m. 2.5 KaxAbli Jyd4 ¢ BepIlH-
HOo# 0 MOXKHO 3aKJIOUHThb B CeKTOp S Takoif, yto cHcTeMa (6) B
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apoussefeHuy SXC" aHaAHTHYECKH SKBHBaJeHTHa cBoe#t dop-
MaJibHOIl HOopMaJbHOH ¢opme (7). DBoJee Toro, cyuiecrByer roso-
Moppuoe otobpaxenue H: S—GL(n, C), conpsiraolnee ypaBHeHHe

S

€ ero HopMaJbHOH dopmoit u Taxoe, 4TO H — acuMnroTHYecKH ps

N\
ansa H B cekrope S; 3necy H — ¢opManbHas 3aMeHa M3 TeOpeM
nyHkra 2.5. ‘

D1y TeopeMy MOXKHO YCHJIHTD.

Onpenenenue, Jywom pa3dean, COOTBeTCTBYIOUIHM mape
(As, A;), HaswiBaeTcs JI0GOH Jayu ¢ BepmHHOH 0, Ha KOTOpOM
Re(Mi—2;) t—7=0.

Ho6asaenue. B npeabiaynieli Teopeme B KayecTBe S MOX-
HO B3sITb JI0OOH 3aMKHYTHI{I CeKTOp C BepIlHHOH 0, yiOBIETBOpSIIO-
KA chefyloueMy TpeGoBaHHIO: HU AJs KakoH napel (A, Aj) CEKTOp
S He CONEPKHT ABYX Jydeli pasfena, COOTBETCTBYIOUIMX 3TOH mape.
% Omumem Teneps fgsenue Cmokca 1 cucteM ¢ HedykcoBoH
ocoboit Touxkoft 0. PaccMoTpuM ABa nepecexaloUIUXCs CexTopa S; H
S, C BepiMHOH B HyJe, YIOBJIETBOPAIIHX NpeAnAyiieMy TpeGo-
BaHHIO, 00beJUHEHHE KOTOpLIX 3TOMY TpeOOBAaHHIO HEe Y/J0BJAETBO-
pser. Ilycte Hs, u Hg, —HOpMaiu3ylomue oTOOpaXKeHH (KaK M
BLILIE, COXpaHsomue t), COOTBETCTBYIOILHE CeKTOo-
pam S, u Sy; S=8,NS,. yuxuus nepexoa Hs=FHgoHs Toxe
coxpaHsier f W HNEePEeBOAUT HOPMAaJIH30BaHHYIO CHCTEMY
B cebsa. O6osnaunM yepes Lg NPOCTPAHCTBO peELIEHHA HOPMAJ/U30-
BAHHOH CHCTEMBl, OmpeleneHHnX B cekTope S. Otobpaxenue Mg
3ajaer JMHEMHHIA aBTOMOp(H3M IpocTpanctsa Ls B cebd, KOTODHIH
HasuBaerca onepamopoxm Cmorca n obo3uayaerca Cs. .

OTmernM, uTO oToOpaxeHne f{s UMEeT TPUBHAALHOE ACHMIITOTH-
YecKoe pasjOoXKeHHe, MOCKONbKY ACHMITOTHUECKHE pPA3JIOXKEeHHs JJs
Hs, u Hs, coBnapaor: Hs~E, T0 ectb Hg=FE o0 (tV) npu
¢—0 B S aaa moboro HaTypaasHoro N.

2.7. AHanuTHYeCKass KJAaCCU(PUKAUHUA HEPE30HAHCHBIX CHCTEM B
OKPECTHOCTH HpperyJsipHoil ocoGoii Touku, Paccmorpum Kiaacce He-
pe3oHaHCHHIX cHucTeM (6) ¢ HedyKcoBoii ocoboit Touko#t. Ilycrs
matpuua A(0) nmaroHasbHa (B HEPe30OHAHCHOM CJyyae 3TOrO MOXK-
HO n06MTbCA JIMHeHHOH 3aMeHOH nepeMeHHBIX). B arom pasgene
paccMaTpHBAeTCsl «CHJAbHAs TroJoMOp(HAsi 3KBHBAJEHTHOCTb» Ta-
KHX cucTeM: TpebyeTcs, 4ToObl COIpsraiollas 3aMeHa OTJIHYaJiach
or ToxaecrBeHHo# Ha O(f) npu t—0: H=E4O(t). B paccmarpu-
BaeMoM Kaacce cucreM omepatopel CTOKca SIBASIIOTCS HHBapHaHTa-
MH CHJIbHOH rosioMopdHO# KiaaccHpukanun. OnuuieM, Kakue omepa-
TOPEI MOTYT BO3HHKHYTh Kak omepatopu CTOKca. 1o OmHcaHHe
obJjieryaercs TeM, YTO HOPMANH30BaHHAsi CHCTeéMa HHTErpHpyercs
ABHO; (UKCHDYeM ee.

Kaxnomy cektopy S=S5,01 S,, S, uS,—te ke, uro B . 2.6, cooTeT-
ctByer onepatop Ctokca Cs u_ orobpaxenne Hs:S—GL (n, C),
H~E. Basuc B npoctpanctse Ls 06pasyioT pelueHus Buia ¢ (f)=
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=a,;(¢t)0/0w;, rne a;=t"b;(¢)a; b;(0)=h~r; OrMernM, uTO
a;(f)=exp At (1/(1—r) 40 ()]

Otobpaxenne s u onepatop Croxca Cs CBA3AHH MEXAY
coboit caenywomum obpasom. Ilycts

CsPi=10;, W =Z 3%

Toraa Hg(t) 0/0w;=a;" (¢) ; ().

HNockonsky Hs ~ E, nonyuaem: ¢;;=1; ¢;;0=Re(h;—h)) '~
—~—oo npu £—>0 B S.

Onpenenenue, Onepatop C:Lg>Ls, YAOBICTBOPAIOIHI
NpeRBILYIIHM YCJAOBHAM, OyAeM HasbBaTh AONMYCTHMBIM JJfA CeK-
tTopa S u cucremsl (7).

Onpenenenue, IIycts kpyr ¢ mesTpoM 0 MOKPHT KOHEYHHIM
YHCJIOM CEKTOPOB S; ¢ BEPUIHHOH B IIEHTPe, HH OJHH H3 KOTOPHX HE
COLEPKHT ABYX Jyuel pasjesa, COOTBETCTBYIOIUKX OJHOH M TOW XKe
nape (Ap,Aq). IlycTp Kaxno#t ymopsimo4eHHOH 1mape CEKTOPOB
(Si, S;) ¢ HenycThiM nepeceyenuem Sy; conoctaien onepatop Cij,
JONYCTHMBIH /s 3TOrO CeKTopa S;; U HOPMaJIH30BAHHOH CHCTEMbI
(7), npudem C;;Cy=E, C;;CinCri=E. Torna nabop {C;;} HasbiBaer-
cs1 Habopom Crokca.

Teopema ([76], [108]). Kaxneit Ha6op Crokca Moxer GBITH
peasn3oBaH, Kak HaGop oneparopoB CTOKca [Jsi HEKOTOpOHR Hepe-
30HAHCHOH CHCTEMBl ¢ HpPeryJsipHoil ocoGoil Toukof, PopMaabHO
3KBHBAaJIEHTHO! 3aJaHHOH HOPMAJH30BaHHOH CHCTEME.

Teopema ([108]). Be dopmanbHo 3KBHBaJEHTHble HEpe3o-
HAaHCHhIE CHCTEMBI C HPPEryJasipHOH 0co00fi TOUKOH H C OJdHHAKO-
BoiM HaGopoM onepatopos CrTokca roJOMOP(QHO 3KBHBAJEHTHH B
OKPECTHOCTH 9TOH TOYKH.

AHasNorduHple TEOPEMB CNPAaBeJJIMBH H B PE30HAHCHOM clyuae,
HO OTHOCHTCH yxe K MepoMophuoli KiaccHbHKalHM, OpHYeM MO-
cTpoeHue u omHcaHue onmeparopoB CTOKCa NPOBOAHTCS He CTOJb
asHo. Ha a3bike xoromoJioruit Ha6op Crokca HHTEPNPETHPYETCH Kak
I-kouuka Tak HaswiBaemoro nmydka Crtokca (G. Stokes) Hax oKpyX-
HOoCcThIO (cM. [76]).

OTMeTHM B 3aKJIOUEHHE, YTO KOsApo AuddepeHuHanbHoro omne-
patopa t77d/dt—A(t), meHCTBYIOLIIEro H3 NPOCTPAHCTBA POCTKOB
mepoMop®dHBIX BeKTOpP-OYHKUHHA B Hysae B cebs, Bcerja KOHEUHO-
mepHo [76].

§ 3. Teopus auHeAHBIX YPAaBHEHHHA B LEJOM

Sror naparpad NOCBsIIleH TEOPHH JHHEHHBIX YPABHEHHA M CHC-
TEM ¢ PEryJspHbHMH OCOOHIMH Toukamu Ha CP! u ee NPHJIOKEHHUAM
K TeopHH abesieBBIX HHTErpasoB M KJeHHOBHIX IPyMIL.

3.1. ¥paBHenus u cucTemMb Kiaacca Pykca.

Onpenenenne Cucrema z2=A(t)z umeer pykcoBy o0cobyio
TOYKy (HNM Heoco6ylo TOYKY) Ha OGeCKOHEYHOCTH, €CJIH CHCTEMA,

24 07712 129



noJydeHHasi H3 Hee 3aMmeHOH T=1/{, HMeeT ‘pyKCOBYy 0COGYI0 TOUKY
(nH HeocOOYIO TOYKY) B HyJe. AHAJOIHYHO ONpelensieTcs yCJIOBHE
dykca Ha GECKOHEUHOCTH A5 ypaBHEHHs (5)

x® 4, (£) x=D 4 ... +a, (¢) x=0.

dkBUBaJNeHTHae onpepensenne Cucrema 2=A(f)z
uin ypaBHeHue (5) yAoBJeTBOpsier ycsioBHio Pykca Ha ‘GeckoHeu-
HOCTH, €CJIM MaTpHuHas (yHKRuus fA(f) (COOTBeTCTBEHHO, BEKTOD-
byukuns ta,(t), ..., t"a.(f)), roromoppHa Ha oo. :

3ameyanue Cucrema z=A(f)z umeer Ha cpepe Pumana
Jub QYKCOBH O0COOBle TOUKH, €Cii U TOJIbKO €CJH OHa HyleeT BHL

s A; . 8
7= Tt o : @®)
MaTpullel A, MOCTOAHHHL.

YpaBuenue (5) uveer Ha cdepe Pumana Jmib (QYKCOBEI 0COOLIE
TOUKH, €CJIM M TOMbKO ecan a;(t)=PF;(¢) Q77 (¢), rae Q(f)=
Il (t—ay, degP,<(m—1)j, deg Q=m.

Marpunn A; B cucreme (8) Ha3BBAWOTCA MaTpHUAMH-BHYETAMH.
YpaBHeHHST W CHCTEME], ONHCaHHble B 3TOH TEOpPEMe, HA3LIBAKOTCH

pyrcosvimu.
3.2, IlpopomxumocTs u MoHOapomus. Huxke yHHBepcaabHAR

P
HakpeiBawmas Hajl obaactbio Q o6GosHauaercs . Bo3aMoXHOCTB
IPOLOJIKHUTL POCTOK AHAJUTHYECKOH (PYHKUHMH B TOUKe p€Q Ha
YHHBEpCaJbHyl0 HaKphiBaomylo {2 03HayaeT, YyTo 3TOT POCTOK NpO-
JoJaxaercs Haj JK00H KpHBOH yC$2 ¢ HasaJoM p U pe3yabTar He
MEHsIeTCsi NpH HeNPephlBHOH AedopManyuu y B £, COXpaHsoUlel
HayaJI0 U KOHEl KpUBOH.

Teopema., Kaxnoe peuleHHe JHHEHHOro YpPaBHEHHs HJHM CHC-
TeMbl C MepOMOPGHBIMH KO3(QGHUHEHTaMH MoxXKeT OBITh INPOAOJI-
JKEHO Ha YHHBEPCAJbHYIO HaKDhIBAIOIYI0 Haj 00JacTbio rosoMopd-
HOCTH K03 (PHIHEHTOB.

Sra TeopeMma SIBJISIETCS] KOMIUIEKCHBIM aHAJIOTOM TEOpeMHl C
NPOJOMKEHHH DeLIeHHH JHHEHHBIX YPAaBHEHMH ¢ BelLeCTBEHHHIM
BpeMeHeM Ha BeChb MHTEPBaJ HENPePHBHOCTH KO3(QPHIHEHTOB.

Ilpu npoRO/KEeHHH peHIeHHH Haj NeTJaed, He NPOXOISIIEH ye-
pe3 moJiwca Ko3(p(ULHEHTOB, NPOCTPAHCTBO POCTKOB pEHIEHHH B
HayaJbHOH TOYKE MEeT/H NMEePeXOAHT B cebsi. DTOoT aBTOMOP(HHU3IM JH-
HeeH M HasbiBaeTcs hpeobpasosaruem monodpomuu. Ilocaenosa-
TeJbHOMY O0XOOy NeTeNb COOTBeTCTBYeT NMpOH3BeleHHe Npeobpaso-
BaHul MoHoApoMuH. Bo3Huxkaer romoMopdusM (yHIAMEHTaIbHOMH
rpynnel 06JacTd rovioMop@HOCTH  KO3((GHUHEHTOB B MOATPYNNY
rpynnel GL(n, C). 3toT romMoMopdHu3M Ha3bIBAETCS MOHOAPOMHEH
YDaBHEHHS HJH CHCTEMBl, OIEPaTOP, COOTBETCTBYIOUHH meTie v,
3aBHCHT TOJIBKO OT TOMOTONHYECKOro KJacca HetTd H o6o3Hayaercs
T,. O6pas roMoMopdpu3Ma HA3HBAIOT 2pynnot MOHOGPOMUL.
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3.3. Teopema Pumana—®Pyxkca. Pewenns ypaBHeHHH Kjacca
dyxca NPOAOAKAIOTCA Ha YHHBEDPCAJbHYI0O HAKDHBAIOWYK HAajA
KOMIUIEKCHOH OCbI0 f C BHIKOJIOTHIMH HOJIIOCaMH KO3(QQHLHEHTOB,
3a/a10T IPYIIy MOHOJAPOMHH H PeryJaspHH (pacTyr He GBHICTpee He-
KOTOPOH CTEIEeHH DPAacCTOsHHs A0 0cOO0HA TOYKH B JIOOOM CeKTope
¢ BepuiHHOK B 3TOH Touke), OKa3nBaeTcs, 3TH CBOACTBA NPHCYILH
TOJIBKO peHIeHHSIM ypaBHeHHH Kiaacca Dykca.

Teopema ([56]). ITycts pocrok rosomMopdHOil BekTOp-PyHK-
UHH ¢ TOJIOMOPQHO NPOAOJIXKAETCH HAa YHHBepCaJbHYI0O HaKphIBAlO-
iy Hag chepoi PuMaHa ¢ BHIKOJOTBIMH TOYKAMH G, ..., 0m, OO H
onpele/uTeqb  BPOHCKOro  mpoJOJIKeHHOM BEeKTOP-PyHKUHH
(obo3nagaeMOil TakKe @) HHIJe He obpaliaercs B Hy/ab. [lycTh
POCTOK ¢ 3ajaeT Ipylny MOHOADOMHH: TNPH IPOLOJIKEHHH Hal
KaXXJ0H neTJeH, npuHalJexawel Ipokoaorod cpepe Pumana, JH-
HeHHOe NPOCTPAHCTBO, NOPOXAEHHOE KOMIOHEHTAaMH DOCTKa, HCINH-
ThIBaeT JHHelHb aBTrOMOpGH3M. Ilycts 310 mpoAoskeHHe pery-
JSIPHO: KOrga f CTPEMHTCsl K BHIKOJIOTOH TOYKe ¢, OCTaBasiCb BHYT-
pPH HEKOTOPOrO CEeKTopa C BepUIMHON a, MOAyap ¢(f) pacrter He
OblCTpee HEKOTODOil CTeNeHH PaccTofHHsl A0 a Ha cthepe Pumana.
Torpa cymecrByer ypaBHeHHe Kaacca Pyxkca, Ans KOTOPOIo ¢ —
POCTOK (pyHAAMEHTAJIbHOI CHCTEMBl pelleHHH.

CnrnencrsHue 1. Jliobas aareb6pandeckass QPyHKUHS OJHOTC Ie-
peMeHHOro y/J0BJIeTBOPsIeT yPaBHEHHIO KJiacca Pyxca,

<4 PaccMOTpHM MHOXECTBO 2 HeoCOOnIX TOYeK (YHKIHMH; NYCThb
pEQ —mpousBoabHasl Touka. O6o3paumm uepes ¢y, ..., 9, DOCTKH
roJoMopPHbIX QYHKLHMII B TOYKE p, COOTBETCTBYIOIIHE pPAa3HBIM
JaucTaM ajrebpandeckofi @yHkuuu. BeibepeM cpeau HUX MaKCHMalb-
HO€ UYHCJO JIHHEHHO HE3aBHCHMBEIX ¥, ..., 9P, (7 MOXeT OHTh

MeHbLIe m; NpHMep: ”f/t ). Poctok 9=(%;, ..., ¥,) mpoRomxaercsa
Ha YHMBEPCAJBHYIO HAKDLIBAIOUIYIO &2 M TNOPOKAAET TPYNNY MOHO-
APOMHH: JIMCTH aJreOpanyeckoil (PYHKIMH IIpH NPOAC/LKEHHH BAOJb
neteib nepectapasiorcs. Onpefennrens BpoHCKoro BekTop-PYyHKIMH
¢ (oGosHauaemnii W) yMmHOXKaeTCH Ha KGHCTEHTY (PaBHVIO onpe-
AeIHTeMO TpecOpa3oBaHust MOHOApOMME); mo3aToMy W =0 Hag
KOHEUHBIM WYHCJOM ToueK f,6Q; HUX caeiyeT TOXKEe BHKOJIOTh.
PeryaspHocTh adrebpanyeckofi pyHKIME B OCOGBEIX TOUKAX [OKa-~
3bIBAETCA 3JIEMEHTapHO. Tem caMbiM, MOXHO TNPHMEHHTb Tpelbify-
myio Teopemy. P '
CaenctBHe 2. AGenteB HHTerpaJ, 3aBHCALIME OT mapamerpa,
paccMOTpPeHHbIH B I. 5.2 ry1aBu 6, YAOBJIETBOPSieT YPABHEHHIO KJac-
ca ®ykca (COOTBeTCTBYIOILee ypaBHEHHe Ha3BIBAETCH YpaBHEHHEM
[Mukapa—®Pyxca).
4 /[loxaxeMm srto, monarasi, yto H — npaBHJbHBIH MHOTOUJeH.
ToukaMy BeTBJIEHMsS] HHTerpaja fBJIAIOTCA KPHTHYECKHe 3HAUCHUS
H u oo; MOHOZPOMHSI ONMHCHIBAETCS TEOPEMOMH HHKapa———J'Ie(bmeua
[24]; pery.n;ipﬂocn: JOKa3bIBAETCS 3J1€MEHTapHO. pr
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3.4. AnaanTudeckue gynkuun ot marpuil. . A. Jlanno-Ilanu-
JICBCKHI MPHMEHHT K BBIUHCJAEHHIO TPYNN MOHOAPOMHH JIHHEHHBIX
IuddepeHLnaJbHbIX YPAaBHEHHHA H K BOCCTAHOBJIEHHIO YpaBHEHHs 11O
rpynne MOHOJPOMHH TEODHIO aHAJHTHYECKHX (PYHKIHMA OT MaTpHU.

Hccneposauus Jlanmo — J]aHUIEBCKOTO OTHOCATCH B OCHOBHOM
¥ GykcoBrM cucremaM. PaccmoTtpuM cucremy (8). duxcupyeM netiu
Y1, - - s Ym C OOLIMM HaYaJoOM, KaxJdas M3 KOTOpPhIX OOXOXMT (OAHH
Pa3) poBHO OFHH MooC Ko3dduuuentos. CoOTBETCTBYIOLIHE MaTpH-
B MOHOApOMHM T =Ty, TNOPOXAAIOT BCIO TPYNIY MOHOAPOMHU CH-
ctembt (8). Ilpu ¢urcupOBaHHHIX NOMOCAX &; MATPULLLI MOHOLPOMHH
34BHCAT TOMBKO OT MaTPHI-BLIUETOB A ;.

Teopewma l. Matpuis T ; — nesbie QyHKIL MU MATPHIL-BHIYETOB A ;:

T,=E 4+2miA,+ X (@) Ard;+. ..

1<k, j<n
@=(0p ..., 0p);

CIpaBa CTOAT CTENEeHHBle PSAJABl OT HEKOMMYTHUPYIOUIHX MaTPUYHBIX
‘nepeMeHHBIX A;, CXOAsllefics mpH BCeX 3HAYEHHAX MepeMeHHbIX.

Teopema 2. Ecinu MaTpHIsl MOHOADOMHH JOCTaTOYHO O6JIH3-
KM K eJHHHYHOH, TO CyllecTByeT eJHHCTBeHHas (PyKcoBa CHCTeMa C
3alaHHOH MOHOJADOMHeH, MaTpPHUBLI—BHUYETH KOTOPOH OJAH3KH K
HYJ10; OHH JaloTcs HopMyJioi

A= C—E)t S by @ Ta—E)T,—E)+ ...,
1Lk, j<n

CrpaBa CTOSIT CTeNEHHHe PpsiAbl OTHocHTeavHo T—E, ..., T,—E,
CXOJslIHecss B HEKOTOPOH OKPECTHOCTH HYJISI.

OTH psAB moJydaiTcs oOpanleHHeM NpeAbAyIHX. Teopema 2
fAIBJIsSIeTCs1 CBOeOOpa3HOH TeopeMoli O HesiBHOH ([t HEKOMMYTHPY-
IOIIHX NepeMeHHHX). Jlanno-/laHHNeBCKHA BBIYHCIHI KO PHIHEH-
TH 4, by, ... Kak ¢ysxuuH oT o [41]; cM. Takxke ![35].

3.5. Cpsa3b ¢ TeopHeil kaeiinoBrix rpynn. [IpocTpaHcTBO poOCT-
KOB MepOMOpP(QHHIX H roJOMOPGHHX pelleHHH ypaBHeHHS PHKKaTH
B TOYKE, OTVIHYHOH OT moJioca Ko3POhULIUEHTOB U OT 6eCKOHEeYHOCTH,
H3omopdHo CPl. Ilpu npono/KeHMH Haj merjed, o6XoAsimiell no-
J1oca K03(pPHIHEHTOB, 5TO MPOCTPAHCTBO NepeXOAHT B cebd H HC-
NHTHBaeT Apo6HO-/HHeliHOe npeobpasoBanne. [pynna Bcex Tak mno-
CTPOEHHHX NpeoOpa30BaHHi Ha3bIBaeTCs epynnol moHOOpomuu
ypasrenus Puxxaru. PaccmorpuM AuddepeHuuanbioe ypaBHeHHE
kKnacca ®ykca nopsaka 2. pynna MoHOApPOMHH 3TOro ypaBHe-
Hus — noArpynna rpymnsl GL(2, C). OrtoGpasum ¢asosoe mnpoct-
panctBo C2 ma CP': (2, 23)~ (21:2;). Hcxognoe ypasHenue
nepefiier B ypaBHesHe PHKKaTH, ero rpynna MOHOADOMHH NpeBpa-
THTCS B IPYNNy MOHOADOMHH ypaBHeHHsi Pukkatu. 'pynna, cocro-
simiass H3 ApoOHO-iHHEHHHX npeo6pasosanuit CP!~>CP!  nasu-
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BaeTcsl KJEeHHOBOH, eC/NH cymecTByer ofJjacTe, B KOTOpPOH OHZ
JeHCTBYyeT AHCKpeTHO (HHKakas opbuta AelCTBHS TPYNNH HE Ha-
KaIllJIHBaeTCsl KO BHYTPeHHeli Touke obsacti). Kaxpas KieiHoBa
rpynna peanssyercs Kak TFpynna MOHOADOMHH 1Js3 HEKOTOPOro
ypaBHeHHs1 PHKKaTH (3TO cjefyer H3 TNOJOXKHTEIbHOrO peEIleHHSA
npobieMnl Pumana—TI'uiab6epra misi GyKCOBBHIX YpaBHEHHH, CM.
§ 4). Sra cBA3b oboramaer obe TeOPHHU: KJAEHHOBBLIX IPYNN H AHG-
¢depeHunanbHbIX ypaBHeHuii [b5]. B uacTHocTH, JedoOpMauBH
KJCHHOBEIX TIPynn yIoOHO u3yuaTh, AeGOpMHpPYsl KO3(pOHUHEHTH
COOTBETCTBYIOIIEr0 ypaBHEHH .

3.6. Murerpupyemocts B KBappartypax. Jluysuanan (J. Liouvill)
J0KasaJj, YyTO JIMHeHHble ypaBHEHHS BTOPOrO NOPSiJAKa, BOOOILE ro-
BODSI, He HHTETPHPYIOTCS B KBaJApaTypaX: PelleHHs He BLHIPAXKalTCH
uepe3 KO3(GGHUMEHTH C NOMOIIbI0 apHMETHYECKHX NeHCTBHI, pe-
IIeHHs1 ajre6panuecKux ypaBHCHHH, NOTEeHUHPOBAHHUS M HHTErpH-
poBaHuf", B 4acTHOCTH, He MHTETPHpYeTcs ypaBHeHHe x—fx=0.

OO6mas TeopHsi MHTErPDHPYEMOCTH B KBajApaTypax JHHEHHHX
YpaBHeHHH H CHCTeM IOCTpOeHa MeToAaMu AHuddepeHUHATbHON aJ-
re6pel. C KaxKabIM JHHeHHBIM ypaBHEHHEM HJH CHCTeMOil ¢ paumo-
HaJbHHIMH Ko3(¢hHUMeHTaMH cBsasblBaeTcs rpynna lanya, paspe-
LIIEMOCTh KOTOPDOH OTB€YaeT 32 Pa3pellNMOCTb YpaBHEHHS HJIH CHC-
Temul (cM. [36], [68]). ChopmynnpyeM B 3aKIIOYeHHe CAeAYIOUHMA
reoMeTpUYECKHH pe3yJbTar.

Teopema XoBanckoro ([35], [68]). Ecau rpynna MoHO-
ApoMHH (GYKCOBOH CHCTeMbl 06J1ajaeT paspelinMbiM HODMaJbHBIM
HeNuTesleM KOHEUHOro HHAEKCa, TO 3Ta CHCTeMa HHTerpHpyercs B
KBajpaTtypax. Ecau rpynna MOHOAPOMHH 3THM CBOHCTBOM He 06.ja-
IaeT, TO CHCTeMa He HHTErpupyercsl laxe B «0000lIeHHHIX KBajpa-
Typax». OTO 3HAUHT, UTO OOliee pellicHHe CHCTEMBl He BhHIpaxKaercst
yepe3 KO3(GHUHEHTH ¢ NOMOLIbIO pelleHUs ajireGpaHyecKHX ypaB-
HEHHH, MHTerPHPOBAHHSI M CYNEPNO3HUHA ¢ UeNHIMH (QYHKUHUSIMH
J1060ro YHC/Ia NepPEMEHHBIX.

3.7. 3ameuanns o cneuHaNbHbHIX ypaBHEHMSIX. YpaBHeHHe BTO-
poro nopsaxa knaacca Pykca ¢ TPeMs OCOGHMH TOUKAMH Ha cde-
pe HasmBaercs  ypasHenuem Pumana. Ero kosddummeHTH
O/IHO3HAYHO ONpENEesiSIOTCST OCOGHIMH TOYKAMH H KOPHSIMH Ompeje-
VIAIOWHX YPaBHeHHH, COOTBETCTBYIOUIHX 3THM TOYKAM. YpaBHeHHH
BTOPOro NOPS/iKa C GOJBLUIHM YHCIOM OCOGHIX TOYEK H ypaBHEHHS
Gosee BHICOKOTO NOPALKA 3THM CBOHCTBOM He 06.1a1alof. VYpaBxe-
Hue PuMaHa ¢ 0COGBIMM  TOYKaMH 0; 1; oo — 3710 aunepeeo-
meTpuueckoe ypasrernue I'aycca

t(t—1) Xx+[@+B+1)f—y] x+apx=0.

JluHeliHble ypaBHEHHs BTOPOrO MOPSAKAa YacTO BCTPEYalTCs B
MaTeMaTHUeckoH ¢u3HKe. BONbIIMHCTBO U3 HuX CBOAUTCA K HacT-

! Pewenne anre6paHyecKHX YpaBHeHHI He NOADAa3yMeBaeT pelieHHS B pa=
AHKaJlax; CYMTAETCH, YTO BMECTE C KaXKJAWM NOJHHOMOM H3BECTHO MHOMECTBO
€ro HyJel, M BMecTe ¢ KaXJaoi QYHKIHel! — ee HHTErpas.



HBIM HJIH TIPeNe/bHBIM CJAYYasiM IHIEPreoMeTPHUYECKOTrO ypaBHEHHS.
Hanpumep, TakoBBl ypaBHEHHS

2 +tx + (2 —v?) x=0, (Becceas)
.;c—{—(a——t2)x=0, (Bebepa)
(f2—1) x+2x—v(v+1)x=0. (Jesxandpa)

O6uine MuHeHHble ypaBHEHHA BTOPOrO MOPAAKA, KO3(QQuIHEeHTs!
KOTOPHIX JIMHEHHB, NPUBOAATCA K BHIPOX/AEHHOMY ININEPreOMeTpHU-
4eCKOMY

tx 4 (b—t) x —ax=0.

Bce ocHoBHble oOGubikHOBeHHpie fAuddepeHinHaIbHEIE YpaBHEHUS,
BCTPEUAIONIHECS B MaTeMaTHuecKOf (u3uKe, NOAYy4aloTCd M3 Cje-
LyIOLero YypaBHEHHSl C INATHIO PETyJsIpHEIMH OCOOBIMH TOYKaMH

(1<r<4) x+2x/2(t—a,) +x(A+Bt)3t2/16) /I (f —a,)=0
(reopema Kuefina u Boxepa (F. Klein, M. Bocher) [1, c. 667]).

3.8. I'pynna monoppomuu ypasHenns [aycca. I'pynma MoHozpo-
MHH THNEPreOMeTPHYECKOTO yDaBHEHHs C BelleCTBeHHRIMH o, f, ¥
CBf3aHA C TPEYTOJILHHKOM, OTPAaHWYEHHBIM AyraMu Opr}KHOCTEH c
yraamu mh, ap, av: A2= (1—y)?, p?= (y—a—B)?, v?=(a—B)>

[Mpexnonoxum, yto A€(0, 1), u€(0, 1), v€(0, 1) I'pymnna, no-
POXJeHHasi OTpaXKeHHSIMH OTHOCHTEJNBHO CTOPOH TPeyroJbHHKA, CO-
JEpXKHUT NOArPyNNy HHAEKCA 2, COCTOSIMIYI0 K3 APOOHO JIHHEHHHIX
npeo6pasoBaHuil; 0603HayuM ee G. CraHZapTHOe NPOEKTHPOBAHHE
C2\ {0}—CP! nepeBomur rpynny MOHOADOMHH TIHIepreoMerpuye-
CKOTO ypaBHEHHs, YAOBJIETBOPSAIOUIEro NpeAbAyLIHM OrpaHHYeHHSsIM,
8 rpynny G. Ecam cymma A+p-+v menbure 1 (paBHa 1, Gosbuie
1), T0 3ta rpynna — NOArpynna ABHMKEHWH IJIOCKOCTH Jlo6aues-
CKOro (eBKJHIOBOH IIOCKOCTH, cepni Pumana). dTo nossoaser
HCC/1e0BaTh BONPOC 06 HHTErPUPYEMOCTH THIIEPreOMeTPUYECKOro
ypaBHeHHx B anre6panyeckux ¢ynkuuax ~(Lsapy (H. Schwarz)
1, c. 530]). Ciiyuan HHTErpHPYEMOCTH CBSI3aHbl C TPEYrOJbHUKAMHU
¢ yrnamu (n/2, /2, m/n) — muanap, (x/2, =/3, m/3) — Terpasup,
(n/2, n/3, n/4) — okrasap, (n/2, n/3, 7/5) — uKocasap. TeopeMu 0
HepaspeliiMOCTH T[HIEPreOMeTPHUeCKOrO ypaBHEHHS B «0606IueH-
HBIX KBaJpaTypax» CIefyioT U3 pe3yJbTaTos '[68].

§ 4. Npoéaema Pumana—uanGepra

~ «IlokasaTp, uTO BCeraa CyIIeCTBYeT JiHHelHHOe AHbdepenIHaIb-
HOe ypaBHeHHe (yKcoBa THNA C 3aJaHHBIMH OCOOLIMH TOYKAMH H°
3aJlaHHOH Tpynno#i MOHOAPOMHH». B stom coctout 21-s npobiema
Funpbepra [53]. OHa momyckaer pasiHyHBle O0GOGUIEHHS.
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4.1. Mocranosxa npoGaemb’. Tpebyercst 10Kasatb CYIIECTBO-
BaHHe Ha cdepe PumaHa

A. ¥YpaBHeHusi Knacca Dyxca.

B. Cucremsl z2=A(f)z ¢ peryasipHbIMH OCOGEIMH TOUKaMH.

B. ®ykcoso#t cucreMsl 2=3A4;({—a;) "'z, uMeromux Ja060# Ha-
niepesl 3ajaHHBIE Habop OcOOBIX TOYEK W 3ajaHHYI0 [pYNImy MO-
HOJPOMHEH.

[Ipo6rema B, BaxkHas ang npuioxenuii [57], mo cux mop He
penieHa, BONDEKH MHOTOYHCJAEHEBIM YTBepXKAEHHSIM, pacnpocrpa-
HeHHBIM B JsuTepatype ([41], [57], [103, § 85]). Huxke nameueno
pewenne npobiemn B, ocHoBaHHOe Ha Hiesix bupkroda u Pépas
(H. Rohrl) (oHo, oueBHaHO, BaeueT pelleHHe npobiaeMsl A), a TakxKe
npobsieMH B npu NOMOJHHTENbHBHIX OPaHHYEHHSX Ha TPynny Mo-
Hoxpomuu (cM. [65: 58], [78]).

4.2, NMpo6aema Pumana—Iuanbepra aas kpyra. Ecan B npeas-
AyuEx npobieMax cdepy 3aMeHHTb Ha KPYr, TO OHH pPelialoTcs cle-
ayouM obpasoM. CTpouTcss MaTpuuHas QYHKIHSA HA YHHBEpPCalb-
HOH HaKpBIBaioueldl HaJ KPYyroM C BBIKOJOTHIMH OCOOBIMH TOYKAMH,
UMeIollas 3aJaHHYIO TPYHIy MOHOAPOMHH H pery/sipHele ocoObie
TOYKH. 3aTeM MPOBEPsieTCsl, YTO OHA YAOBJIETBOpsieT (PYKCOBOH CHC-
TeMe ypaBHeHHH.

IMycts  @= (0, ...,%,)—3a4aHHbIH  HA00D OCOOBIX  TOYEK,
Yis - « -5 Ym — OOXOJsIIME HMX MeTIH ¢ o0muM HavajaoMm p (puc. 22),
T, ...,T,—COOTBETCTBYOLINE 3TUM NET/IAM NPecOpa3oBaHHT MOHO-

-npomun. Tlokpoem xpyr K obaactamu U; € KYCOYHO-TIAAKO# Trpa-
HHllefl; Kaxpaa obaacts U, COLEPKUT POBHO OJHY TOUKY a€e;
nepeceyenne U;NU;,; MMEET KYyCOUHO-TIaAKYI0 TPAHULY H OJHO-
cBazno, y;CU; (puc. 22). [as mo6Goii napel obmacres UcGcC,
cojiepxaluxX TOUKy p, 06o3Hauum uepe3 (. pasnoctb G\ @, yepe3
e

G, — yHuBepCalbHYI0 HakpeBawoulylo Hal (o, ¢ 6a3uCHOf TOUKOi p,

P ;
yepe3 U —cojepxalllylo TOYKY p CBA3HYIO KOMIOHEHTY o61acTy,
N
Jexainefi nag U Ha Ug.

: N\

- Onpenenenune. Marpuunas ynkuusa X Ha U; umeeT QyKCoBy
raaBHylo uacth £° ¢ monoppomuesi T, ecit X =®¢€, T —exp2niC
i O —ronomopduoe orobpaxenne U,—GL (#, C) (Tounee caeayer

N N N AN ON N
micats X (£)=D(Pt)- (Pt)°,rae #6(Gq, P —rnpoextuposanue Gy — Go;
O[HAKO HUXKE, IS KpaTKocTH, BMecTo QoP mumercs npocro @).

e
Marpuunyio ¢ysxumio X Ha kaxnzoii M3 obmacteii U; Gylem
#cKaTh B Bule CDthf, rie 2miC;—npousBoabHoe 3Havenue In7

1) M He KacaeMcsl 31eCh MHOFOYHCJIGHHHX HCCJAEROBAHHN, NOCBSILEHHHMX
BHUHCJACHHIO KO3 (HUHEHTOB YpDaBHeHHss IO rpymne MoHoapoMux. O6mupHuR
MaTepHas no 3Tomy Bonpocy Hmeercd B knure H. IL. Epyruna «IIpoGnema Pu-
mana», Muuck, 1982 r.
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UuNu,  UNUs

Puc. 22. TlokpuwTHe Kpyra npu pelueHnn npobiaemnt Pumana—Iuanbepra.
u orobpaxenne @;:U;~GL (n, C) ronomopduo. Yciosue cosnajne-

) V)
HMA 3THX BhHIpaxceHuii Ha nepecevenusx U;NU,,; uMeer BUA
—1 C;,—C; N .
) Q=27 gy,
3anaua 06 OThICKanuH rojoMopduuIX oToOpaxennii @;:U;—
— QL (n, C), yA0BIeTBOPSIOMNX NPEALIAYIIMM YypaBHEHHSM, paspe-
mkMa fpH JoGHX TNpaBHX yacTax co 3Havenuamu B GL (7, C).
A uMeHHO, nycTh AJa8 NpOCTOTH m=2. 3ameTHM, uYTO 006/acTh

P N\
U;nU,;,, onuomctio uaxpeBaer U;NU;,, ¥ MOXeT GHTb OTOX-
lecTBjeHa C Hel.

Jlemma A. Kapraua ((H. Cartan) [65:31]). [Tycte U,, U,
n U,NU,—o06racTd ¢ KYCOYHO-TIAAKOH TrpaHuilefl H mepeceyeHHe
U,NU, cBasro v oaHOCBsi3HO. Toraa Aas /moGoro roaoMopdHOro
orobpaxenus F:U;NU,—GL (n, C) cymecrBylor ronomopuse
orobpaxkenus (I)j:U j—>GL (n, C) Takue, 4TO (D1“1<Il2=F (nanoMHuM,
YTO TOJOMOPGHOCTL HA 3aMKHYTOM MHOXECTBE O3HA4aeT rojoMopd-
HOCTb B OKPECTHOCTH 3TOT'O MHOXECTBA). ‘

TeM cammiM, npu m==2 MaTpuuHas ¢ysxkuna va U,UU, Buaa
X=(Djtci![]i cymecrByeT. Ee oco6bie TOYKH oOueBHAHHIM 06Pa3oM
peryaspusl. [Tpu m >2 MaTpuuHas QyHkUus X CTPOHTCH aHAJOTHY~
HO mpelhAylleMy HHAYKIHEA no m.

Jlemma. Marpuusas ¢yuxuus X yIOBIeTBOPAET JHHEHHOMY
ypaBHeHuio Ha K ¢ NMPOCTHIMH NOMIOCAMH

4xX X! p,}j=(®j+cp,-c,.t-i)q>7’.>
STum 3aKaHuHBaercs pelleHHe npobaemn PuMana—Iunbbepta
LJis Kpyra.
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4.3. Npo6aema Pumana—Tnanbepra pas chepnl. Bes orpanu-
yeHHsi OOLIHOCTH MOXHO CYUHTaTh, 4TO HAGOp a OCOOHX TOYEeK CO-
JEePXHT TOUKY ©00:

A==(Cy,..., Uy, ).

Bocnonbayemca npeanayumuM pesyabratom. [lokpoem cdepy AByMs
kpyramu K™ u K~ ¢ neurpamu O u oo ; kpyr K cofepxHTr BCe
NeTaH yi,..., Ym,» & mepeceuyenne U =K' K —Ttouxy p. Ilycts
YmaaCU —NeTaa ¢ HayaloM M KOHLOM B TOYKe p, 06GXOAALLas o
B MOJIOXUTEALHOM Hamnpaejenud (puc. 23). Iletom wyy,..., Y, BuiOe-
peM TakK, YTO MeTJIS Yi... YmYm, TOMOTONHa Hymo Ha K§. Toraa
Tpo=Tp... T;)'—npeobpa3oBanue MOHOADPOMUH, COOTBETCTBYIO-
mee HeTde Ym,q. Ilycts 2miC;—npoussoibHOoe 3Hauenue InT ),

j=1,..., m+ 1. Tloctpoum, xak B n. 4.2, MaTpuynvio (GyHKUHIO

X, Ha K& ¢ (yKcOBhMH TIaBHEIMH uYacTsMU tCi, j=1,..., m.
Marpuuryio ¢ynkimio X Ha yHUBEPCaJbHOH HakphBalomlefl Haf
Pa)

C\{e}, ..., @p, oo} OyaeM wuckaTs B BHJE: Xli(;IL:CD*X“

X g —O_(1/8) 1"

Puc. 23. Kpyr K.

Sdra MaTpuuHas QyHKIHS CYHmIeCTBYeT, eCJH paspelurMa caeaylo-
was 3ajaua ¢paxropusaumn: O _=F |y, F=XXZ',.

Marpuunble GyHKUMH X, B X_ HeOAHO3HauwH Ha U, HO TpH
NPOJO/KEHHH BIOJb METIH Ym4) HCIHTHBAIOT OLHHAKOBOE Npeot-
pa3sOBaHHE MOHOJAPOMHH, TIO3TOMy F — rojoMopdHoe otobpaxenHe
U—~GL(n, C). AnanoroM nemmbl Kaprana ans 3TOH 3alayd  siB-
Jasercs

Teopema Bupxroda ((G. Birkhoff) [78]). I'omomopduoe
otob6paxenne Koabua F:U—GL(n, C) npeacraBimo B BHAe NpO-
uspenenns F=0,0_, rae @, : K*—>GL(n, C) — ronomopdroe
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orob6paxenne kpyra K+, a ®_:K —GL(n, C) — mepomopduoe
oTo0paxeHue ¢ MOJIOCOM 0O, .

SruM 3aBepluaercs peileHde npobaemsl B; mMarpuma A HCKOMO-
ro ypaBHeRus paBHa XX~!, uMeer NMpOCThie MOJIOCA B TOYKAX a; H
Heo6s13aTeIBHO NPOCTOH MNOJIOC oo, SBJSIOLIHACA, BNPOYEM, pery-
JAsipHOH 0COGOM TOYKOH AJs ypaBHeHHa z2=A (f)z.

4.4, Npobaema Pumana—Iuapbepra ana GyKCOBHX CHCTEM.

Teopema. Ecau xora 6ul oaun u3 omepaTopoB Ty, ..., Tp,
Mps1=(Tp...T;)"! nuaronanusupyem, to Aas Jwboro Habopa
a={ai, ..., am} Cyuiectsyer pykcoBa CHCTeMa C MOJIOCAMH, TNpHU-

HalJIeXalHMH q, H Takas, 4To O6XOLy TOUKH @G; COOTBETCTBYeET
onepaTtop MoHoApomuH T ;.

«llycts matpunni 7, u C,,, AMATOHAJLHBL .M NYCTh, KAK U B
M 4.3, X=Q_¢t “mn gag K-; X=0.X, nag K.

Jlemma CoBaxa ((A. Souvage), [67]). MepomopdHoe oTO-
6paxenne ®_: K~—GL(n, C) ¢ nomocom co NMpelCTaBEMO B BHIle
®_=P®tP, rpe D — puaroxassHas Mmarpuua, O -— ronomopdHoe
‘oro6paxense K—GL(n, C), P — nonudomMHalbHas MarpHla ¢
onpezenuresaeM 1. .

[Mpumenum 3Ty aemmy K oTobpaxedmio I B Bripaxenud aasa X.
[Tonoxum: V= P-1X. Marpuunas gyHkuus Y Ho-pexHeMy HMeeT
(QyKCOBH raBHbIE YACTH B TOYKAX qy,..., Q,. [{pomMe TOroO, Yl;%~=

—= @Dt Cmas, Matpuust D u C,,, AHATOHAMBHEL H, CJELOBATENbHO,
KOMMYTHpYIOT. [losTomy npousBeiense Ot Cms =P~ mis gp-

Jssietcst GyKcoBoji raaBHOfi uacThio. CaenoBaTenbHo, MaTpunma XX
uMeeT NPOCTHiE Hojloca Ha Bcell cgepe; npcbrema B pewena. P

3ameuaHnune. Paccyxaenus 3Toro pasiaena CIAeAYIOT KHHTE
[Mnemens (J. Plemelj) [103], xoropmiit pman nepBoe pelueHue
npo6iembl Pumana —Cuap6epra, H Ha paboTy KOTOPOro CCBHIIAIUCH
BCE No3AHeilne HccaefoBaTend. [liemess NpOBOAMT npeAniAyliee
paccyxpenue 6e3 ¢opmysn, GakTHYeCKM TNepefoKa3hHBAET JeMMy
CoBaxa u moOJb3yercd mepecTaHoBOYHOCThIO MaTpul, D u C,,q,
HE OroBapmBasi 3TOro siBHO. JlJa HenmepecTaHoBOYHHIX MATpHL D u

C ... paccyxpenne Ilnemens e npoxogut. Hampumep, ecin t=

b

| —

X =1P1€, D=(8 ?), C=(8 é), TO MaTpuyHass ¢yHKIHA A (T)=

dX . 0 72 .
== XT1=|9 r‘) UMeeT HeNpoCcTOH NOoMoC B HYyJE.

4.5. OGo6uiennsi, B coBpeMeHHOH JHTepaType JiHHeHHble CHCTe-
Mbl nH(¢epeHIHANbEBX YPABHEHHI HHTEPNPETHPYIOTCS KaK CBA3HO-
CTH B BEKTODHBIX Pacc/OeHHsAX, DTO MO3BOJser peliaTh npobiemy
Pumana—Iuan6epra ¢ HEKJIacCHYeCKHM BpeMeHeM ~ (f mpoGeraer
NPOU3BOJILHYIO PHMaHOBY NOBEPXHOCTb MWJIH MHoromepHo [82]).
IlpuBemeM HEKOTOpble NPHJIONKEHUS TEOPHH BEKTOPHBIX paccioe-
HH{ Ha cdepe K npoGreme Pumana—Iunb6epra; nepBasi MmoJOBUHA
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a1. 4.7 npeacrasiiger co0ofl nepeBOA Ha reOMETPUYECKHH SI3BIK IIO-
JIy4eHHBIX paHee Pe3yJbTaTOB.

4.6. BexropHnie paccnoeHns Ha cdepe.

Onpenenenue. Bexropreim paccioenuem paura n Ha cgepe
Pumana naspiBaercs tpoiika (E,m, S), rae E—(n-41)-mepHoe
KOMIJIEKCHOe MHOToO6pa3ue (Ha3blBaemMOe IPOCTPAaHCTBOM  pac-
CJIOEHHs), cofepxallee chepy S, HaspBaeMylo 6a3oil WJIH HYJIEBHM
TeyeHHeM pacchaoeHusi; «t:E—S — ronmomopduoe oTobpaxkenue,
TOXJAecTBeHHOe Ha S (perpakums). Kaxawii cioii Fy=mn~!t 6uro-
JioMopbHO 3KBHBaseHTeH C"; TeM CaMHIM Ha CJIOSX 3aflaHa JHHEd-
Has CcTpykTrypa. Tpebyercs eme, uro6unl PaccjoeHHe GhUIO JIOKaJb-
HO TPHBHAJbHEIM: IJas Kaxnoro kpyra K u3 S cymecrsyer 6uro-
JioMopdHoe orobpaxenne Hg:n 'K—KXCn, nepeBoasimee Kax-
Abiit caoft Fy B cnoit {¢} X C" u nnHeliHOE HA KaxIOM CJioe.

3ameuanue. Ilycte K* u K- noxpeiBawoiue cdepy Kpyru c
nedTpaMu 0 u oo coorBeTrcTBeHHO, U=K*NK~. Oyukilus nepexosa
(Hx+) ' cHg- ompeaensier rosomopguoe orobpaxenue F: U—
—>GL (n, C). O6paTHo, Kaxaoe Takoe OTOOpazKeHHe oOnpenessier
rosioMoppHOe BEKTOPHOE pPACCJOeHHe Haj cepofi: mpocTpaHCTBO
E nonyyaercs u3 obbeannenus K+XCn u K- XCn ckneiikoit To-
yex (¢, 2) u (¢, F(t)z), t€U, z€Cn; npoeKTHpOBaHHE 7 MOPOKAAETCA
IPOEKTHPOBaHHEM BJOJIb BTOPOr'0 COMHOXHTeNsi, [TocTpoeHHOe Bek-
TOPHOe pacc/oeHHe Ha cdepe Ha3biBAeTCs HHUXKe PACCIOEHHEM CO
ckaelikoh F.

OnpenesneHHus, a) JIBa 8eKTOpHbIX paccaoesus HA3HIBAKTCS
IKBUBAACHTHbIMU, €CIH CYlLlecTByeT OHroIoMOpdHOe 0TOGpaXKeHHE
IPOCTPAHCTBA OJHOTO PACC/JIOEHUsT Ha INPOCTPAHCTBO APYroOro, CO-
npsrauiee NPOEKTHPOBAHHA H JHHEHHOe Ha KaxIOM CJoe,
6) Paccaoerue HAa3HBAETCA TPUBUAALHBIM, €CJH OHO SKBHBAJEHTHO

" npsMOMY npou3BefeHHI0 cepn Ha C», B) Paccioenne HasbiBaeTcs
npAMOL CYMMOU AUHEUHbLX, eCIH OHO 3KBHBAJNEHTHO PACCJOEHHIO
€0 ckaefikolt F: ¢ diag(#d,..., ). r) [leTepMUHAHTOM BEKTOp-
HOTO PacC/JOeHHs cO CKJEeHKOH F HasblBaeTcsi paccioeHHe padra 1
(nuHeltHO® pacciioeHHe) co cKJielkoi det F.

3ameuanus 1. Paccaoenne co ckielikoil F TpHBHAJBHO, eCJaH
¥ TOJMBKO ecaH ypaBHeHusi F=@, 'M_ umeer ronoMop¢Hoe peure-
HHe :

@, ), O,:K*->GL(n, C), ®_:K-—-GL(n, C).

2. Jlemma CoBaxa (1886 r.) (m. 4.4) o3Hauaer, 4TO Kax-
Joe BEKTODHOe PacCjoeHHe Ha Cdepe 3KBHBAJICHTHO NPAMON CyM-
Me JIHHEeHHBIX. '

4.7. llpumeHenua Kk npo6iaeme Pumana—TuapOepta. [lycts

Q,..., @y, o, Ty..., T, T, ,—3ajaHHLIe TOYKH H COOTBET-
CTByOWHE UM npeobpa3oBanus MOHOAPOMUH, T T rm. .. T1=FE. Kax-
Iblfi Ha60p (DYKCOBEIX TJIaBHHIX wYacTefl (f—ap)Ct, ..., (1/£)Cm+s

exp 2niC;=T; 3afaer BeKTODHOe pacc/ioeHHe Ha cdepe ¢ HOMOIILIO
HOCTPOEHHUH, ONIHCAHHHX B Nn. 4.2 U 4.3. 13 TpHBHAJILHOCTH 3TOrO
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paccloeHHs cJelyeT CylulecTBOBaHHe (YKCOBOH CHCTEMH ¢ 3afaH-
HHIMH MOJIIOCAMH H MOHOApOMHell, BnpoueM, nocTpoeHHOe paccJoe-
HHe He Bcerja TpHuBHaabHO. CylileCTBOBaHHe JIHHEHHOH CHCTEMH C
peryJaspHbIMi OCOGBIMH TOUKaMH cjelyeT H3 CYIUeCTBOBAHHS MepOo-
mMopGdHOA TpHBHANH3aUHHY 3TOro PacCJOeHHsS ¢ MOJIOCOM oo, Teo-
pema bupkroda (m. 4.3) noxasmBaeT, YTO Takas TPHBHAJIH3aLHA
BCErfa CyLIecTBYyeT.

ITyctb S! — enHHHUHAST OKPYKHOCTD.

Teopema HMayna (D. Shaun, Topology, 1973, 12, Ne 4).
B npocrpancTBe & BCcex pOCTKOB TOJIOMOP(HBIX 0TOGpaXKeHHiE
(C,S')—>GL(n, C), 3analoumux aHaJHTHYECKHE BeKTOPHEIE pac-
cnoeHdst Ha cepe ¢ TPUBHAJbHHIM AETEPMHHAHTOM, OTOGpaKeHHS,
COOTBETCTBYIOlle HETPHBUAJBHBIM PacCJOCHHSIM, o6pasyor cober-
BEHHOe aHaJHTHYEeCKOe NOAMHoroo6pasue, DTo 3HAYHT, YTO B JIO-
60M aHAJHTHYECKOM KOHEYHO mapaMeTpHUecKoM ceMelicTBe A
oTO6paxeHHH H3 NPOCTpaHCTBa & oTo6pakeHHs!, COOTBETCTBYIOIIHE
HEeTPHBHAJIbHLIM pacc/JoeHusIM, 06pa3yloT 3aMKHYTOe aHaJHTHUeCKOe
MOJAMHOXKECTBO; CeMeHCTBO A MOXKHO CKOJb YrOAHO MaJo Ipoje-
GOpMHPOBATh TaK, YTO ITO NMOAMHOXECTBO CTaHeT COGCTBEHHEIM.
Orcioga, mocie HEKOTOPHIX BBIYHCJEHHH, NOJyYaercs CJeayloulast

Teopewma (0. C. Mnpsmenko, 1984). B npocrpanctse (GL (7
C))™ cymectsyer cueTHoe 06beAUHEHHE COGCTBEHHEIX AHAMWTHUECKHX
noamHoroo6pasuii, Kaxaei Ha6op Ty,..., 7, H3 JONOJHEHHS K KO-
TopoMy oOnajaer caexywomuM cBoficTBoM. Jlas kaxjaoro HaGopa

(t—a)C,. .., (1/£)°m+ GyKCOBHIX rIaBHBIX uacTell: exp 2niC =T
m-1

j=lL...,m4+1l, Tpy=Tpn... TY7, EtrC,:O CyHiecTByer
1

bykcopa cuctema, dyHAaMeHTaJblas MaTpHlla pellleHHi KOTOpo#
uMeeT (DYKCOBHI IiaBHLIE YacCTH M3 JaHHOro HaGopa.

4.8. Hsomonoapomunie nedopmanuu u ypasueHus Ilenaese.
Ilycrs Koo duuueHTH JHHeHHOro AHQGEpeHUHaJbHOrO YPaBHEHHS
HJIH CHCTEMH ToJOMOD(HO 3aBHCAT OT OLHOrO KOMILJEKCHOTro mna-
pamerpa. Takoe cemelicTBo Ha3nBaercs Jedopmanuell ypaBHEHHA.
Hedpopmanus Ha3HBaeTCs H30MOHOAPOMHO#, ecJH Tpynna MOHO-
APOMHH He MeHsieTcs NpH H3MeHeHMH mnapametpa. [lnesunrep
(L. Schlesinger) vawen ycaoBust Ha AedopMauMio, TNPH KOTOPHIX
OHa H30MOHOAPOMHa. [/ HEKOTOPHX YPaBHEHHil BTOpPOro NOpsiKa
YCJOBHE M3OMOHOZDOMHOCTH 3aNHCHBaeTcss B BHAE yPaBHEHHS
knacca P. Tapuve (R. Garnier) [22, c. 284] nokasan, uro Bce
ypaBHeHHs1 [lensieBe MOJIYUalOTCHd, KaK YCJOBHS H30MOHOJPOMHOCTH
HeKoTopHx Aedopmanuit JHHeHHEIX ypaBHeuu# i, HepaBHo o6GHapy-
JKEeHH HOBble CBfI3H MeXAy YypaBHeHHAMM [lensieBe H  H30MOHO-
JPOMHBIMH JedhOopMalHsiMH, HMCIOIIHe NPUJOXKEHHS B TeOpeTHYeC-
Koit ¢usnke [57].

1) T. e. cyuiecTBOBaBHS penepa B KaXAOM CJoe, roJoMopdHO 3aBHCsllee OT
t6C u Mepomopduoro no ¢ B ToUKe oo.
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JUTEPATYPA

Haunem ¢ anHOTAUHE HEKOTODHX KHHI H3 NPHBOAHMOIO HHXKe CHHCKA JHTe-
patypu. B yuebunkax [51], [7], [93] usnaraoTcs OCHOBH TeOpHH OOBKHOBEH-
HHX aud¢epennnalbHEX ypaBHeHHH, oGCYXAAIOTCS ee CBSI3H C APYTHMH o0G6Jja-
CTAMH MaTeMaTHKH H NDHJIOXEHHS K pa3/HYHHM pa3felaM ecTeCTBO3HaHHMN:
MeXaHHKe, 3JIeKTPOTeXHHKE, 3KOJIOTHH H T. A.

Kauru [54] u [43] crosT y HCTOKOB KaduecTBeHHOA TeopHH RH(¢epeHuHaTb-
HHX YPaBHCHHH M TEODHH YCTOMYHBOCTH; Hall 0630p B 3HAYHTEJHHON Y4CTH siB-
Js2TCA NPOAOJMKeHHeM HCcnefoBankll, HayaThlx A. Ilyankape u A. M. JIanyHOBHIM.

Kaurn [1}, [48], [37], [67], [8] sBasioTcs MoHOrpadusMu oGILlero XxapakTepa.
Kurru [48], [37], [67] oTpaxaiT cocTosiHMe KaueCTBEHHOH TeODHH NH(PdepeH-
LHAJbHHX ypaBHeHHH B Kolie 40-x, 50-x W 60-X rozosB cooTBercTBeHHO. KHHIH
[11, [22] manaraiorT Teopuio AuddepeRuHANPHHNX ypaBHEHHA B KOMILIEKCHOH 06-
sacti. B vactHocrtH, B kHure [l] HaJioXeHa TeOpHs HHTerpajbHHX Npeo6pasoBa-
HHd M ee NPHJIOXKEHHS K pelleHHIO JHHeHHHX ypaBHeHu#. OCHOBH TeOpHM JH-
HeHHWX ypaBHeHHA C KOMIVIEKCHRIM BpeMeHeM oOcBellleHH B Kuurax (37}, [67].

Kunra [8] conepXuT 0630p COBPEMEHHOTO COCTOSIHHS TEOPHH OOGHKHOBEHHHX
AubbepeHIHANLHEX YpaBHEHHH. B Hell H3JIoXeHH OCHOBH METO4a HOPMAJIbHHX
¢opum IlyaHkape H ero NpPHJIOMKEHHS K HCCJAEXOBaHHAM MOC/JEAHHX JieT, OCHOBH
TEOPHH TAaJKHX XHHAMHYECKHX CHCTEM, JIOKaJbHas TeopHs Ouypxanui.

B xnure [2] naHo mepBOe CHCTEMAaTHYECKOe H3JIOXKEHHe OCHOB KauyeCTBEHHOMH
TeOpHH JH(¢epeHIHalbHHX YPaBHEHHHA Ha IJIOCKOCTH: TEOPHsS aBTOKOJeOaHHA
(npenespHEX UHKJIOB), paspHBHHX (pelaKCalHOHHHX) KoJeGaHHH, ¥ Pa306paHH
MHOTOYHCJIEHHEIE TIPHJOXKEHHS K QH3HKe H TeXHHKe.

SlBnenne MATKOR H KeCTKOH IOTeDH YCTOHYMBOCTH («OmacHHe H Gesomac-
HBple TPaHHIH 06JaCTH YCTOHYHBOCTH») HCCJejoBaHO B KHure [12], rame pasobpa-
HBl TaKXe MHOTOYHC/IEHHHE NPHJOMEHHH.

Kuura [3] mnocBslleHa reoMeTpHuYecKOR Teopuu nH(pdepeRUHANBHHX ypas-
HeHHH Ha IVIOCKOCTH H cdepe. B Helt daxTtHueckn copepxutcs NONHHE HaGop
TOHOJIOTHYECKHX HHBAPHAHTOB AaHAJHTHYECKHX BEKTOPHHX MOJell ¢ H30JHPOBaH-
HRIMH OCOORHIMH TOYKAaMH Ha AByMepHOH cdepe.

Kunra [18] nocesineHa MeToAy HOPMaJbHHX (JOPM, Pa3pelleHHI0 OCOGEHHO-
«CTefi H HX INPHJIOKEHHSM K HCCIeLOBAHHIO @HAJHTHYSCKHX RH(depeHIHaIbHEX
ypaBHeHHt H K 3afauaM MexaHHKH. Kuura [14] nocssilleHa TeOpHH HOpMaJib-
HHX (OpM, B OCHOBHOM JJ1 QOpPMaJIbHHX H I'VIalKHX BEKTOPDHHIX moJieft m oTobpa-
xenui. [eoMeTprueckoe W3JIOXKeHHEe METOAA paspelleHHs OCOGEHHOCTeH COoxep-
KuTcsi B KHHre [85]. JIoKajibHash TeODHS] HHBapHAaHTHHX MHOTOOGPAa3Hil H3NMOXKe-
Ha B [44], [37], [85]; B [44] oHa mpHMeHsileTcs K ypaBHEHHSIM MaTeMaTHYECKOH
¢du3uKH.

B xHHre [45] HanoXKeHa JIOKaJbHAs TEOPHS TaMHJIbTOHOBHX CHCTEM, B KO-
TOPOH H3-32 HAJHYHA HHBADHAHTHON CHMIJIEKTHYECKOH CTPYKTYDH BO3HHKAIOT
crenupuIecKHe SBJEHHS, He BCTpedaiollHecs B AHPepeHNHaJLHHX YpaBHEHHAX
o6IIero MoJIOXEHHS.

Kuura [17] mnocBsiera TeopuHH BO3MYILEHHH, MO3BOJSIOLIEH HCCAEA0OBATD
‘CHCTEMHI, OJIM3KHE K HHTErpHpPYeMHM.

B xuurax [7}, [47] u3naraoTcsi OCHOBH TeopHH AudPepeHuHaIbHHX YpaBHe-
Huit Ha MHorooOpasusx. Teopuss PpoGennyca usloxkeHa B [47]; reomerpHueckoe
uajoxkeHue faxo B [8].

Kuura [62] nocBsillleHa TeOPHH CJIOEHHH, YaCTbi0 KOTOPOf SBJISETCS TEOPHS
nuddepeHuHaIbHEX YPAaBHEHHA C BellleCTBEHHHIM H KOMIJIEKCHHM BpeMmeneM. OHa
CONEPXKHT noapo6HOe H3JIOMeHHe TIeOMETPHYECKOH TeopHH AHPPepeHIHaIbHEX
ypaBHeHH HA IBYMEDHOM H TPeXMEPHOM TOpe.

Kuura [5] mocBsulena Y-CHCTeMaMm — €CTeCTBEHHOMY KJaaccy AxdrpepeHnnan-
HHX ypaBHEHHHA Ha MHOroo6pasusx, OGJafaloOLHX  CBOACTBOM  CTPYKTYpHOR
yCTORYHBOCTH. B 3TOT KJacc BXOAAT, B YaCTHOCTH, reoXe3HYeCKHe IOTOKH Ha
KOMIIaKTHHX MHOTOOGpa3HAX OTPHUATEJbHOA KPHBH3HH.

Kuura [19] nocesimieHa B OCHOBHOM aCHMOTOTHYECKOA TEOPHH JHHEAHHX
.auddepeHnHaNLHEX ypaBHEHHHR C KOMIVIEKCHHM BpeMEHEM.
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[po6nema Pumana—Iuanbepra obcyxnaercs B kuurax [82], [103}, [65].

[57]. Kunra [103] nocBsillleHa TEOPHH HHTEIPAJbHHX ypasHEHHH, C NOMOLIBK:
KOTOpO# OHJIO [IOAYYeHO NepBOe pellieHHe NpobJeMH.

Knura [65] comepXHT TeODHIO BEKTODHWX pAacCIOEHHH H ee NPHJIOKEHHS

K npobiaeMe Pumana—Iuabbepra AJs ypaBHEHHA Ha HEKOMIIAKTHHX PHMaHOBHX
nosepxHocTaX. B xuure [87] paspemmumocTs npobaeMw Pumana—Iuabbepra
fipHJaraercs K Teopud noas. B xuure [82] Teopus JuHefinbix AHpdepeHnHANB-
HblX ypaBHEHHH HM3JIOXeHa Ha si3hKe CBS3HOCTEH B BEKTOPHHX DPAaCCIOEHHAX; 3TO

MO3BOJISIET CTaBHTb H pewlaTe npobaeMy Pumana—Iuabbepra AJs ypaBHeHHR C
MHOTOMEpPHHM BpeMeHeM.
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