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IIpenucioBue

IIpennaraemasa KHUTa OJHOTO K3 caMbIX 3HAUUTENbLHBIX (PU3UKOB-
TeopeTHKOB 3Toro croietud Iloasa Jupaxa (1902-1984) comeput veThIpe
JeKIMY M0 KBAHTOBOI MeXaHHKe, MIPOYHTaHHble B MemuBCKOM yHUBEPCH-
TeTe, a TaKkMe JBe ero paboThl, MOCBAINIeHHbIe 0600IIeHNI0 raMUILTOHOBA
¢opmManuaMa Ha ciydail BBIPOKIEHHOTO MO CKOPOCTAM JarpaH;xuana. Bo-
npocel, pa3oOpaHHble KaRk B IEKINAX, TAR U B CTATHAX, OOBIYHO OCTAIOTCA
3a mpefeilaMy TPaJUIUOHHBIX KYPCOB KBaHTOBOI MeXaHUKU, NEPERUBAIO-
meli B mocleaHee BpeMA HOBbIN nmogbeM. OH 06ycloBleH B epBYIO ouepehb
ray6oKMM OPOHHKHOBEHHEM B MaTeMaTHUeCcKUi anmnapaT KBaHTOBOH Mexa-
HURU MeTOJOB TE€OPUU AVHAMHYECKHUX CHCTeM, airebpel u Tomnogoruu. Ha
5TOM MYTH B TOCAeHee BpeMA BO3HUKIN HOBbIE NUCHHUILUIUHBI: KBAaHTOBbIE
TpYNINEbI, TeopuA UHBapuaHToB 3eiibepra—ButTtena u ap.

Bcnmeck mHTepeca K KBaHTOBOH MeXaHUKe oGyCNOBNEH Tak:Ke C pas-
paboTroii, Bocxoaameil kK Puuapny ®eitamany, ugeu o KBaHTOBBIX BbIUHUC-
JeHUAX ¥ KBaHTOBOM KOMObIoTepe. IHTEeHCHUBHbIE TeOpEeTUUECKUE U DKCIIE-
pUMeHTalbHble paboThl B 3TOM HalpaBleHUHN BeAyTcd MapalielbHO GU3N-
KaMy, MaTeMaTHKaMHU U HH#KeHepaMi.

MoskHO paccuuThIBaTh, UTO NpeAnaraeMas kuura Jupaka 6yneT nones-
Ha MUPOKOMY KpYyTy unTaTeneil. MHorue obiire TeopeTUUecKre BOIPOCH B
paboTtax /lupaka quibp HaMe4eHbl — Ha HUX Mbl OCTAHOBUJIUCH B MPUJIOKE-
HUU, OCBAINEHHOM pa3BUTHUIO Uaeii [lupaka B reoMeTpuu U MeXaHUKU. Mbl
HajeeMcH, YTO IPUIOKEHNEe CI0COOHO YaCTHYHO BOCHOIHUTH HENOHNMAHIE,
BBI3BAaHHOE YPE3BbIUANHON CHKATOCTHIO M HACBHIIEHHOCTHIO OPUTUHATBHOIO
TeKCcTa BENUKOro GU3NKa.

A. B. Bopucos



JIERKIuA 1
Metoa I'amuiabTOHA

fI upesBbIvaiino pag ToMmy, UTO Haxo:ych 3dech, B HemuBckoMm yHU-
BepcuTeTe, U UMel0 BO3MO#HOCTD paccKkas3aTh BaM 0 HEKOTOPbIX MaTeMaTH-
YeCcKUX MeToJaX, pa3BUBaeMbIX MHOIO B TeueHHe pAja jaeT. llpesxae Bcero s
xoTeJ1 ObI B HECKOJIbLKHX CJI0Bax onucaTh obliee Hanpas/ieHue 3TUX MeTOJ0B.

B aTomHoit Teopum MBI MMeeM [el0 ¢ Pa3nuHUYHBIMU NOAAMU. 3[ecCh
€CTb pAJl OUeHb XOPOILIO U3BECTHBIX MOJeil, TAKNX, KaK JIeKTPOMarHuTHoOe
¥ rpaBUTallMOHHOE; OJHAKO B IMOcJeJHee BpeMA Mbl CTalKHBaeMcA TaK#e
C pAAOM HMHBIX TIoJeil, MOCKONbKY, corylacHO oOImUM uaeAM e bpoiina u
[lIpepunrepa, Kama0il YacTHIle CONOCTABIAETCA BOJIHA U TU BOJHBI MOMK-
HO paccMaTpuBaTh Kak moje. Takum o6pa3oM, B aTOMHOIl ¢u3uke nepen
HaMM CTOUT 3ajaya [NOCTPOUTHL TEOPHIO, ONMCHLIBAIOLIYIO pa3jnyHble MOoJf,
B3auMoJeiicTBylomue pyr ¢ gpyromM. OHa JoizHa HaXOAUTHLCA B cOrJlacuu
C IPUHIUNAMH KBaHTOBOW MeXaHHWKH, OJHAKO CO3[aTh TaKylO0 TEOpUIO —
BecbMa Heserkas sajgayva.

MoskHO MONYUYUTh 3HAUYUTENLHO G0slee IPOCTYIO TEOPUIO, eClIy NepeilTu
K COOTBETCTBYIOLIEH KIacCUYecKOll MexaHUKe, KOTopad NpeJcTaBifgeT Cco-
60it yacTHBI! caydail KBAHTOBOI MeXaHWKHU NpPU CTPEeMIEHUM MOCTOAHHO
Ilnanka i k Hymo. HarnagHo nmokasaTh, KAk CTPOMTCA TeOpHA, HAMHOTO
Jerde B TepMHHaX Kiaaccuveckoil Mexanuku. [loatomy To, 0 ueM A 6yny
FOBOPHUTL B 9THUX JIEKIUAX, OyleT B OCHOBHOM OTHOCUTLCA K KJIacCHYecKOH
MexXaHuKke.

Bl MoseTe mogymaTh, UTO Takoil cnmoco6 Ha camMoM [eje He OUeHb
xopoll, 6o Kiaccuyeckad MeXaHHUKa HeJOCTATOYHO NMPHUTrojHa AJdA omluca-
uua Ilpuponsi. llpupona onuchiBaeTcA KBaHTOBOII MeXaHHKoil. 3aueMm ske
HYKHO Torja ofpamarbca K Kinaccuueckoil mexaunuxe? [leno B ToMm, 4TO
KBaHTOBbIE TEOPHUM IONA, KAK f yKe CKa3al, BecbMa CIOHBI, U JO CUX
[I0p 0KAa3a/l0Ch BO3MOHBIM IOCTPOUTH KBAHTOBBIE TEOPUH JIHIIL JJA NoJei
JOBOJBLHO MPOCTOTO THUNA C NPOCTHIMHU B3aUMOJEHCTBUAMU MemAy HUMHU.
BrnonHe BepoATHO, 4TO 3TU NPOCThIe N0JA ¢ IPOCTHIMU B3auMoeficTBUAMHU
MemAy HUMH He JaloT afiekBaTHoro onucanus [lpupoasl. Yemexm KBaHTO-
BBIX TEOPUIi MONA JOBOJLHO OrpaHUYeHbl. Mbl HENPEPLIBHO CTATKNBaeMcA



6 Jeryua 1

¢ TPYOHOCTAMU U X0oTelnu Gbl paclypuTh 00LINe paMKU OAX0jAa, YTO M03-
BOJNUT paccMaTpUBaTh noid Gonee obmero Tuna. Hanpumep, Mbl xoTeau 6bl
yuecTb BO3MOMKHOCTH TOTO, YTO ypaBHeHus MakcBemna 6yayT He Bceraa
crpaBelIMBbIMH. BronHe BepoATHO, YTO MpH Mepexojie K 06JacTAM B Helo-
cpelCcTBeHHON GAM30CTH OT 3apANOB, CO3JAIONINX TOJA, Heo6X0AUMO Oy aeT
MoauduunupoBaTh Teopuio MarcBemna Tar, 4ToGbI OHA cTana HelWHEHHON
DIEKTPOJUHAMHUKON. JTO TOINLKO OJUH NpuMep 06oGIIeHUil, KOTOpbIe MO-
Je3HO pacCMOTPEeTh B HallleM TelepelrHeM COCTOAHUM HEe3HAHUA OCHOBHBIX
ujeil, OCHOBHBIX CHJ U OCHOBHOT'O XapaKTepa Iojleil aTOMHOIl Teopuil.

UTo6bl MOHO OBLIO NPUCTYNUThL K 3TOH 3ajadve, T.e. paccMOTpeThb
Oosee obmue mond, HeoOXOJUMO HepeiiTH R Kiaaccudeckoii Teopuu. [lanee,
ecli HaM yJacTcA MpHAaTh KiIacCUYecKoil Teopuu raMUJIbTOHOBY $opMmy,
TO MbI BCerjla CMokeM, IPUMEHUB HEKOTOpble CTaHJapTHbIE NMpaBuia, mo-
JIy4UTh NepBoe NpUGIU#eHle KBaHTOBOI Teopuu. Mou 1eknuu B 0CHOBHOM
OyayT MOCBANIEHBI 3alaue NpeoOpa3oBaHuA 00LIeil KiacCuuecKkoil TEOpUHU K
raMmiIbTOHOBOI ¢opMe. CenaB 3To, MbI BCTYIIIU HA MY Th NOIYYeHUA IO-
clejoBaTelbHO} KBaHTOBOI Teopuu. Bo BcAkoM ciyudae, Mbl GyieM UMeThb
nepBoe MpUOGIUMKEHNe.

Koneuno, HacToAmyio paboTy cilelyeT paccMaTPUBaTh TOIBKO Kak
npeABapUTenbHbIH 3Tan. OKoHYaTeNbHBIM Pe3yIhTaTOM 3TOT0 3Tana J0MHK-
HO GBITH MOCTPOEHUE MOCIeN0BaTelLHOH KBAHTOBOH TeOpUM, OAHAKO HA Y-
THU K 3TOU IeqU BCTpPedYaloTCA BecbMa cepbe3Hble TPYAHOCTH, TPYAHOCTH
($yHIaMeHTalbHOTO XapakTepa, HaJ NMpeoAoleHHeM KOTOPBIX JIOAH My4Ya-
I0TcAd Hemano JaeT. TpyaHocTu mepexoia oT raMUILTOHOBOH KilacCcHUYeCKOil
MeXaHUKM K KBaHTOBOH MeXaHHKe HACTONbKO MOAABIAIOT HEKOTOPBIX, UTO
OHM HAaUHHAIOT AyMaThb: a MOKeT ObITh, U BeCb MeTO/], 0OCHOBaHHbII Ha Kjac-
cuveckoit Teopun l'amunbToHa, ABAAETCA HeynoBlAeTBOpuTenbHbIM? Oco-
OeHHO B Moc/e[HNME HECKOJNbKO JIeT MpeANpPUHUMANNCh MONBITKH Pa3BUTh
UHbIe METOABl MOCTPOEHUA KBAaHTOBLIX Teopuil mond. Ha sToM myTu Gbin
JOCTUTHYT BIIOJIHE OLIyTHMBIH nporpecc. Beln monydeH pafn ycloBuii, Ko-
TOpBle JOMKHBI yI0OBIeTBOpAThcA. OJHAKO 3THU albTepHATHUBHbIE METO[BI,
XOTHA U MO3BOIIIN 3HAUUTENbHO IPOJBUHYThHCA B 00BACHEHNH SKCIIEPUMEH-
TaJdbHBLIX pe3yJhTATOB, €ABa JU MPUBEJYT K OKOHUYATENbHOMY pPeEIIeHUIO
npobiaeMbl. MHe KameTcA, UTO MPU TaKUX MOAX0JaX Bcerja 6yaeT TepATbCA
HeUYTO TaKkoe, UYTO MO#HO MOIYUYUTh TOIbKO MPHU UCHONbL30BaHUN TaMHUILTO-
HUAHA WU, BO3MOKHO, HEKOTOPOro 0600IIeHusa NOHATUA raMUJIbBTOHUAHA.
IloaTomy s mpujep#uBaOCh TOIf TOUKU 3PEHUA, YTO raMIIbTOHNUAH jAelicT-
BUTEJNLHO OUeHb CYIECTBEH [Jf KBAHTOBOI TEOPHM.



Memod I'amuavmona 7

B camom pene, 6e3 ucnonb30BaHUA raMUIBTOHOBBIX METOJOB HEIb3f
pellNTL HEKOTOpble U3 MPOCTEHNINX 3aJay KBAHTOBOH TeOpHH, HANPUMep
noryuuTh ¢opmyny Banbmepa mada Bogopoja, caMblil NepBBbIN U3 pe3yilb-
TaTOB KBaHTOBofi MexaHuku. ClieoBaTelbHO, TAMUILTOHHAH MOABIAETCSA
B TE€OpUM MPU CAMbBIX 3JeMeHTapHBIX MOAX0AaX, U MHE KameTcsA, UTO U 10
CyIeCTBY OUYeHb Ba#HO UCXOAUTL U3 raMUIbTOHHAHA; IOBTOMY fl XOUy pac-
CKa3aTh BaM O TOM, HACKOJBKO JIaJleKO MOKHO Pa3BUTh raMUILTOHOBBI Me-
TOZBI.

MHe xoTenoch 6bl HaUaTh ¢ DlIeMeHTapHOI0 NMOAX0JAa, U B KauecTBe OT-
IpaBHOIl TOUKHM A BO3bMY NpUHOUN OeiicTBud. UMeHHo, A moinaraio, 4To
cyllecTByeT UHTerpal AelicTBUA, 3aBUCAI[NIT OT BUJa IBUMKEHUA CUCTEMBI,
TaKoil, UTO U3 YCIOBUA ero CTalMOHAPHOCTU NPU U3MEHEHUU JABUKEHUA MbI
nojiyvyaeM ypaBHeHUA ABUmeHHA. MeTon, McXoaAuuil M3 OpUHIUIA Aeli-
cTBUA, o0nagaeT OAHUM OOJBIIMM NPEUMYIIECTBOM: OH NO3BOJAET JETKO
corsiacoBaTh TEOpPHUIO C IPUHIOUNOM oTHocuTenabHocTu. HeoGxomumo, uto-
661 Halla aToMHad Teopud ObLIa PENATUBHUCTCKON, 160 B 00IIeM ciydae MBI
HMeeM JIel0 ¢ YaCTHUIaMU, IBHKYIUMUCA ¢ GONBIIUMU CKOPOCTAMH.

Ecnu ™Mbl XOTHM BBeCTH B pacCMOTpeHHEe I'paBHTalllOHHOE Mole, TO
MBI JOMMHBI COrJIacoBaTh HAIly TEOPUIO ¢ OOIUM HPUHIHUIOM OTHOCH-
TENILHOCTH, a HTO O3HAuaeT, UTO HaAM TNpujgeTcA paboTaTh C UCKPUBIEH-
HBIM TIPOCTpaHCcTBOM-BpeMeHeM. OQHaKo rpaBUTalMOHHOE MONe He OUeHb
CyllecTBEHHO B aTOMHOIl DU3UKe, TAK KaK IPaBUTAIUOHHbIE CUIBI YPE3BbI-
yaiiHo cialbl 0 CPABHEHUIO C IPYTHMH CHJIAMH, JeiCTBYIONUMU B aTOM-
HBIX IIpolleccax, U [JJIfl IPAaKTHUYECKUX Ielell MO¥HO NpeHeGpeyb rpaBUTa-
IUOHHBLIM NoneM. Bompoc o BBeleHUU I'paBUTAIMOHHOTO TI0JA B KBAaHTOBYIO
Teopuio ObLI HCCAEOBaH N0 HEKOTOPOi cTelmeHW B MOCIeIHHe TOAbl, U f
OyMalo, 4TO OCHOBHBIM CTUMYJOM 3Toii paboThl Gblia Hajgexja, 4TO yueT
ero MOKeT [IOMOYb NMpeojoJeTh HeKOoTopble TpyAaHocTu. HacKombko Mo-
HO CyINTh B HacTosflllee BpeMs, dTa Haj/lexk/]1a He oNpaBjalach, U BBeJeHUe
rpaBUTalOHHOTO II0J1f, IO-BUANMOMY, cKopee Jo0aBideT OCIOMHEHNA, He-
skedn ycTpaHdeT ux. Takum obpa3oM, BBeleHUe I'PaBUTALMOHHBIX MoJell B
aTOMHYIO TeOpHIO He JaeT 0coGbIX mpeuMyuecTB. OgHARO MeTOAbl, KOTO-
pble A HaMepeH oNmHcaTh, ABIAIOTCA MOIHBIME MaTeMaTHYeCKIMH MeTo/a-
MM, IPUTOTHBIME HE3aBUCHMO OT TOT'0, YUUTHIBAETCA T'PABUTAIIHOHHOE MOJE
unyu HeT. HauneM ¢ uHTerpana neficTBUA, KOTOPBIH A 0603HAYY

I= /Ldt. (1.1)

Ou BhIpaeH B BUJe MHTerpaJja 1o BpeMeHH, Ipru4yeM MoAbIHTerpajbHO€ BbI-
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paskenue L mpepacraBiadeT coGoil marpanmuan. TakuMm obpaszoMm, BMecTe ¢
IPUHLMIOM feficTBUA Mbl UMeeM Jarpansuan’. Tenepb Hy#HO BbLIACHUTD,
KaRr [epeiiTH oT JarpaHkuaHa K raMuiabToHuany. Korga Mbl moinydum ra-
MHJIbTOHUAH, MbI c/iellaeM MepBbIii MAar Ha MyTU K MOCTPOeHHIO KBaHTOBOMH
TeopuH.

Be1 mMoram 6b1 3agaTh ciaegylomuii BOIpOC: a HeIb3A NU B3AThL B Ka-
YecTBE UCXOJHON BENMYMHBI TAMUIBTOHUAH U TEM CaMbIM COKPaTUTh pabo-
Ty, CBA3aHHYIO C MOJy4YeHUEM U3 UHTerpana JeficTBUA, B3ATOTO B KayecT-
Be OTIPaBHOTO NYHKTa, JarpaH:uaHa U ¢ [epPeXoJoM OT JarpaHiuaHa K
ramuinbTonuany? Ilpu mompITKe MPOBECTU TaKOe COKpalleHUe HaTalKuBa-
I0OTCA Ha TPYAHOCTL — OKAa3bIBaeTCHd, COBCEM Helerko copMyil1npoBaTh B
TepMUHAX raMHJIbTOHHAHA YCIOBHA, NPH KOTOPHIX TEOpPUA ABIAETCA penf-
THUBHUCTCKOH. C MOMOIILIO HHTerpaia AeicTBUA 3TU yCIoBUA cHopMyIHpo-
BaTh OUeHb JerKo: HY;KHO HpocTo noTpeGoBaTh, 4TOOBI UHTEerpali Aeict-
BHA ObLIT PedATHBUCTCKU HHBapuanTeH. HeTpyqHO IpuBecTH CKOIBKO yToa-
HO NPUMEPOB UHTETPaoB JeliCTBUA, PEIATUBUCTCKU MHBapHaHTHbBIX. Bce
OHUM aBTOMATHUECKU MPUBEJYT K ypPaBHEHUAM [BUMEHUA, COTIACYIOIIMM-
cA ¢ TpeGOBaHUAMU TEOPUM OTHOCUTENLHOCTHU, U MO3ITOMY JTi060# BBIBOJ,
OCHOBaHHBII HAa TAaKOM HHTerpaie JeiicTBUA, Oy[JeT TaKkke HAXOOUTLCA B
CoTJIacHM € TeOopueil OTHOCUTENbHOCTH.

Ilonyuus raMuUIbLTOHHAH, MBI MO€M NMPUMEHUTh CTaHAaPTHBIH MeTo[
U HaiiTu NepBoe NpubinKeHue KBAaHTOBOI TEOPHH; eClIN HaM IOBe3eT, TO,
BO3MOHO, MbI OKaMeMcAd B COCTOAHUU NPOABUHYTHCA Jalblle U IOCTPO-
UTb CTPOTYIO KBAaHTOBYIO Teopuio. Bl cHOBa Morau GbI CIPOCUTh: HENb3A
JU 710 HEKOTOPOIi CTeNeHN COKpaTUTD 3Ty pa6oTy? MoeT ObITh, MOMHO Te-
peiiTu nmpAMo OT JarpaH;kHaHa K KBaHTOBOI Teopuu 1 BoBce 000iiTHCh Ge3
ramuinbToHuana? UTo #, B HEKOTOPBIX NMPOCTBIX CIYYaaX 3TO MONCHO Cle-
AaTh. 1A HEKOTOPBIX MPOCTHIX THUIIOB MO, paccMaTpUBaeMbIX B GUHNKeE,
JarpaHmUaH KBajpaTHUeH 110 CKOPOCTAM U M0/I06€eH JarpaHKualy, UCIoib-
3yeMOMYy B HepelATUBUCTCKOI AMHaMuKe yacTull. [IpuMeHnTEIbHO K TAKUM
CUTyaluAM, KOrla JarpaH;«uaH KBaJpaTHuueH [0 CKOPOCTAM, pa3paboTaHbl
HEKOTOPble METO/IbI HEIIOCPEACTBEHHOI'0 [IEPEX0/ia OT JarpaHuaHa K KBaH-
ToBOl Teopuu. OHAKO BTO OrpaHUYeHHe CIydyaeM TOJBKO KBagpaTUYHBIX
M0 CKOPOCTAM JlarpaH:K1aHoB ABIAETCA Upe3BbIUaiino mecTKUM. f Xouy us-

L Aurauitckuit Tepmun «Lagrangian» Ha pycckuil A3bIK YacTO MEPeBOAAT Kak «pyHEH-
uudA Jlarpanskay. CiioBo «1arpaHmuaH» 03HadaeT B 3TOM cily4dae [IPOCTPAHCTBEHHYIO ILIOT-
HocTb ¢yHKINN JlarpaHska. [lockoabKky B 9TUX JNeKIMAX MOCAeJHAA He BCTpedaeTcA, Mbl
couau Bo3MOmHBIM nepeBectu «Lagrangiany rar «iarpasmuany. (Ilpum. pen.).
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OemaTh TOro orpaHuyeHus U paboTaTh C JarpaHiuaHoM, KOTOPBIH MOKeT
OLITH COBEPIIEHHO NMPOU3BOILHON GyHKINEll ckopocTeil. UTOOBI MOMYyUYUTH
o6uil popmManuaM, KOTOpbIil OyleT NpUMEHUM, HApUMEpP, K HeJINHEHHOM
3leKTpoJuHaAMUKe, YIOMAHYTO! MHOIO BbIlIe, IO MOeMY MHEHUIO, Helb3fl
HUKOUM 00pa3oM COKPATHUTh MpOIeAypY, CBA3aHHYIO ¢ MOJyUeHUeM U3 UH-
Terpajia AeilcTBUA, B3ATOr0 B KauecTBe UCXOJHOIl BeJINUUHbI, JarpaHxuana,
C MepexoJoM OT JarpaH;uaHa K raMWIbTOHUAHY U 3aTeM ¢ IIepexoioM OT
ramMuIbTOHHAaHa K KBaHTOBOI TeOopuUU. ITO U eCTh Ta Mpoleaypa, KOTOPYIO
fl X004y 00CyJUTH B HacTofllleM Kypce JeKIUil.

YT00651 BEIpa3uTh Bece Hauboslee MPOCTHIM 00pa3oM, A XoTel 6bl HaUaTh
¢ IMHaMHMYecKoll TeOpuU CUCTeM, UMEIOLUUX TOJbKO KOHEUHOE YHUCIO CTe-
neHeit ¢cBo6oAbI U NOJOGHBIX T€M, ¢ KOTOPLIMH Bbl 3HAKOMbBI U3 JUHAMUKHU
yacTuil. Ilocie 3Toro nepexoj oT CUCTEMbl ¢ KOHEUHBIM YHUCIOM CTeneHeit
cB0GOABI K cucTeMe ¢ GeCKOHEYHBIM YHCIOM cTeleHell cBoGoabl (4To HaM
HY7KHO JIIfl TEOPHHU I0JIA) €CTh ysKe YUCTO hopMalbHad 3ajaja.

PaccmaTpuBas cucteMy ¢ KOHEUHBIM YHCIOM CTelleHeil cBoOOIbI, BBe-
JeM JuHaMHYecKkUe KOOpAMHaThI, KOTophle i 0603Hauy uepe3 ¢ WUIAU (n,
rnen = 1,..., N (N — uucio creneneii ¢cBo6ojpI). 3aTeM MbI UMeeM
ckopoctu dgy,/dt = §,. Jarpaumuan L = L(q, ) AaBnderca GpyHKUuel Ko-
OpAUHAT U cKOpocTeii.

Ha »ToMm sTane Bac MoeT 10 HEKOTOpOi cTeleHU CMYTUTh TO 3Ha-
YeHUe, KOTOPOe MpHAAeTCA BpeMeHHO nepeMeHHON B 3ToM (opmanusme.
Bpemennas nepemennas ¢ MOABIAETCA yi#e, KAk TONbLKO Mbl BBOJUM Ja-
rpansuad. OHa cHOBa BCTpedaeTCAd B ONpeJeNeHUU CKOpPOCTeil, U, TaKUM
o6pa3oM, TIpu mepexojie OT JarpaHiuaHa K raMHJIbTOHHAHY UMeeTcH Ofi-
Ha BbljeleHHasaA BpeMeHHAA nepemMenHasa. C peIATUBUCTCKON TOYKYM 3peHUA
3TO 03Ha4yaeT, YTO MbI BbIOHpaeM OJHOI0 OIpefeleHHOro Habutojarensa U Ha
BCEX 3Tanax Hamero ¢gopmain3Ma BeleM OTCUeT BPeMeHHU II0 yacaM 3TOro
nabaogatensi. ITo, KOHEUHO, HE OUEHb YK IPUATHO PU3UKY—-PEIATUBUCTY,
KOTOpBIi npefnoyes 6b1 paccMaTpuBaTh Beex HabmmogaTteneil Ha paBHbIX OC-
HoBaHuAX. OJHAKO TaKoOBa XapaKkTepHas YepTa JaHHOro GopMalnsMa, 1 fl He
BUKY, KaK €e yCTPaHUTb, €CIU Mbl XOTUM COXPaHUThb OOLIHOCTbL PaccMOT-
peHus, Jolyckaf, UTO JarpaH;kuaH MoeT ObITh npou3eoavHoll GyHRIUei
KOOpPAMHAT U ckopocTeil. Mbl MoseM ObITH YBepeHbl, UTO coAepskaHue Teo-
pulU fABAfEeTCA PeIATUBUCTCKIM, Jaie eclu opMa ypaBHEHUIT He ABAAETCA
fIBHO PeJIATUBUCTCKON U3-3a HAJIUYUA OLHOI'O BblIEJEHHOIO BpeMeHHU, urpa-
IOIero JOMUHUPYIOUWYIO POJIb B TEOPUU.

JapaiiTe Temepb pa3oBbeM 3TY JarpaHzeBy GOpMy AMHAMUEH U Ie-
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peiigeM 3aTeM K raMHJIbTOHOBOI ¢opMe, clieaysa BO3MOKHO Goinee GIU3KO
TeM UJefM, C KOTOPbIMHU MbI BCTpeyaeMcA B JUHAMUKE IIPU HCI0Jb30BaHUU
KoopauHAT obuero Bujaa. Mbl UMeeM JarpaH:;ieBbl YpaBHEHUA IBUKEHUS,
nojiyvalolyecs B pe3yiabTaTe BapbUPOBaHUA HHTerpana aelicTBUA

d (oL _ oL (1.2)

dt \ 0qy Oqn '
Y1068I HepeﬁTI/I K raMuJbTOHOBY q)OpMaHI/I:}My, MLI BBeJjeM HMITYJbCHbIEe
nepeMeHHbIe Pj,, ONpeJeluB UX Kak

_ 0L

" o

B o6b1uHO#T AMHAMUUYECKOI TeOopUuH JeliaeTcAa npenrojioxnenue, 4YTo UMIYyJb-

ChblI ABJAKOTCA HE3aBUCUMbIMH Q)yHP&III/IHMI/I CROpOCTeﬁ, HO 3TO MIpeanojiosse-

HHEe ABJIAETCA CIUIIKOM HECTKRUM [OJA TeX HpI/IJIOH{eHI/Iﬁ TE€OopHuHn, KOTOpPbIe

MbI HaMepeHbl pacCMOTPETb. Mb1 xoTuM AONNYCTUTb BO3MOMHOCTL TOrIO,

YTO 3THU HUMIIYJIbCbI He ABJIAIOTCA He3aBUCUMbIMU Q)yHP&III/IHMI/I CP&OpOCTefI.

B Takom ciyuae cyuecTBYIOT HEKOTOpble cooTHOIIeHUusA Tuna (g, p) = 0,
CBA3bIBamome UMIIyJbCHbIE€ IIEpEeMEeHHEIEe.

MosteT GbITh HECKOIbKO He3aBUCHUMbBIX COOTHOIIEHUI 3TOT0 TUIIa; B Ta-

KOM clIyuyae MblI lepeHyMepyeM UX, cHabauB unjekcom m =1, ..., M, Tar

4TO MbI 6y;[eM HUMeETb

(1.3)

¢m(q, p) = 0. (1.4)

Benuuunsl ¢ u p ABIAIOTCA JUHAMUYECKUMU NMEepeMeHHBIMH TE€OPUU B ra-
MHUIBTOHOBOI1 opMme. OHuU cBA3aHbI cooTHoeHuAMH (1.4), KoTopble Ha3bI-
BalOTCA NEPBUYHbIMU C6:A3AMU B TaMUILTOHOBOM (popmanusmMe. Ta TepMHU-
HomorudA BBefieHa Beprmanom, 1 oHa MpeACTaBIAETCA MHE BIIOJIHE YIauHOil.

Paccmotpum Temepb BeruuuHy png, — L. (Bearuii pas, korga BeTpe-
YyaeTcA NMOBTOPAIONIUIICA UHIEKC, A OApPa3yMeBalo, YTO MPOBOIUTCA CYM-
MHUpOBaHWe M0 BceM 3HAYeHUAM 3TOro MHAekca.) BosbMeM Bapuanuu me-
peMeHHbBIX ¢ U ¢ — KOOPAMHAT U CKOpocTeil. TU Bapuallud NPUBEAYT K
HOfIBIEHUIO Bapuanuii UMMOyJIbCHBIX HepeMeHHbIX p. B pesyinbraTe aTOro
BapbUPOBaHuA, ¢ yueToM omnpeaenenus (1.3), momydum

. . . OL oL .
5(ann - L) = 0Pndn + Pnn — ( ) Ogn — (— ) 0gn =
0qn 0in (1'5)

. oL
= 0pnln — (W) Oqn.



Memod I'amunrvmona 11

Tenepb Mbl BUANM, YTO BapHaluf BeAUUUHbBI Py, ¢, — L COAEPHUT TOMb-
KO Bapuallii KOOpANHAT ¢ U UMNyabcoB p. OHa He colep:KUT Bapualuil cko-
pocTeil. ITo 03HAYAET, UTO TAKYIO BEIUUUHY Pp¢n, — L MOKHO BBHIPa3UTb
4yepe3 ¢ U p He3aBUCUMO OT cKopocTeil. BripaskeHHasa TakuM oGpas3oM, oHa
Ha3bpIBaeTcHA 2amMuabmonuarnom H.

Opnako raMuabTOHHAH, ONpeleleHHbINl TakUM crnoco6oM, 3a/laH HeOojl-
HO3Ha4YHO, 160 MbLI Mo:KeM N006aBUTL K HeMy Ni00yi0 JuUHeHYI0 KOMOU-
HallMI0 BelIUYUH ¢, paBHYlo Hydio. TakuM o6pa3om, Mbl Hepeniid Obl K
JpyromMy raMujibTOHUAHY

H* = H + ¢ppom, (1.6)

rie Ko3¢pOUIUEHTHI €, MOTYT ObITh NPOU3BOJIbLHBIMU (PYHKLUAMH g U P.
lamunbTonnan H* HuueM He xyme H; Hallla Teopuf He MOMKET IPOBECTH
pasnuuua Mexay H u H*. ['amuiabToHuaH onpejeneH HeoJHO3HAYHO.

Mozkno 3anucats (1.5) B Buge 0H = ¢,0p, — (8—L> -

I

JTo ypaBHeHMe cIpaBeJIBO 114 POU3BOJLHOI Bapualuu ¢ U p, NOA-
YMHEHHOH TOMY yeioBuIO, uTo cBaAsu (1.4) coxpaHAIOTCA HEU3MEHHBIMHU.
Ilepemennsie ¢ U p Heldb3A BapbUpOBaTh He3aBHCHUMO BBUIY TOr0, YTO OHU
orpanuyensl ycinosuamu (1.4), Ho nua moGoit Bapuauuy q u p, yA0BIETBO-
pAlolieit 3TUM YClIOBUAM, laHHOe ypaBHeHHe Boinoansaetcd. CornacHo obiie-
MY MeTOAYy BapHallUOHHOI'0 HCUUCIeHUA, TPUMEeHEeHHOMY K BapualuoHHOMY
YpaBHEHHIO cO CBA3AMU AaHHOTO THUIA, HAXOJUM

. o0H
n = 75— + Unm

0P " oL 0OH
~ Opn

o i

dpm
Opn Opn B 0qn (1'7)

ogn’

iy, nenonbays (1.2) u (1.3)

(1.8)

rie i, — HeusBecTHbIe KO3 dULUUeHTLI . 31ech Mbl UMeeM 2a.MUAbINOHOEbL
YpasHeHus deudxceHUA, ONUCHIBAION[NE U3MEHEHIe BO BpEMEHU IIepeMeHHBIX ¢
U P, HO 3TU yPABHEHUA COJEpPKAT HEU3BECTHbIE KO PUINEHTDI Uy, .
Yao6HO HCMONL30BaTh chelualibHoe 0603HaUeHHEe, KOTOPOEe MO3BONUT
HaM KpaTKo 3amucaTh 3TH ypaBHeHUA, a uMeHHO ckoOku Ilyaccona. Cmblca

!B oTauume oT ¢, Um — uncioBble kKoaddunuents. (lpum. pex.).
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3TOro 0G03HAYEHHA TAKOB: ecliM Mbl MMeeM aBe QYHKIUU ¢ U P, CKa-
meM, f(q, p) u glq, p), 10 cko6ra Iyaccona [f, g] nna Hux omnpeneisercs
Kan

_0f 0g Of Og
[f, gl = 90 9. Opr. 0" (1.9)

Cro6ru Ilyaccona o6i1agaroT HEKOTOPBIMHU CBOMCTBaMHY, BBITEKAIOIUMHU U3
HX OMpe/ieleHnA, 8 UMeHHO: cKoOKa [f, g] aHTucMMMeTpuYHa 1o f u g

[f7 g] = _[ ) f]v (110)

JUHENHa 110 KaxioMy 4YieHy:

[fi+ fo, 8] = [f1, gl + [for 8] m T om0 (1.11)

Ipu 3TOM CclIpaBeJJUuBO clielyloliee npaBujo A HpOI/IBBe,HeHI/IfI

[f1f2s gl = filfe, g + [f1, &l fo- (1.12)

HaHOHeH, cymecTByeT COOTHOIIeHrHe, N3BeCTHOEe KaK modcdecmeo Hixo-
ﬁu, CBA3bIBalomee Tpu BEJIUYUHBI:

[fa [ga h]] + [ga [hv f]] + [h7 [f7 g]] = 0. (1'13)

C nomomibio ckobok Ilyaccona MbI MoskeM HMHaue 3anucaTh ypaBHEHUA [IBH-
sreHudA. [lnAa npousBoibHON GYHRIUM g TIepeMeHHBIX ¢ U P MBI UMeeM

s Og. | 08,
&= goint 5 bn (1.14)

Eciu moacTaBuTh BMeCTO {, U P, UX 3HAUEHHA, 3alaHHble YPaBHEHH-
mu (1.7) u (1.8), To MbI Haiigem, uTo BernunHa (1.14) paBHa mpocTo

&= [ga H] + um[g7 (Pm]' (115)

Takum o6pa3oM, Bce ypaBHEHUA JABUMEHUA 3aMUChIBAIOTCA B KOMIAKT-
HOM Bujie B fopMaanaMe, ucnoibayiomeM cko6ku Ilyaccona.

MoskHo 3ammcaTb MX B ellle Gojlee KpaTKoil ¢opMe, ecilii HECKOJIbKO
0606muTHL noHATHe ckobokr Ilyaccona. B Tom Buje, B KakoMm f onpeaeiunna
crobku Ilyaccona, OoHU UMEIOT CMBICI TONBKO Il TAKUX Bedu4uH f 1 g, Ko-
TOpbIe MOKHO BBIPA3UTh Kak QYHKIUM epeMeHHbIX ¢ U p. Beanuuna Gonee
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o6mmeil IpupoaLl, HAaNpUMep, 0600IeHHad TepeMenHas CKopocTH, KoTopad
He BbhIpamaeTcs uyepes ¢ U p, He uMeeT ckobok Ilyaccona c mpyroii Bemu-
yuHoii. Pacmupum nouatue ckobor Ilyaccoma u GymemM c4MTaTh, 9YTO OHH
CYWIECTBYIOT [JifA MIOOLIX ABYX BEIUYUH M YTO OHU yIOBJIETBOPAIOT IPaBU-
aam (1.10)—(1.13), Ho B ocTanbHOM He ONpeeleHbl, KOrda BXOAALINE B HIX
BeJIMYHHLI He ABIAIOTCA GYHKIMAMHU MepeMeHHBIX ¢ U P.

Toraa Mbr MoneMm samucath (1.15) kar

g=lg H+umpm]- (1.16)
Kak BuguTe, Ko3QOUINEHTDI 4 NOABIAIOTCA 31€Ch B OTHOM U3 YIEHOB CKOG-
ku [lyaccona. KoapUuueHTDI Uy, He ABIAIOTCA QYHKIMAMH g U P, TOITOMY
MBI He MO#{eM HCI0Ib30BaTh onpenenenve (1.9) misa BelYucieHus cKOGKU
Ilyaccona B (1.16). OgHaro MbI Mo)eM MPOZOIKUTEH HCCIEIOBaHHUE ee, HC-
noab3ys npasuna (1.10)—(1.13). Coraacuo npasuiy (1.11) umeem

(g, H + umpm] = [g; H] + [g, UmPm]; (1.17)

a UCmoNb3ydA MpaBmio miA npoussenenuii (1.12), noxyyaem

(85 UmPm] = 8, Um]|Pm + um[g; Pm]- (1.18)

Hocnenuss ckobka B (1.18) BHonne onpefenena, Tak Kak ¢ 1 @, 00e ABIA-
10TcA QYHRUHAMY HepeMeHHbIX ¢ U p. CroGra Ilyaccona [g, u,,| He ompe-
JelleHa, HO OHA YMHOKaeTCA Ha BEIUUYUHY (,, o0pamalomyioca B HYIb.
MosTomy nepsbIil wieH B npaBoii yactu (1.18) ncuesaer. B pesaynbrare

[gv H + um‘ﬂm] = [g, H] + um[ga Som]a (1.19)

tak uto (1.16) copmagaer ¢ (1.15).

CyliecTBYeT 0[HO 06CTOATENLCTRO, H3-38 KOTOPOTO MBI JOI#{HBI GHIThH
0CTOPORHBI IPH HCI0AbL30BaHnu popmannama cko6ok Ilyaccona. Mer nmeem
cBasu (1.4), HO MBI He JOIDKHBI [OJL30BATHCA HU OJHUM K3 yCIOBHIl CBA-
31 do Boruncaenud ckobor Ilyaccona. Ecau MbI clenaem 9To, TO MpUaeM K
HeBepHOMY peayabTaTy. [[03ToMy MbI IPUMEM Kak MPaBUIO, YTO Bee CKOG-
ku IlyaccoHa DOM#HBI GBITH PACKPBITHI 10 UCTIONL3OBAHUA YCIOBUI CBA3H.
YT06bI IOMHUTL 0 HAXIMYUU B HopMaina3Me 3TOrO NpaBuia, A 3alULLy CBA-
3u (1.4) B popMe ypaBHeHUIl O 3HAKOM DABEHCTBA B BUJE ABYX BOIHHCTHIX
MUHUR A, T.€. CO 3HAKOM, OTJINYAIOMMCA OT 00bIYHOr0. TakuM 06pasoM,
OHH 3alichLIBAIOTCA Kak

Pm = 0. (1.20)
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fI 6yny Ha3pIBaTh TaKkue ypaBHEHUA C1a0bIMU, YTOOBI OTINYATH UX OT OOBIU-
HBIX, WU CUJILHBIX ypaBHEHUII.

Yeaosue (1.20) MOKHO HCIOAL30BATH TOJBLKO HOCIE TOTO, KAK PACKpBI-
Thl Bce UHTepecyiolue Hac ckoOku Ilyaccona. Ilpu ycnoBuu BbimonHeHUS
aTOro mpaBuia ckobka Ilyaccona (1.19) Bronne ompefjeieHa, U Mbl UMeeM
BO3MOKHOCTD 3anucaTh Hawu ypaBHenus aBuzkenus (1.16) B BecbMma cika-
Tol (popMme:

g~ [g, Hr] (1.21)
¢ raMHJIbLTOHMAHOM, KOTOPLIH A 6yIy Ha3LIBATL NOAHbLM FAMUILTOHMAHOM,
Hr = H + Umpm. (1.22)

PaccmoTpuM Tenepb, KakOBBI CIEJCTBUA U3 3TUX ypaBHEHUU IBUMe-
Huf. [Ipese Bcero, MOABATCA HEKOTOPbIE YCIOBUA HENPOTHBOPEUUBOCTH.
Mb1 MMeeM BETUYHHBI @, KOTOpbIe JOMMHBI OBITh paBHLI HYIIO B Ka-
AbIf MOMEHT BpeMeHH. Mbl Mo#ieM PUMEHUTH ypaBHenue nBuxenud (1.21)
win (1.15), B3AB B KauecTBe g oauy u3 byHKUUil . Mb1 3Haem, yTo s
HEeNPOTHUBOPEYMBOCTH METO/a BeIMYNHA & NoJHa ObITh paBHA HYIIO, U,
TakuM 06pa3oM, [OIyJIaeM HEKOTOpble ycloBHA HenpoTuBopeunBocTH. Ilo-
cMOTpuM, Kak oHu Beiraaaat. lonaras B (1.15) g = ¢, u g = 0, noaydyaem

[om, H] + um: [om, om] = 0. (1.23)

MblI UMeeM 37ech HECKONbKO YCJIOBHII HEMPOTHBOPEUMBOCTH, IO OJ-
HOMY AJA KaskJoro 3HavyeHUf MHAeKca m. MbI JOMKHBI HCCIed0BaTh BTHU
YCIA0BHUA U BLIACHUTDH, K YeMy OHU BelyT. Bo3mMo:#HO, UTO 3TH yCIOBUA He-
HocpeJCTBEHHO MPUBOAAT K MpoTuBopeunio. OHU MOryT MPUBECTH K MpoO-
TuBopeunio Tuna 1 = 0. Ecau Takoe ciyyaercd, To 3To 03Ha4aeT, UTO HAIl
HUCXOHBII JarpaHKuaH TaKkoB, YTO JarpaHzkeBbl ypaBHEHUA ABHMEHUSA MPO-
THBOpEeYUBbI. MOKHO JIETKO MOCTPOUTH IIPUMEP €O BCEro JHIIbL OJHOM cTeme-
HbIO cBoGoAbI. Eciu Mbl Bo3bMeM L = ¢, TO JarpaH:;eBo ypaBHEHUE ABUME-
uud (1.2) vemennenuo gact 1 = 0. Takum o6pasom, Kak Bbl BUAUTE, HEIb3f
3aJaBaTh JarpaH:HuaH cCOBepIIeHHO TPOU3BOJbHO. MbI A0MMHBI IPH BhIOOpeE
narpaH;iHuana moTpe6GoBaTh, YTOOBI JarpaH:;keBbl YpaBHEeHHA ABHMEHUA He
cojlepskany BHyTpeHHero npotuBopednd. C yueTom aToro Tpe6oBaHus ycio-
BUfl, BbIpamaeMble ypaBuenuamu (1.23), MmomHo pasbuth Ha TpU Kiaacca.

YcaoBus nepBoro knacca cBoaAaTcA K ToxaecTBy 0 = 0, T.e. OHU yI0B-
TeTBOPAIOTCA aBTOMaTHYeCKH MPH yueTe MePBUUHBIX CBA3EH.
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YeioBuA BTOPOro Kiacca CBOAATCHA K ypaBHEHUAM, He 3aBUCAILIUM OT
Ko3)PUINEHTOB u, T.€. COOEPKalUM TOJIbKO NepeMeHHble ¢ U p. Takue
YCAOBUA He [JOJKHBI 3aBHCETh OT NMEPBUYHBLIX CBA3€il, UHAUe OHU OTHOCH-
auch GbI K YCIOBHAM TepBoro kiaacca. Takum oGpasoM, OHU UMeEIOT BUJ

x(g, p) = 0. (1.24)

Haronen, cymecTBytoT cpenu yciosuii (1.23) Takue, KOTOpble HEBO3-
MOZKHO OTHECTH HU K KaKOMY M3 PACCMOTPEHHBIX KJIaCCOB; OHU MpEACTAaB-
AAI0T co00il yCloBHA, HalaraeMble Ha KO3 GUIUEHTHI u.

YeaoBus mepBoro kjaacca He JOJKHBI Goiblie Hac GecnokouThb. Kam-
Joe yCIOBHe BTOPOro Kjacca 03HAadaeT, 4TO Mbl MMeeM ellle OJHY CBA3b
Me Iy raMUIbTOHOBBIMH HepeMeHHbIMU. CBA3M, BO3HUKAIOUIME TAKUM IIYy-
TeM, Ha3bIBAIOTCA GMOpUiHbIMY ¢6:3aMU. OHU OTANYAIOTCH OT MEPBUYUHBIX
cBfi3ell TeM, UTO TIepBUYHbIE CBA3H ABIAIOTCA MPOCTO CIAEACTBUAMU YpaB-
uenuii (1.3), onpenenArOmUX UMIYyILCHbIE IepeMeHHbIe, TOT1a Kak A Mo-
Jy4eHUsl BTOPUUYHBIX CBA3€H HYMHO MCHONb30BATh TAKKE U JIAr DAHAKEBBI
YPaBHEHUSAl IBUMKEHUSA.

Ecnu B Haieft Teopuu noABifseTcd BTOPUUHAS CBA3L, TO MbI TIOIYyYaeM
ele OIHO YCJOBHE HENPOTHBOPEYUBOCTH, MOTOMY YTO MbI MOM{EM BBIUMC-
JUTH BeAMYUHY X C IOMOLIbIO ypaBHenus asuenus (1.15) u norpe6oBaTs,
yTo6bl X ~ 0. TakuM o6pa3oM, MbI IPUXOTUM ellle K OJJHOMY YCIOBUIO

[x; H] + um[x; ¢m] = 0. (1.25)

JTo ycloBHE HYH{HO UCCIENOBATh ¢ TEX #e Mo3uluii, uto u (1.23). Mer cHo-
Ba [OMMHbI BBIACHUTb, K KAKOMY W3 TpeX KJIaccoB OHO oTHOocuTcA. Eciau
OHO HpefcTaBafAeT co6oil yciIoBUe BTOPOro Kiacca, TO MbI JIOMMHLI IPOAO0JI-
JKUTH MIpoliecc KaaccupuKaluy ellle Ha OJUH 3Tall, NOCKOAbRY 3J€ech Mbl
uMeeM 106aBOUYHYIO BTOPHUUHYIO cBA3b. MbI npojponskaeM nofo6HbIM o6Gpa-
30M [I0 TeX Iop, I0OKa He McueplaeM Bce YCJIOBUA HENPOTHUBOPEUYUBOCTH, U
B KayeCTBe KOHEUHOrO pe3ylbTaTa y Hac OCTaHeTCA pAJA BTOPUYHBIX CBf-
3eit Tuma (1.24) BMecTe ¢ HaGopoMm ycmoBuii Tuna (1.23), HanaraeMbIX Ha
K03(UINEHTHI U.

Bo muorux caydasax mel GyfeM paccMaTpuBaTh BTODUYHBIE CBA3M HA
PaBHBIX OCHOBAHUAX C MEPBUYHBIMU. YI0GHO HCIOIL30BATh IJIA HUX ClIEAy-
Iolee o6o3HaUEHUE:

or~0, k=M+1,..., M +K, (1.26)
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rage K — mosHOe 4uciao BTOPHUYHBIX cBazeii. Ux cilegyetT 3alucblBaTb, Tak
#Me KRaKk U IIepBUYHbIC CBA3U, B BUIE cinabbIX ypaBHeHHﬁ, I[IOCROJIbRY OHH
TaRKKe IIpeacTaBafAloT co6oii YpaBHEeHHUA, KOTOPbIMU MbI HE OJOJMHBI II0Jb-
30BaThCA [0 BRIUHUCISHUA CKOOOK Hyaccona. Taxkum 06pa30M, BCIO COBORYTI-
HOCTH CBfI3efl MOKHO 3amucaTh Tak:

pi=0, j=1,... M+K=.J. (1.27)

OGpaTtumMcsa Telepb K OCTaBIIUMCA YCIOBHAM TpeTbero kKiaacca. Mol
JOJHBI BBIACHUTH, KAKUE OTPaHUUYEHUA OHU HajlaraloT Ha Ko3dunueH-
TBI %. DTH YCIOBUA CYTh

[Qij H] + um[ﬂoja Som] ~ 0, (1'28)

rie 0o UHAEKCY M CyMMUpOBaHue npoBoauTcA oT 1 1o M, a j npuHuMaeT
no6o0e 3HaueHue oT 1 go J. ITU ypaBHEHHA cOJEPKAT yCIOBUA, KOTOPbIM
JOJHBI TOJUYUHATHCA KO3POUIUEHTHI U, KOJIb CKOPO JaHHbIE YpaBHEHHA
He cBOJATCA MPOCTO K CBA3AM.

ITocMmoTpum Ha 3T ypaBHeHUA ¢ Apyroii Touku 3perusd. [Ipeanonomum,
9T0 K03 PUIUeHTHI « HeudBecTHbI U (1.28) mpencTaBifaeT coboii cucTemMy
HEOJHOPOJHBIX JNHEIHbIX yPaBHEHUI OTHOCUTENLHO 3TUX HEN3BECTHBIX u,
K03 PUIMEeHTaMU B KOTOPBLIX ciIyskaT (QYHKLIUU IepeMeHHBIX ¢ U p. By-
JeM UCKaThb pellleHHe 3TOH CHUCTEeMbl YpaBHEHHUIl, KOTOpOe JacT HaM u Kak
(GYHKIUU OT ¢ U P, CKaKeM,

Um = Un(q, D). (1.29)

Pemenue Takoro Tuma goiHO cyllecTBOBaTh, n60 oGpaTHOE 03HAYAIO
Obl, 4YTO JlarpaHkeBbl YyPABHEHNA IBUMEHHUA IPOTUBOPEYNBEI, U 3TOT Caydail
MBI 0TGpachIBaeM.

Pemenue okasbiBaeTcA HeomHO3HaUHBIM. Eciu y Hac ecTb OJIHO peliie-
HUe, MBI MOkeM OpUGaBUTh K HeMY MPOHU3BOJIbHOE pemenue Vi, (g, p) ogHo-
pOJHOIl cHCTeMbl ypaBHeHuii, coorBeTcTBYyIomeil (1.28):

Vinlpjs m] = 0, (1.30)

U MOJYyYUM TaKUM CHoco60M [pyroe pelieHHe HEeOTHOPOTHON CHCTEMBbI
ypaBtennit (1.28). MbI xoTuM noiyuuTh obiee perienue ypaBHenuii (1.28),
a 3TO 03HAyYaeT, YTO MbI JOMMHBI PACCMOTPETh 6Ce He3aBHCHMbIe peilie-
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uusa cuctemsl (1.30), KoTopble MbI MojeM 0Go3Ha4uTh 4eped Vi, (g, p),
a=1,..., A Toraa obumee pemenue cucrems! (1.28) umeer Buj

U, = U, + 06 Vam, (1.31)

rie ko3¢ GUIUEeHTbI ¥, MOTYT ObITh ITPOU3BOJbLHBIMU.

MoacraBum 3Tu BbIpameHus MA U B NOIHbIH ramunbTonnad (1.22) na-
el Teopuu. ITO OACT HAM cleAylolllee BbIpazkeHHe MJIA MOJHOTO raMuib-
TOHHAHA:

Hy = H+ Uppm + 0o Vam@m- (1.32)

Mpb1 Mo:eM 3anucaTh ero Kak

Hr = H + vapq, (1.33)
rae
H = H+Uy,pm (1.33a)
u
0o = Vam®Pm- (1.34)

Hcnoanays monubiit ramunbTonuad (1.33), Mbl mo-npexteMy GygeM UMeTh
ypaBHenus asmienus (1.21).

IIpoBenenHbIil aHANU3 TOKA3BIBAET, YTO MBI yOBIETBOPUIN BCEM Tpe-
60BaHHAM HENPOTHUBOPEUYUBOCTU TEOPUU WU BCe ellle NMeeM MPOU3BOILHbIE
KosdpunmenTsl v. X 4ucio o6bIYHO MeHbllle uucia Kod(hhUIHEeHTOB u.
KoadpunmeHTsl v He TPOU3BOIbHBI — OHU JOJHBI YIOBIETBOPATDL Tpebo-
BaHUAM HeIPOTHUBOPEUYNBOCTH, TOrJa Kak Ko3(phUIueHTs! v ABIAIOTCA IPO-
U3BONLHBIMH BelUUUHAMU. MbI MOeM B3ATh B KaUeCTBE ¥ IIPOU3BONLHbBIE
(yHRIUU BpEMeHH, 1 TeM He MeHee Bce TpeGoBaHUA Hallell TUHAMUYECKOH
Teopuu GyIYyT BBHIMOAHATHCA.

B sToMm cocTout otanuue 06061eHHOr0 raMUIBTOHOBA hopMann3ma oT
TOr'0, C KOTOPBIM MBI 3HAKOMBI U3 3JIeMeHTapHOil JUHAMURHU. 3[leCh MbI HMe-
eM MpPOu3BONbHbIe GYHKINUN BPpeMeHU, BXOoJAllNe B obllee pelleHUe ypaB-
HeHUil IBUKEHMA ¢ 3aJaHHBIMU HavalbHBIMHU ycioBuaMu. Hanuuwme sTux
NPOU3BONBHBLIX GYHKIUI BpeMeHH 03HAYAeT, UTO MbI UCIOIL3yeM MaTeMa-
TUYECKUI anmapar, coiepskamiiii NPOU3BOIbHEIE XapaKTePUCTUKY, HAIpH-
Mep, KOOpJUHATHYIO CUCTEMY, KOTOPYIO MOHO BbIGPaTh HEKOTOPHIM IIPO-
U3BONBLHBIM 00pa3oM, UJIU KaluGpoBRY B 3MeKTpoAuHaMuKe. B pesyabra-
Te HATUYHA 5TOr0 MPOU3BOJIa B MaTeMaTHUYeCKOM amlnapaTe IMHaAMHUUecKUe
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[lepeMeHHbIe B NOCHeSyOle MOMEHThI BpeMeHU He I0JHOCThIO ONpejelf-
I0OTCAl UX HavalbHbIMU 3HAYEHUAMU, U 3TO IPOABIAETCA B HAIUYUYU [IPOU3-
BOJIBHBIX QyHRUUH B 00LleM pelleHUU.

Ham my:kHO BBecTH TepMUHOJOTHMIO, KOTOpaf oTpaskala Obl XapakTep
BeJUYNH, BeTpeyalomuxceA B ¢opmanusMe. MHe KameTcA Mone3Hoil cieny-
oumad TepMuHONOrus. f1 Ha3wpIBalo, IO ONpefeleHNI0, HEKOTOPYIO TUHAMHU-
YecKyIo nepeMeHHYI0 R, ABAAIOMYIOcA GyHKIUEH 0T ¢ U p, TUHAMUYeCKOH
nepeMeHHOU nepsozo poda, ecnu ee ckoOku Ilyaccona co BceMHu ¢ paBHEI
HYJTIO:

R, 0;] 0, j=1,...,. (1.35)

HocTaTouHO, eciii 3TH yCIOBUA BBHINOIHAIOTCA B CMBICIE CIa0bIX PAaBEHCTB.
B npotuBHOM cnydae R OTHOCUTCA K TMepeMeHHBIM 8mopozo poda. Eciu R
fABNAeTCA NepeMeHHOi nepsoeo poda, To BeanuuHa [R, ¢;] momxHa GbITH
paBHa B CHIILHOM CMbICAE HEKOTOPOU JTHHEITHOH GYHKIUU OT ¢, Tak Kak
Bce, UTO ciabo ¥mcye3aeT B HACTOAI[EH TEOpUH, B CHILHOM CMbICIEe PaBHO
HEKOTOpOil AuHeitHON QyHRIUM OT Bedn4uH . [lo onpenenenuio ¢ ABIAIOT-
cA eJUHCTBEHHBIMHU He3aBHCHMBIMU BelUYMHaMHM, clabo paBHbIMU HYIIO.
IToaTomMy MBI MMeeM culbHBIE ypaBHEHUA

(R, @] = rjjrpjr- (1.36)

Mpemae yem mepexoduTh K AalbHeliieMy, fi XoTeld Obl I0Ka3aTh clie-
AYIONYIO TeopeMy.

Teopema. (kobka Ilyaccona deyx eeauuun nepeozo poda makdice a6AAeMmMcA

seAUUHOlL nepsozo poda.

Horasameavcmaso.
Myers R u S — mepementsie nepBoro poga. Toraa, coraacuo (1.36),
MbI UMeeM

[S, QOJ'] = 85 P4’ (136&)
CoctaBuM crobry Ilyaccona [[R, S|, ¢;]. MbI JOMKHEI PacKpbITh ee ¢ IO-
MouibIo Toskaectsa fIkobu (1.13):

[[Rv S]’ QOj] = [[R’ ‘pj]7 S] - [[57 901']’ R] = [Tjj'ﬁpj', S] - [Sjj'QOj’g R] =
= rjjlpjs 8]+ [rjjr, Slej — sjiless Bl — [s550, Rlpjr = 0.

3zech Mbl uenoab3oBany ypasuenusa (1.36) u (1.36a), 3aTem npaBuio npo-
usBenenuit (1.12) n ypasuenne (1.20). Bea sra Bennuuna cnabo ucuesaet.
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Takum o6pasoM, Mbl Jokaszanau, 4to [R, S| ABifAeTcA BelMYUHON IEepBOro
pona. ]

Mbl uMeeM yske deThIpe pasiUYHbIX THUIA cBfA3eil. Mbl MoseM pasie-
JAWThL UX HA CBA3HM HEPBOr0 U BTOPOr0 POja COBEPIIEHHO HE3aBUCUMO OT MX
paszeieHus Ha MepBUYHbIE U BTOPUYHbIE.

fI xoTen 61 06paTUTL Balle BHUMaHWe Ha TO, 4To Benuuuusl H' u ¢,
onpenenaemblie cornacHo (1.33a) u (1.34), mpeactaBnAoOT co60ii BENUUHHEI
nepBoro poga. CoctaBus ckobkry IlyaccoHa @, ¢ ¢;, MBI HOTYYHM, cOrlac-
HO (1.34), Vom[om, ¢;] naoc crabo ucuesamomue wiensl. Ilockonbry Virm
o crnocofy onpenenenus ygosiersopseT ypasHenuio (1.30), ¢, ecTh Beau-
YKHa nepBoro poja. Auanornuno ypasHenue (1.28) ¢ sameHoil u,, Ha Uy,

nokasbiBaeT, uTo H' — Beanuuna mepsoro pona. Takum o6pasoM, BbhIpa-
senne (1.33) 3agaeT MONHLIA raMUJILTOHUAH B BUIE KOMOMHAIMU TaMWJIb-
ToHuana H' — BelWYMHBI MEPBOTO POJAa — U HEKOTOPLIX QYHKIUK ¢ —

TaKMe BEIMYUH IepBOro poja.

Jio6ag nuHeiinas KOMOUHALUA  , KOHEUHO, TaKk#e ABIAeTCH CBA3LIOY,
U eclii Mbl BO3bMeM JIHHEHHYI0O KOMOGUHAIMIO IEPBUYHBIX CBf3ed, TO B pe-
3yJabTaTe HOLYYUM elle OJHY NEePBUYHYIO cBA3b. [loaToMy Kamjgan U3 Be-
JAMYUH (o, ABIAETCA NEPBUYHON CBA3LIO, U OHA OTHOCUTCA K NEPBOMY pO-
ay. TakuM 00pa3oM, B UTOre Mbl BBIPA3UJIU MOMHBIA raMUWIbTOHUAH B BUMIE
CYMMbI T'aMMJILTOHHAHA — BEJIUYMHBI IEPBOro Pola — U JIMHEHHO KoMGu-
HalUK MepPBUYHBIX CBA3EH MepBOro poja.

Yucno He3aBUCUMBIX TPOU3BOILHBIX (GYHKIMH BpeMeHH, BXOAAIINX B
ofllee pellleHde ypaBHeHWil NBMKeHHA, PABHO YKMCIy 3HAYeHHH, KOTopble
npuHUMaeT uHaeKe a. OHO paBHO YKMCIy HE3aBUCHMbIX IEPBHYHLIX CBA3EH
IePBOro poja, NOTOMY UYTO BCe He3aBHCUMblE NEPBUYHbIE CBA3U NEPBOIO
pona Bxoaar B cymmy (1.33).

Hraxk, Mbl 06pHcoBani o0IIyIO cUTyanuo. Mbl NPUILIA K Heil, HeXod
HMEHHO U3 ypaBHeHMH ABMeHnaA Jlarpad:a, nepexoid K raMIILTOHUAHY
U pacKpblBag BUJ YCIOBUil HEIPOTUBOPEYUBOCTH.

C npakTUyYeCcKoll TOYKH 3PEHUA MOMKHO, HCXOAA U3 CBOICTB npeobpaso-
BaHMA UHTerpaia AeiicTBYA, YKasaTh, KaKue IPOU3BOJbHbIC QYyHKIUU Bpe-
MeHH BOiJyT B oflllee pelleHNe ypaBHeHMi ABuennd. Kammoll ua sTmx
GYHKLOUI BpeMeHU [Jol#HA COOTBETCTBOBATL HEKOTOpAA IepBUYHAA CBA3L
nepporo poga. I[foaToMy MbI MoseM 3apaHee cKasaTh, KAKUMHU OyAyT Iep-

LABTop, BBeNA BEINE MOHATHE CBA3eil, T.e. cOOTHOmeHUH Tuna (g, p) = 0 (Hanpu-
Mmep, (1.4)), 3mech U fanee MPUMeHAET TOT TepMHUH (CBA3H) Take M AaA 0603HAUeHUA
camux BeanuuH (g, p). B nepeBone sra oco6enHocth coxpaHena. (Ilpum. mepes.)
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BUYHbIe CBA3YU IEpPBOro poja, He NPOBOJAA BOBCE NOAPOOHOI0 BLIYUCIEHUA
ckobor IlyaccoHa; B mpakTHUYECKUX NPUIOMKEHUAX JAaHHOI TEOPUU MBI, OUe-
BUJHO, CMOeM cOepedyb HEMaJo CHUJ, UCIO0JAb3YyA 3TOT METON.

fI xoTen 61 NPOABUHYThHCA HECKOILKO Jaibllie U paccMOTpPETh ellle Ofl-
HY XapakTepHyIo uepTy Teopuu. [lonbiTaeMeA MOHATHL ¢ GU3UYECKOI TOUKHU
3pEHUA TaKylo CHTyalHIO: Mbl UCXOJUM W3 3aJaHHbIX Ha4yalbHBIX 3Ha4e-
HUII NepeMeHHbIX U NoJdy4YaeM pelleHre ypaBHeHUH IBUMAeHNsA, cogepsKalee
npousBoibHble QpyHrOuU. HykHble HaM HaualbHBIE 3HAUYEHUA IepeMeHHBIX
3ajaloTcA AJaA nepeMeHHbIX ¢ u p. Ham He HyskHO 3ajaBaTh HavalbHbIe
3HaueHUus Koadounrenton v. HauanbHble 3HaUueHUA ¢ U P COOTBETCTBYIOT,
Kak TOBOPAT QU3UKH, HAYAAbHOMY PUULECKOMY COCMOAHUIO cUcTeMbl. Du-
3MYECKOe COCTOAHNE ONpeeNnsAeTCA TOAbKO IEPEMEHHbIMU ¢ U P, a He Kod (-
(punueHTaMmu v.

Janee, HauanbHOE COCTOAHUE JOJMHO ONpeNeldATh COCTOAHUA U B MO-
cienytoinue MoMeHThl BpeMenu. Ho 3HaueHUA mepeMeHHBIX ¢ U p HEOHHO-
3Ha4yHO OIpefleNAITCA B NocieAylollie MOMEeHThl BpEMEHU 10 HavyalbHbIM
3HAaYEHUAM, NIOCKOIbKY Y HAC NOABIAIOTCA NPOU3BOIbHBIE GYHRIUU V. ITO
03HaA4aeT, YTO COCTOAHNE HEOJHO3HAUYHO onpefiensaeT HaOop 3Ha4YeHuUil nepe-
MEHHBIX ¢ U p, HECMOTPA HAa TO YTO 3TOT HAOOp ¢ M P OAHO3HAYHO OIpe-
nenfet coctoAanue. [Jomuuo cynecTBoBaTh HECKOJIbKO BapuaHTOB Bbibopa ¢
U P, COOTBETCTBYIOIIUX OJHOMY M TOMY ke cocTofiHuio. Takum obpazom,
nepej HaMHU CTOUT 3ajaya OThbICKaTh Bce HAOOPbI 3HAYEHUH IepeMeHHBIX g
U P, KOTOpbIE COOTBETCTBYIOT OJHOMY 4aCTHOMY (DU3NYECKOMY COCTOAHHUIO.

Bce aTu 3HaYeHNA IepeMeHHBIX ¢ U P B ONpeAeleHHbIIl MOMEHT BpeMe-
HH, KOTOPbIE MOT'YT NOJYUYUThCA B pe3yilbTaTe pa3BUTHUA U3 OJIHOI0 Havalb-
HOTO COCTOAHWA, JOJM#HBI COOTBETCTBOBaTh OJHOMY U TOMY e ¢usuyec-
KOMY COCTOAIHMIO B 3TOT MoMeHT. [laBaiiTe Bo3dbMeM HEKOTOpbie HacTHbIE
HavalbHble 3HAYEHUA IE€PEMEHHBbIX ¢ U P B MOMeHT BpeMmeHu ¢ = ( u no-
CMOTpPHUM, KaKkMMU OyJyT 3HAYEHUA ¢ U p 4depe3 HeGONbLIOH NPOMEHy TOK
BpeMenu dt. 3HaueHe MPOU3BONbLHOM AUHAMHYECKON MepeMeHHOH g, UMeB-
meil HauanbHOe 3HAYeHHe gy, B MOMEHT BpeMeHU 0t ecThb

g(0t) = go + &6t = go + [g, Hr)dt = go + 0t {[g, H'] + valg, wal}. (1.37)

RoaddunueHTsl v coBepllleHHO TPOU3BONBHBI U HAXOAATCA B HAIlleM paclio-
psaenun. [Ipeanonosum, 4To Mbl BO3bMeM [JIA 3THX K03 DUIHNEHTOB HHbIe
3Ha4yeHUA, HANpUMep v'. ATo mpUBeNo Obl K ApyroMy sHadenuio g(dt), oT-
auyvaiolemMycAa Ha

Ag(8t) = 3t(va — vL)[g: @l (1.38)



Memod Iamuavmona 21

BTy BCJINMYNHY MOMHO 3allucaTb Kak

Ag(0t) = ealg; al, (1.39)

rae
€a = 0t(vg — v)) (1.40)

npefacTaBiafgeT co60il TPOU3BONbHOE Maloe YHUCIo, Majloe U3-3a HalTu4uA Ko-
adpuurenTta dt U NPOU3BOJIbHOE BBUIY TOTO, UTO BEJIMYUHBI ¥ U v' MOTYT
ObITh KAKUMH YTromgHo. MBI MoKeM H3MeHUThb Bce Hallll raMUIbTOHOBEI Ie-
pemMeHHble cornacHo npaBuiy (1.39), u HOBble TaMUIbLTOHOBHI MEpeMEHHbIE
OyOyT ONHUCHIBATH TO e caMoe COCTOfSHHEe. ITO HU3MeHeHHe raMUIbTOHO-
BBIX IIepeMeHHbBIX OCyLIecTBAAeTCA My TeM OeCKOHEYHO Maloro KOHTAKTHOTO
npeoGpa3oBaHUA ¢ MPOUBOAAMIEH GYHRIUEH €,(,. MBI IPUXOAUM K TOMY
3aKJIIOUEHUIO, UTO BEIUUYUHBI (,, BIEepPBbIe TMOABIAOINECH B TEOPUM Kak
HnepBUYHbIE CBA3U MEPBOTO POjia, UMEIOT CIeIYIONINI CMBICT: OHU 6 Kaiecm-
se npoussodauiur Pynryuil (2enepamopos) GecKOHEMHO MAABLE KOHIMAKITIHbLEY
npeo6pasosanull npueodam K MaKuM U3MEeHEeHUAM NePeMeHHbT ¢ U P, KOMmo-
pule He C8A3aHbl ¢ U3MeHeHUeM Pu3uiecko20 cOCMoaHUA.

Onnako 3To ellle He KOHell. Mo#HO IPOABUHYThCA Janblle B TOM ke Ha-
npaBienun. [Ipeanonomum, 4To MBI IPpUMeHAEM IOCAeJOBaTEIbHO /1Ba Ta-
KHUX KOHTaKTHBIX mpeobGpasoBanud. [IpoBegeM cHauana mepBoe KOHTAKTHOE
npeoGpasoBaHue ¢ MpousBoaAmeil byHKIUEH £,p,, a 3aTeM BTOpoe KOH-
TakTHoe NpeoGpa3oBaHue ¢ MpousBofAmieil byHKUUEN 7Yq Y4, TAE Yo —
HEKOTOpbIe HOBbIE Majble K03 GuuneHThl. Mbl NOTYyYMM OKOHUYATENbHO

g = 8o+ €algs @a] + Var[g + €algs @als @ar]- (1.41)

(f coxpaHfilo wiIeHbl BTOPOro MOpAfKA, CoAepsKaliue IPOU3BeJeHUs £, HO
npeHe6perao uieHaMd BTOPOro NOpAAKA, MPONOPIUOHANLHBIMY €2 Wau 2.
JTo npubiaumeHne ABIAETCA 3aKOHHBIM, U OHO JOCTATOYHO IJA HAIUX Ie-
neit. fl He xouy BeInmMChHIBAaThH Goablle, YeM MHe Ha caMOM Jelle HYHO AJd
N0y 4eHNsA UCKOMOro pesyiabrara.) Eciu nocnenoBatenbHo NpuMeHUTD JBa
npeo6Gpa3oBaHuA B 0OpaTHOM MOPANKE, TO MbI MOIYUYUM

g’ = g0+ Va8 ¢arl + alg + Yarlg Parls Pal- (1.42)

JlaBaiiTe, Tenepb BBIYTEM OJUH pe3yabTatT U3z apyroro. Paznocts 6yger pae-
Ha

Ag = ¢eaar {[[ga Soa]a Qoa'] - [[ga Qoa’]a Qoa]}' (1.43)
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Ha ocuoBanuu TomagectBa fIko6u (1.13) 3To BhIpameHue CBOOUTCA K

Ag = eava (8, [Pas Pa'l]- (1.44)

Bennunna Ag TaKM»e JOoJMKHa COOTBETCTBOBAaTb TAKOMY HM3MEHEHHUIO IIepe-
MEHHLIX ¢ 1 p, KOTOpOe He CBA3aHO C M3MEHEHHueM d")I/IBI/I‘IeCKOFO cocTof-
HHA, IOCKOJBRY 9Ta BeJIMUMHa BO3HUKaeT B pe3dyJjbTaTe KoOMOUHAIMU pAoa
IpoueccoB, B KamaI0M N3 KOTOPLIX IO OTAEJIbHOCTH d")I/IBI/I‘IeCKOG COCTOfIHHE
ocTaeTcA HeW3MeHHBIM. Tarum 06p830M, ACHO, 9YTO MOKHO HCIOJb30BaTb
BEINYHUHY

[‘pa; (Pa,’] (145)

B KayvecTBe NIpou3BoJAmIeil GyHKINU OECKOHEUHO MaJloro KOHTaKTHOTO Mpe-
oGpa3oBaHNsf, KOTOPOE HE CBA3aHO C U3MeHeHHeM (U3NYeCKOro COCTOSHUA.
Bcnomuum Tenmepb, uTO ¢, ABIAIOTCA BeINYHHAMU IepBOro poja, a
nostomy ckoOku Ilyaccona ana HuX ciabo paBHBI HYIIO U, CleJOBaTeIbHO,
paBHBI B CUJILHOM CMbIC/Ie HEKOTOPO! NUHEHHOH KOMOMHANUM BEIUYUH (.
dTa AuHeliHag KOMOUHALUA BeIUUYUH ¢ TaKkMe 0¥ HA ObITH NEPBOTo poja
corjacHo JIoka3aHHOIl HeCKOJIbKO paHee TeopeMe, 0 KOTopoii ckobka Ilyac-
COHa ABYX BeIMYMH IEpPBOro poja TaKie eCTh BeJM4YUHA IepBoro poja.

Taxum o6pa3oM, Mbl BUJUM, UTO IpeoOpa3oBaHusl, N0y yaeMble TAKUM
nyTeM M He CBA3aHHble ¢ KaKUM-Au00 M3MeHeHneM (U3NYECKOr0 COCTOA-
HHA, IpecTaBIAIOT co60ii npeobpa3oBaHNf, NIPOU3BOJANIMMU PYHKIUAMU
(renepaTopamil) KOTOPbIX ABIAIOTCA CBA3M MEPBOro poaa. ITH mpeobpa-
30BaHUA OKasbiBaloTcA Oojee 00IIMMH, MO0 CPaBHEHUIO C pacCMOTPEHHBIMU
BBIlIe, JUIIL B 0JHOM oTHomeHuu. [IpousBogamue pyHKUIUN, KOTOPbIE MBI
MMeIH Ipeje, AOJAHbI Oblin ObITh NEPBUYHBIMU CBA3AMM NEPBOIO PO-
na. lIpousBojaamue GyHKINN, KOTOPble MbI TIOIy4YaeM Telepb, MOTYT ObITh
BTOPUYHLIMHU CBfI3AMU MePBOro poja. ITOT pacyueT MOKa3bIBaeT, YTO MbI
Morau 6bI MMeTh BTOPHUYHYIO CBA3b NEPBOro poja B KayecTBe NPOU3BOAA-
mell QyHKIuY 6ecCKOHEeYHO Maloro KOHTAaKTHOro npeo0pa3oBanusa, KOToOpoe
NPUBOJUT K U3MEHEHUIO NIepeEMEHHBIX ¢ U p, HO He CBA3aHO ¢ U3MEeHeHUeM
COCTOAHUA.

Ham ny#Ho 6bino Obl, pajil TMOJHOTHI, MPOBECTHU ellle OAHO HeOOIb-
moe HcclefoBaHde, KOTOpoe MOKa3biBaeT, uTo ckoOka Ilyaccona [H', o,]
ramuibTonnana H' (BeanuuHbl nepBOro pojia) co CBA3bIO MEPBOr0 POAad ¢
ONATDL fIBAfAETCA NuHeliHON ¢yHKIUel cBA3eil mepBoro poaa. CHoOBa MoOsk-
HO NOKa3aThb, YTO 3Ta BeJHWYMHA OKa3blBaeTCA BO3MOAHOI Npou3BoAAllei
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(dyurgueil 1A 6€CKOHEYHO MabIX KOHTAKTHBIX NpeoGpa3oBanuii, KOTOpBIE
He CBA3AHLI ¢ U3MEHEHUEM COCTOSHUA.

OroHuaTenbHBIN BBIBOJ COCTOUT B TOM, UYTO Npeobpa3oBaHUAMU [U-
HaMMYeCcKHX MepeMeHHbIX, KOTOpble He CBA3aHbl ¢ M3MeHeHHeM (u3nyec-
KUX COCTOAHUIl, ABIAIOTCA OeCKOHEUHO Malble KOHTaKTHbIe Npeobpa3oBa-
HUfA, NPOU3BOAAMIAA (YHKIUA KOTOPBIX NpeACTaBiAeT co6oil MepBUYHYIO
CBA3b TIEPBOT0 Pojia MU, BO3MOKHO, BTOPUYHYIO CBA3bL MEPBOTO poja. 3Ha-
YUTeNbHAA YaCTh BTOPUYHBLIX CBA3eil mepBoro pojaa moxydaerca kak (1.45)
win kax [H', p,]. BoamoxHo, 10 MOeMy MHEHHUIO, YTO BCe BTOPHYHLIE CBA-
31 NepBOro pojia clefyeT OTHECTH K Klaccy reHepaTopoB IpeoOpa3oBaHuUil,
KOTOpble He CBA3aHBI ¢ N3MeHeHHeM (U3UUYECKOr0 COCTOAHHUA, HO MHe He
yaaioch okaszaTh 3To. MHe Take He yaaloch HaiiTU HU OJHOTO MpUMepa,
B KOTOPOM HMenuch Gbl BTOPHUUHBbIE CBA3M MEPBOT0 poOjJa, MOPO:KAAIONIHe
U3MeHeHUA QU3NIECKOro COCTOAHUA.



JIEKIuA 2
IIpo6i1ema KBaHTOBaHUA

Mp1 npumin K npegcTaBlIeHHUIO O TOM, UTO CyIIeCTBYIOT ONpeeleHHbIe
npeo6pasoBaHUA MepeMeHHBIX ¢ U p, KOTOpPble He CBA3aHBI C U3MEHEHUEM
COCTOAHUA U TPOUBBOAANMMEI GYHKIUAMU KOTOPBIX CIYKaT BTOPHUYHbBIE
CBAI3U NEPBOr0 pojia. ITO HABOJUT HA MBICIb O TOM, UTO YPABHEHUA [IBHHKE-
HUA ciegyeT 0600MUTL Tak, 4TOObBI U3MEHEHNA CO BpeMeHeM AMHaMHJec-
Kol mepeMeHHO! g BKIIOYAIN He TOJNbKO MI00ble U3MEHEHU, ONKUChIBaeMble
ypaBuenueMm (1.21), Ho Takze U J0Oble U3MEHEHUS, HE CBI3AHHBIEC C U3-
MeHeHHeM cOoCTofHMA. Takum o6pa3oM, MbI JOMMHBI paccCMOTpeThb Gojee
ofllee ypaBHeHUe ABUMKEHUA

g=[g, Hgl, (2.1)

rae Hg — o0000mieHHblil raMuIbTOHNAH, ABIAIOMINIICA CyMMOIl NpeHero
ramunbToHuana Hp U Bcex Tex MpoM3BOAAWMX GYHKUUil (MIM reHepaTo-
POB) C NMPOU3BONLHBIMH KO3(h(GUIUEHTAMH, 0TBEUYAIONNX MpeoGpasoBaHu-
fIM, HE CBfAIBAHHBIM ¢ U3MEHEHUEM COCTOAHUA:

Hg = Hr + ’U;,goal. (22)

Te renepaTophl ,/, KOTOpbIe He cofep:xaTca yi#e B Hy, 6y1yT BTOPUYHBI-
MH CBA3AMH NepBoro popa. [IpucyTcTBUe HOBBIX YI€HOB B raMILIbTOHUAHE
OPUBOANT K A06GABOYHBIM H3MEHEHHAM [UHAMUUYECKON [epeMeHHOl g, HO
no6aBOYHBIM M3MEHEHUAM He COOTBETCTBYeT HUKaKoe M3MeHEHUe COCcTofA-
HUA, MO3TOMY TaKue WIeHbI ONMpeeNeHHO JOMMHbI ObITh BKIIOUYEHBI B ra-
MHJIbTOHUAH, Jae ecld Mbl He MoidydyaeM N06GaBOUHBIX M3MeHEHUH g mpu
paboTe HelmocpeACTBEHHO C JarpaHKUuaHOM.

Hrak, mb1 npuxogquMm K 0606IIeHHON raMUILTOHOBOI Teopuu. B Tom
BHJe, B KaKOM TeOpHA pa3BUTa MHOIO 3/lech, OHA NPUMEHHMa B clyuae
KOHEUHOTr'0 4YMcia cTeleHell cBOGOAbI, 0JHAKO ee HETPYMAHO 060GIIUThL Ha
cnyuait 6eckoHedHoro 4mciaa creneHeil cBo6oasl. HIeKcoM, HyMepyOLIUM
cTeneHU cBOGOJbI, Yy Hac cIyxuT n =1, ..., N; 6e3 oco6oro Tpyaa MOKHO
caenatb N GecroneunsIM. [anbHeiimee 06o6IieHre TeOPUU MbI HOTYUHM,
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CUNTafA, YTO UHCIO cTemeHell cBOGOABl KOHTUHYATbHO GeCKOHEUHO. JTUM
fl XO0Uy cKazaTh, UTO B KayecTBe HAIIUX ¢ U P MOKHO B3AThH MEpeMeH-
HbIE g, Dy, TJI€ T — UHIEKC, KOTODBI IPUHUMAaET HelpepLIBHbIE 3HAUESHUA
B HEKOTOPOit o6nacTu. Ucnonb3ys 3TOT UHIEKC T, MBI JOJI#HBI 3aMEHUTD BCE
HallU IPeHUE CyMMBI o n UHTerpaitamu. C TaKMM H3MEHEeHHEM MOKHO
HeMmocpeACTBEHHO UCMONL30BaTh Bee Mpefblyllee pacCMOTpEHUE.

HmMmeeTca TonabKo 0[THO ypaBHEHUE, ¢ KOTOPLIM MbI JIOJMHbBI MOCTYIHTD
HeCKOJIbKO MHAauYe, — 3TO ypaBHenue (1.3), KoTopoe onpejelsieT UMIYIbC-
HbIEe NlepeMeHHEIe,

_ 0L
Pn o’

Ecnu n npuHuMaeT Bce 3HaUeHNA HENPEPBIBHOTO CHEKTPAa, TO MbI JAOMKHbI
NOHUMAaTh MOJ 3TUM YacTHBIM AuddepeHIUpOBaHUEM OMepaIiio YacTHOTO
¢byHRIUOHAALHOTO JuddepeHIUPOBaHUA, KOTOPYIO MOKHO TOYHO Ompe[e-
IuTH ciaefyiomuM o6pasoM. Illpugagum ckopocTAM B narpaH;kuaHe Bapua-
U1K 8¢, U MOIOHUM 3aTEM

L = / e 8- (2.3)

Koadppunuent npu d¢§;, cToAmMUIA B MOALIHTEr palbHOM BhIpazeHuu aiad 6L,
€CTb [0 ONpeAeleHuIo Py,.

Ilocne usnoxenusn 3Toit obuleit abcTpakTHON Teopuu, A AyMato, ObLIO
ObI MOJEe3HO MPUBECTH MPOCTON MPUMep B KadyecTBe WIIOCTpanuu. I Bo3b-
My IJIfl 3TOTO JMEeKTpoMarHuTHoe mosie MaKkcBena, 3aJaHHOe MOTeHIUAana-
MH Au- JTuHaMuyecKHe KOOpIUHAThBI Terepb NpeAcTaBIAIOT co00l 3HaUEHUSA
MOTEHIIHAN0B BO BceX TOUKaX MpPOCTpPaHCTBa B onpeeleHHbIII MOMEHT Bpe-
MeHu. UHBIMM ciloBaMU, AMHAMHUYECKHUMU KOOpAUHATAMU ABIAIOTCA A,m,
rjie UHAEKC T OTBevYaeT TpeM KOOpJuHaTam xl, .1:2, 2% Touru B Tpexmep-
HOM IPOCTPaAHCTBE B 3aJaHHbINl MOMEHT BpPeMeHU 20 (a He yeThIpEM KOOp-
IOWHATaM Z, UCI0Jb3yeMbIM B TeOpHH OTHOcHUTeabHOCTH). Torga B kayecTBe
JUHAMUYecKUX cKopocTeil MbI 6yJleM MMeTh MPOU3BOJHbLIE TI0O BpEMEHU OT
OUHaMHUYeCKMX KOOpPAWHAT, U A 6yny obo3HayaTh UX WHAeKcoM () mocie 3a-
NnATOM.

JioGoit nHAeKe ¢ 3anATON Nepel HUM o3HavaeT AU hepeHIupoBaHNe
no o0lieMy npaBuUiIy:

b= o (2.4)
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MbI mMeeM [ello co clenraibHoli Teopuel 0THOCUTeNbLHOCTH, II03TOMY MO3K-
HO IIOJHKMMAaThb U OIyCKATh MHIEKCHI COMVIACHO IPaBM/IaM 3TOi TEOPUM: HOJ-
HUMafg WM OMycKaa WHAeKchl 1, 2 wiu 3, Mbl JOJNAHBI MEHATh 3HAK, HO,
HOAHMMASA WIH ollyckasa uHaekc 0, 3Hak MEHAThL HE HYHO.

B kavecTBe Hallero jarpaHssuana AIf 3leKTpoAuHaMuku MaxcBenna
MbI HMeeM (B eguHunax Xepucaiiga)

L= _i /F,“,F’“’dgm. (2.5)

3xech d®z osmauaer mpousBenenue guddepennuanos drldr?dx®, un-
TerpupoBaHue BeJeTCs [0 BCeMy TPeXMEpPHOMY IpocTpaHcTBy u Fl, —
TEH30p 3IeKTPOMAarHUTHOTO MOJfA, oNpefelAeMblll Yepe3 MOTEHIHANbl BhI-
paeHHeM

Fo=A,,—A4,.. (2.6)

Benuuuna L aBiafeTca narpaHsuaHoM, NIOCKOIbKY HHTerpal oT Hee 10 Bpe-
MeHU ecTh HHTerpan AeiicTBHA MaKCBeJIOBCKOIO MOJA.

BosbmeMm Tenephb 3TOT narpaH;kuaH U, IpUMeHAA NpaBuia Hauero ¢op-
Manu3Ma, nepeiiieM k raMuiabToHUaHy. IIpexsie Bcero Mbl JOJ#HbBI BBECTU
uMnyabesl. CaenaeM 3TO NOCPeICTBOM BapbUpOBaHUA CKOpPOCTell B JarpaH-
skuaHe. B3AB Bapuauum cropocteil, moayyum

5L = _% / FMSF,,dx = / FMO§A, odPa. (2.7)
Hanee, umnynbcel B¥ onpeneiadoTcAd U3 BbIpaxeHUA
oL = /B“dA,,,gd%', (2.8)

1l 5T UMIYIbCchl GYIyT YAOBIETBOPATH OCHOBHOMY COOTHOIIEHHIO CO CKOO-
ramu Ilyaccona®

2!

[Aper B = 0% (x —2'); p,v=0,1,2,3. (2.9)

lCooTHomenua Tina (2.9) apTop HaspiBaeT Poisson bracket relations, uTo B 6ykBab-
HOM [lepeBojie 3By YNT OYeHb I'POMO3JKO: COoTHomeHNA co ckobkamu Ilyaccona. Ilockonb-
Ky [ajee B TEKCTe OHU MHOTOKPaTHO WHCHOAL3YIOTCA, TO MPU MepeBoje ObLIO0 HNPUHATO
coxpamenne: Cll-coorHomeHus. Tarkoe pemeHue 3Toii HE6OALIION TEPMHHOIOTMYECKO
npo6aeMbl, BO3MOKHO, He AIBIAETCA JIyYIINM, HO OHO NPEACTaBIAETCA HaM eCTeCTBEH-
HBIM, Oyay4H 6Au3KHUM 0 GopMe K cBOoeMy KBaHTOBOMY aHaJOr'y — epecTaHOBOYHBIM
coorHomeHnAM. ([Ipum. nepes.)
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3nech A GepeTcsl B TOUKe & TPEXMEPHOTo IpoOCTpaHcTea, B — B Touke z’
TPEXMEPHOro MPOCTPaHCTBa; gi — mpocto cumpoa Kpouekepa, a 6% (x — z')
npeicTaBaAeT coboil TpeXMepHYIO melnbTa-QYHKIHUIO OT & — &',

CpaBuuB Bbipamenus (2.7) u (2.8) nnsa 4L, Haitnem

Bt = Fr0, (2.10)
Y4uTem, uTto TeH3op F'*¥ aHTHCUMMeTpPHUYEH:
¥ = —F"k, (2.11)

Takum o6paszom, eciau Mol BodbMeM p = 0 B (2.10), To noayuyum Hyis. Utak,
Beanunna B) paBma Hymo. 9To — nepBuuHam cBA3b. fl sanumy ee B Buje
cnaboro paBeHCTBa

B ~0. (2.12)

lpyrue Tpu umnyibea B” (r = 1, 2, 3) paBHBI IPOCTO KOMIIOHEHTAM JJEK-
TPUYECKOTO TMOJNA.

I xoTex Gl HAMOMHUTL BaM, 4TO paBeHCTBO (2.12) BrIpaskaeT He mpoc-
TO OJIHY HEPBUYHYIO CBA3b — OHO BKJIIOYAET B cebA yTpoeHHOe OeCROHEUHOE
YHCJIO NEPBUYHBIX CBA3eil BBUAY Haluuyud MHAEKCA T, OTBeYAIOLEro HEKO-
TOPOil TOUKe TPEeXMEPHOI'0 NPOCTPAHCTBA, U KaMs0e 3HAUEeHUe & JaeT HaM
CBOIO NIEPBUYHYIO CBA3b.

BBenem Teneph raMunbToHUaH. MbI oTpeIenM ero 06bIYHBIM 06pa3oM:

H= /BﬂAu,0d3x —~L=

- / (FTOAT,O + iFF + %F"OFTO) Pz
(2.13)

_ l rs _l r0 r0 3,. _
_/(4F Fpy = 27 + F704y,, ) dc =

- / (AFmF, + 18787 - AoB7,) s
OxoHuyaTelbHbIH BHO 93TOro BhIpa:eHHUA IOJYUYCH IIOCJe BLINIOJHEHHUA HWH-
TerpupoBaHuA IO YacTAM. JTo BhIpameHue aJjfd raMumlIbTOHHaHa BOBCe He
COOepMuT CKOpOCTeﬁ. B nero BXOJAT TOJBKO JHHaMHW4YeCKHe KOOpANHAaThI
U MMIIYJ/JIbCBbI. HpaBI[a, BE€JIHNYUHBI FTS comeps:raT 4JacTHble IIPOU3BOAHBIC I10-
TeHOHua/l0B, HO 3TH 4YaCTHbIC IIPOM3BOJHbLIEC 6epyTCH TOJBHKO IIO IIepeMeH-
ueiM ', 22, 23. [Ipu aToM HUKaKUX ckopocTeil He noABngeTcd. Takue yacT-

HbIe IPOHU3BOAHEIC ABIAIOTCA Q)yHHIII/IHMI/I AUHaMHU4YeCKUX KOOpJAHHAT.
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MBI MoeM Teleph BBIBECTH YCIOBHA HEMPOTUBOPEUHUBOCTH € MOMO-
b0 MepBUYHBbIX cBaseil (2.12). Ilockonbky yenoBusa (2.12) H0oNMHBI BbI-
noaHATLeA Beerja, Beanuuna [BC, H| o6azana paBHATLCA HYIIO. ITO BeJleT
K ypaBHEHHUIO

B’ ~0. (2.14)

OHo cHOBa fBIfeTCA CBA3BIO, TaK Kak B HEro BOBCe He BXOAAT CKOPOCTH.
JTo — BTOpUYHAA CBA3b, BO3HUKAIONAA TaKUM NyTeM B Teopun Maxc-
Beqna. [Ipomonskas mpoBepAThL YCIAOBUA HEMPOTUBOPEUUBOCTHU, MbI JOMHHbI
pPacKpbITL PABEHCTBO

(B,

!T’

H]=0. (2.15)

Mer1 Haitgem, 4To oHO cBoguTcA K ToskJecTBY (0 = (. dTo paBeHCTBO He fAa-
€T HaM HIYero HOBOTO W BBIMOIHAETCA aBToMaTuudecku. MbI, clieioBaTeNnhb-
HO, TIONYYUIM BCE CBSA3U B Halleil 3ajave. Yenosue (2.12) maeT nepBUYHYIO
cBAi3b; (2.14) BbIpamaeT BTOPUYHYIO CBA3D.

HaMm HyskHO BBIACHUTEH Telepb, NIEPBOTO WM BTOPOI0 Poja 3TH CBA3Y;
Mbl Haiiiem Ge3 Tpyja, 4To Bce OHU NepBoro poja. JleiicTBUTENbHO, Beu-
YHHBI By ABIAIOTCA UMOYIbCHBIMU NepeMeHHbIMU. Cro6ku Ilyaccona ux
ApYT ¢ apyrom Bce pasHbl Hyumo. Tamske u nan B!, u By ckodru Ilyaccona
UX IpYyT ¢ ApYroM o0pamamTcs B Hylb. JTO #e cnpaBeinuBo u ana BT,
¢ BY, ... lloaToMy Bce 3TN BeINYMHBI ABIAIOTCA CBA3AMHU IepBoro poxa. B
aneKTpoauHaMiKe MakcBeniaa cBA3U BTOPOTO POJia OTCYTCTBYIOT.

Boipasenue (2.13) onpepenser H kak BeIUUYHHY HEepBOro poja, moa-
ToMy ramuinbrtonuan H moxuo B3ATh B KadectBe H' B dopmyne (1.33).
ITocMoTpuM Tenepb, ueMy paBeH MOJNHBLINA raMUJIbLTOHUAH:

Hyp = / (iFF n %BTBT) Br— /AOBj;, &z + /%BO Br. (2.16)
DyHRIUA v, NpeIcTaBIAeT coG0N NPOM3BOJIbHLIH K03D(UIUEHT B KaM oM
TOYKE TPEXMEePHOro IpocTpancTBa. Mbl Beero Jauilb Jo0aBUId 3[0eCh Hep-
BUYHbIE CBA3HM NEPBOro poja ¢ MPOU3BOALHBIMEI KO3 PUIEHTaMU, YTO Mbl
006A3aHbLI OLLIA CHeJaTh COrIacHO MpaBUiaM IMOCTPOCHMA MOJHOIO TaMWb-
TOHHAaHA.

3Haf [O/HbIH raMUIbTOHMAH, MbI II0JydYaeM YPaBHEHUA ABUMEHUA B
crangaptHoii dopme (1.21):

g% [g7 HT]‘
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g% [g7 HT]‘
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No-Tpe#HeMYy COXPaHeHbI Bce CTelleHH CBOOO/Ibl, UHTEPECHBIE ¢ hU3NUeCKOl
TOYKU 3DEHUA.

YtoGbl MpoBeCTH 3TO «M3THaHUe» TepeMeHHbIX Ag U By, onycTum
wjieH v, B° B raMuibTOHHAaHe. DTOT WieH IPocTo ofecneduBall BO3MOMKHOCTD
npou3BONLHOrO usMenenusn Ag. Yaen —Ag B’ B ramunbronuane Hr Moo
CKOMOMHMPOBATDb CO ClaraeMbiM ug; B’ B 06001eHHOM raMuabToHHaHe. B
a06oM cnydae Ko3(OUINUEHT U, ABIAETCA MPOU3BONbHBIM. CROMOUHUPO-
BaB ®TU JABa WieHa, Mbl MPOCTO 3aMeHAeM Ko3((QUINEHT %, Ha CTOIb Ke
NPOU3BONbLHBLE KO3QPULMEHT u), = Uz — Ag. Takum 06pa3om, MbI 0Ly YaeM
HOBBIII FAMUILTOHHAH

H = / (iFTSFTS + %BTBT) d3x+/u;BTr dix. (2.19)

JTOT raMuiIbLTOHHAH BIONHE MO3BOJAEeT HaflTU ypaBHEHUA IBUMKEHUA A
Bcex (PM3NYECKM MHTepecHbIX MepeMeHHbIX. Ilepemennbie Ay u By y#e
Gonbille He BXOAAT B Hero. TakoB raMmibTOHHAH Teopuu MakcBesna B ero
npocTeiilieM BHUe.

OObIUHBINf TaMUIBTOHHAH, C KOTOPBIM PabOTAlOT B KBAHTOBOIl Biek-
TpoAMHaMUKe, He BIOJHe coBnaaaeT ¢ 3TuM. Ero ¢opma ocHoBbIBaeTcs Ha
Teopuu, pa3BuToil meppoHavyanbHo @epmu. Teopusa Pepmu cofiepUT orpa-
HUYeHUe, Hanaraemoe Ha MOTEHIUATbI,

Ak = 0. (2.20)

Hanosxenne Takoro orpannveHysa Ha BpIGOp KaAUOPOBKHU BIOJHE JOIYCTH-
Mo. 'aMuiIbTOHOBa TeopusdA, pa3BuBaeMasg MHOIO 3/1eChb, HE COAEPKUT TAROrO
orpaHUYeHHUA, TAK UTO B Hell paspellieH COBEPIIEHHO MPOU3BOILHBIH BBHIGOD
ranu6poBru. Takum o6Gpa3om, JaHHafA TeopUA HECKONbKO OTIUYAETCA OT
¢dopmanuzma DPepmu. B Hamewm ¢opmanusame BO Beeil MOMHOTE BBIABIAIOT-
cA TpaHcdopManUOHHbIe cBoiicTBa Teopun MakrcBenna mpu caMbIX 0oGIIEX
rpagueHTHBIX IpeoOpa3oBaHuax. Teopusa MakcBenna 3qech UINIOCTPUPYET
o61Iue uaed OTHOCUTENbHO MePBUYHBIX U BTOPUYHBIX CBA3eil.

fl xoTen 6Gb1 Temeph BepHYTheA K 06Iell TEOPUH U PAcCCMOTPETH Mpo6-
JeMy KBaHTOBaHHA raMHJIbTOHOBOI TeopuH. YTo6bI 06CyIUTH 3TOT BOMPOC
0 KBAaHTOBaHUM, BO3bMEM CHavala clydvail, KOorja Bce CBA3U ABIAIOTCA CBA-
3AMU NEePBOro poja, a CBA3M BTOPOI'0 pojia OTCYTCTBYIOT. MBI cunTaem Ha-
My AUHaAMUuYecKUe IlepeMeHHble ¢ U p ollepaTopaMH, yAOBJIeTBOPAIOMKNMU
nepecTaHOBOYHBIM COOTHOLIEHUAM, cooTBeTcTBYOMUM Cll-cooTHomeHnnaM
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KJIaccUUecKOil Teopuu. JTO COBEPIIEHHO ACHO. 3aTeM Mbl BBOJUM YypaBHe-
uue Illlpenunrepa

Ay ,
ith— =H 2.21
= Hy, (2.21)
re 1) — BolHOBasg (QYHKIUA, HA KOTOPYIO NefiCTBYIOT OmepaTophl ¢ U p.
Onepatop H' npeacraBiseT co6oii raMHUIbTOHHAH — BeINYUHY IE€PBOrO

poja B Halleil TeopUH.
HJanee MbI Hamaraem Ha BOMHOBYIO (hyHRIUIO HEKOTOPLIE JONOJHUTENb-
Hble YCJIOBUA, a UMEHHO:

@t = 0. (2.22)

Rampaana U3 Hammx cBAseil, TAaKUM o6Gpa3soM, MPUBOAMT K HOMOIHUTEILHO-
My YCJOBHIO 1A BoaHOBoi ¢yurnuu. (Hamomuum, uTo Bee cBA3M ceiivyac
IepBOro poja.)

[lepBoe, 4TO MbI HOMMKHBI clelaTh Tenepb, — 3TO IPOBEPUTh, COracy-
I0TCA 1u Mesiay coGoit ypaBHeHusa A 1. BosbMmeM [Ba U3 TOMONHUTENb-
HBIX YCJIOBUIl U TOCMOTPUM, HET JK MPOTHBOpPEUYNA MeAy HUMU. PacemMoT-
puM (2.22) u

0jrp = 0. (2.22q)
Ymuomxus (2.22) Ha @jr, TOLYIUM
pirpi =0, (2.23)
a yMHoxuB (2.22a) Ha ¢, HalileM
pipip = 0. (2.23a)
BolunTas 0JHO PaBEHCTBO U3 APYTOro, UMeeM
[pj> @il = 0. (2.24)

JTO ecTh JONONHUTENLHOE yCIOBHe, HajaraeMoe Ha ), KOTOPOe JAOIMKHO
BBIMOAHATBCA A HempoTuBopeunBocTu. Ho MBI He XOTUM HMeTh HHKa-
KHX HOBBIX ycnoBuil ana 1. Mbl XoTHM, 4TOGbI Bce Tpe6GOBaHUA, KOTOPLIM
IO HA OIUYUHATbCA 1P, cogepaanuch B (2.22). Mnaue roBops, Mbl XOTHM,
uT06bl (2.24) cnegoBano us (2.22), a 3T0 03HAaYaeT, YTO MbI TpeGyeM BbI-
NOJTHEHUA paBeHCTBa

[<Pja <Pj’] = ¢jjrjrpjn. (2.25)
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Ecau paBenctBo (2.25) deticmeume.vno BbimoaHsaeTcs, To (2.24) ABnder-
cA cnegeTBreM (2.22), a He HOBBIM YCIOBHUEM, HajlaraeMbIM Ha BONHOBYIO
pyHRIIMIO.

Jlanee MbI 3HaeM, UTO B KJIACCUUECKON TEOpUU Bce CBA3HU ( MEPBOro
poja, a 3To 3HAUUT, YTO B 3TOM ciydae cko6ra Ilyaccona mo6eix IByX cBA-
3eil ¢ paBHa NuHeliHoit kKoMOnHaUN . [lepexoasa k KBaHTOBOII TEOPHUU, MBI
JOJA#HBI MONYUYHUTh NoJ00HOe paBeHCTBO, CIpaBeAJNBoOe N1 KOMMYyTaTopa,
HO MPH 3TOM COBCeM He 00A3aTeNbHO 10 HO cle/loBaTh, YTO Bee Koad huu-
€HTHI ¢ cToAT ciieBa. Ham Hy#HO, 4T06GBI Bce KO3 QULHUEHTHI ¢ HAXOAWINCH
cieBa, n6o B o01em ciaydae oHd Oy Ay T QyHKIMAMU KOOPAUHAT U UMILYJbCOB
1 He GyyT KOMMYTHPOBATL C B KBAaHTOBOH Teopuw; (2.24) GyeT ABIATH-
cAl ceficTBUeM (2.22) ToNbKO NPU YCIOBHM, YTO Bee K03(Q(UIIUEHTDI ¢ CTOAT
cleBa.

IIpu BBeleHUU B KBaHTOBYIO TEOPHUIO BEJIUUNH (0 MOKET NOABUThLCA He-
KoTopasA HeoJHO3HAaYHOCTh. COOTBETCTBYIOIIME KIacCUYeCKHe BBIPaeHHA
MOr'yT cofepaTh BelINYUHbl, He KOMMYTHUpYIOLIMe B KBAHTOBOM clyuvae, U
TOrAa MBI JOJKHLI PEIIUThL BONPOC, B KAKOM NOpAJKe CTaBUTh MHOKUTEIN
B KBaHToBolt Teopuu. Hy#Ho nonsiTaThed mogo6paTh Takoe paclolokeHHe
BTUX MHOKHUTeNell, YTo6bl ObLIO CIPaBeAINBO paBeHCTBO (2.25) U Bce Ko-
s dunKMeHTsI ¢ B npaBoil yactu (2.25) cTosnu 6bl cieBa. Ecau Mbl cMozkeM
3TO clejJaTb, TO TOrja BCe JOIOJIHUTENbHbIe ycaoBUA OyAyT coriacoBaHbl
apyr ¢ apyroM. Ecau ke 3To cfenaTh He yjgacTc — TOrAa Ham He Be3eT
U MBI HE B COCTOAHUU NOCTPOUTH NOCAeJ0BaTeNbHYI0 KBAHTOBYIO TEOPHUIO.
Bo BcaAkoM ciayuae, Mbl UMeeM MepBoe NMpubiuxeHUe KBaHTOBOIl Teopuu,
n6o Hall¥ ypaBHEHWUA BIOJHE yJOBJIETBOPUTENbLHLI, €ClM paccMaTpUBaTh
UX TOJBLKO C TOYHOCTBLIO [0 IIepBOr0 mopAaKa no moctofHHoil Ilnanka h u
npeHefpeunb BelMuMHAMH NOpsAAKa A2,

fI obcynun ceiiuac TpeGoBaHuf, NpeAbABIAeMble K JOMOJHUTEAbHLIM
yclIoBUAM [ coriacoBaHufa ux apyr ¢ apyrom. Ilogo6Hoe e paccMoTpe-
HHE clefyeT [IpoBecTH, 4TOObl IPOBEPUTH HENPOTUBOPEYNBOCTL JOIOJIHH-
TeabHBIX yciaoBuil ypaBHenuio llpenunrepa. Eciu Mbl Bo3bMeM BOJIHOBYIO
GYHRIUIO 1Y, KOTOpasA YAOBIETBOPAET HONOIHUTEIBLHBIM yCaoBUAM (2.24),
U NpPeANoNo}KUM, YTO OHa U3MeHAEeTCA CO BpeMeHeM COrlacHO ypaBHEHUIO
[[Ipeaunrepa, To 6yaeT au Haia GyHKIUA 1) M0 HCTeYeHHU HeGOIbIIoro npo-
MeKyTKa BpeMeHHU MO-TIpe:KHEMY Y/AOBIE€TBOPATH JONOJIHUTEIbHBIM YCIO-
BuAM? MbI Mo#HeM yCTaHOBHTH, YTO HTO MMEET MECTO IPU BHIMOJIHEHUH
ciejymouiero TpeboBaHuA:

[pj, H]Yp = 0; (2.26)
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OHO O3HAYaeT, YTO €CIU MBI He XOTHM IOJIYyYUTH HOBOE [JONOTHHTEIbHOE
yciaoBue, KoMMyTaTop [¢;, H| mHomseH GbITb HEKOTODOI JIMHEHON byHK-
nueil BeIUYUH @, T.€.

[pj, H] = bjjipj (2.27)

CHoBa MBI IPUIIIN K YpaBHEHHIO, BbINOJNHALIEMYcH, Kak HaM U3BECTHO, B
Kiaccuyeckoil Teopuu. Bennunnel ¢; 1 H oTHOcATCA K mepBoMy pofy, Ho-
aToMy ckoOkra Ilyaccona nasa Hux cna6o ucuesaet. Takum o6pa3oM, ckobGKa
IIyaccona B kiaccuueckoil Teopuu paBHa B CHILHOM cMbIcje HEKOTOpoil 11-
HeliHoit ¢pyHKIIUN BenuduH ¢ . CHOBa MBI JOJMKHBI IONBITAaThCA HAUTH TaKkoe
B3aMMHO€ DacIloJlokeHle BeJIUYnH, 4TOObl B COOTBETCTBYIOLIEM KBAHTOBOM
ypaBHeHUH Bce Halld KO3()UIUEHTHI CTOAIN cileBa. ITO HEOOXOOUMO AJA
HocTpoeHUA MocneJoBaTelbHOI KBaHTOBOI Teopuu, HO, BOOGIIe TOBOPA, A
TOro 4TOOLI 3TO cjlelaTh, Hy#Ha U3BecTHad J0Ad yAauu.

PacemoTpum Teneph 3ajauy o KBaHTOBaHUM TaMUILTOHOBOHM Teopui,
B KOTOPOIl eCTh CBA3U BTOPOro poja. JTOT BONPOC MBI cHavajda o0CyauM
Ha MPOCTOM NpuMepe. B KauecTBe mocieJHEro Mbl MO€eM B3AITh JIB€ CBA3U
BTOpOI'o poja

Eciu B Teopum noABAAIOTCA 3TU CBA3U, TO, TAK KaK OHH OTHOCATCA KO
BTOPOMY pojay, ux cko6ra Ilyaccona 6ymeT oTauuHa oT HydA. YTo MoHO
clenaThb ¢ HIMU NpH Tlepexode K KBaHTOBoW Teopuu? MbI He MoeM Haja-
rathb (2.28) B KauecTBE JOMOJHUTENLHOTO YCIOBUA HA BOJHOBYIO (OyHKIMIO,
Kak 3TO0 MbI jeJanu co CBA3AMU NepBoro poaa. Eciu Mbl mombiTaemcA mo-
T0AUTh 1% = 0 u p1tp = 0, TO MBI HEMeJIeHHO TpUJeM K NPOTUBOPEUHIO,
MOCKOJbKY Mbl AOJKHBI 6611 ObI IMETh

(gip1 — 1)y =ihyp =0

CrnemoBaTedbHO, TaK MOCTYNATh Heldb3f. MbI HOMMHBI NPUHATH KaKoH-TO
IpYroil nnan geficTBUNA.

B nanHoM mpocToM ciydae cOBEPIIEHHO OYEBUAHO, KAKUM J0N#€eH ObITh
3ToT miaaH. [lepeMeHHbIe g1 U p1 He MPeCTaBIAAIOT UHTEpPeca, pa3 OHU MOTYT
UMeTb TONbLKO HyleBble 3HaUeHuA. [03ToMy cTeneHb cBOOOILI ¢ HOMepoM 1
He HMeeT HUKAKoro 3HaueHuA. MbI MOeM OTGPOCUTE cTeneHb ¢cBo6GoabI 1 1
paboTaTb ¢ APYTUMU CTEeNEeHAMHU cBOOOIbI. ITO CBOJUTCA K JPYyroMy omnpe-
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IeIEHNI0 CKOOOK HyaCCOHa. Ham HY#HO HUCIIOJb30BaTh cjleaylomee omnpene-
JeHrue CKOOOK HyaCCOHa B KJacCUYeCKOon TEOpHUH:

_ 98 9y 9¢ In
Sk Oqn Opn. Opp Ogn” (2.29)

31ech cyMMUpOBaHUEe NMPOBOJUTCA 10 1 = 2, ..., IN. dToro Gyner gocra-
TOYHO, TIOCKOJIbRY 3ech YUNUTHIBAIOTCA Bce MU3NUECKU HHTepecHble Iepe-
MeHHble. [locne aToro mMbl Morau 661 IpocTO B3ATH ¢ U P; TOMAECTBEHHO
paBHBIMHU HYII0. B 3TOM HeT HHKarkoro NPOTHUBOpEeYNA, U Mbl MOMEM Ie-
pPeXoAiuTh K KBaHTOBOH Teopuu, GOPMYIUPYA ee TOINbKO ANA CUCTEMBI CO
cTeneHAMH cBoGoabl n =2, ..., V.

B nanHOM mpocToM ciydae coBepIIeHHO ICHO, UTO HYMHO clenaThb 1A
NOCTpOeHHA KBaHTOBOU Teopuu. IlombiTaeMca Temepb paccMOTpeTh Oodiee
obmuii caydaii. [Ipeanonoskum, 9To MBI HUMeeM

plxﬂvqlzf(%“apr)? T:27"'5N;

3fech f fABAAeTCA MPOU3BOILHONH (DYHKIUeH BceX APYTUX MepeMEeHHBIX ¢
u p. Mbl MoseM moacTaBuTh f(gy, pr) BMECTO ¢ B TAMUILTOHMAH U BO BCe
JIpyTHe cBA3KU U TaKUM 00pa3oM yCTPaAHUThL cTelneHb cBOHOALI ¢ HOMepoM 1.
O Heit M0:KHO 3a0BITh M MPOCTO paccMaTpUBaTh JIpyTHe cTerneHUu cBOOOBI,
a 3aTeM IepeiiTH K KBAHTOBOI T€OpPUM JJIA CUCTEMBbI C TUMHU OCTAIbHBIMU
creneHAMu cBo6oabsl. Ham cHoBa mpugercsa ucnoib3oBaTh cko6ku Ilyaccona
tuna (2.29), B KOTOPLIX yYUTHIBAIOTCA TOJIbKO OCTAIOMIMECH CTENEHH CBO-
0OaLI.

JTOT NpHeM HCIOJAb3yeTcA NMPU KBAHTOBAaHUHM TEOPUM, COJep:ialleii
cBfi3u BToporo pozpa. CyliecTBoBaHUe cBA3eil BTOPOro poja o3HayaeT, UyTo
UMEIOTCA HEKOTOpble CTeNeHW cBOOO/bI, HecyllecTBEHHbIe C (PpU3UYECKOIt
TOYKHU 3peHuA. MbI TONMHBI BLIABUTh 3TU CTENEHH CBOGOABI U ONpPeelUTh
HoBble ckoOKU IlyaccoHa, B KOTOPBIX yUMTHIBAIOTCA TOJbLKO OCTAIOI[HUECS
cTeneHu cBO0OObI, umeuiue hpusndeckoe 3Hauenue. Torga ¢c NOMOIIbLIO 3TUX
HOBBIX ckoOOK IlyaccoHa MBI cMOsKeM IepeiiTH K KBaHTOBOi Teopuu. fI xo-
Ten 661 06CYAUTDL OOIIYIO MPOLENYPY BHINMOIHEHUA 3TOH 3amauu.

Bepuemca noka K Kinaccuyeckoil Teopuu. Mbl MMeeM pAjx cBA3eit
¢; ~ 0; HexoTOpBIe M3 HUX OTHOCATCA K NEpBOMY poJy, HEKOTOpble —
KO BTOpoMy. MBI Mo’keM 3aMeHUTb 3TH CBA3U HE3aBUCUMBIMHU JUHEUHBI-
MU KOMOMHallMAMU HX, KOTOpble OyAyT HUYEM He XYe MepPBOHaYalbHbIX
cBazeii. [lompiTaemca nomobpaTh NUHeliHbIe KOMOWHAIIUU TaKUM 00pas3oM,
yTo6HLI CBECTU KaK MO#HO Gosbille cBA3ell K cBA3AM mepBoro pojaa. MowmeT
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0CTaThCA HEKOTOPOE UKCIO0 CBA3EH BTOPOro Pojia, COCTAaBIAA JUHEeHHbIe KOM-
GUHANMH KOTOPBIX, MBI y#e He CMOeM IOIy4YHMTh cBA3eil IepBoro poja.
ATH ocTaBIINECA CBA3U BTOPOTo poja A 0603Hauy yepes X, s =1, ..., S.
Taxum o6paszom, S ecTh UYUCIO CBA3ell BTOPOro poja, HUKaKag JMHeiHasd
KOMOUHALUA KOTOPLIX HE OTHOCUTCA K NEPBOMY POZY.

PaccMOTpUM TakKe ocTaBLUIMECA CBA3U BTOPOro Pojia ¥ COCTaBUM CKOO-
kM Ilyaccona 1Jifi Beex MX OPYT ¢ JPYroM, a 3aTeM MOCTPOUM U3 3TUX CKOOOK
Ilyaccona gerepmuHant A:

0 [x15 x2]  [x1, x3] -+ [x15 xs]

Ao [x2, x1] 0 [x2, x3] --- [X2:XS].

[xs5 x1] [XS;XZ] [xs> x3] ---

Teneps A xo4y HOKas3aTh CIEAYIOMYIO TEOPEMY.

Teopema. Jemepmunaum A He obpaujaemcs 8 Hyav daxce 8 CAGOOM
cmblcae.

Horaszameavcmaso.

[Ipexanonomum, 4YTo AeTepMUHAHT of6paujaemcs B Hylb. fl Xouy noka-
3aTh, YTO 3TO JONylleHHe NPUBOAUT K npoTuBopeuuio. Eciu gerepmunant
ucyesaert, To ero paur paBet I’ < S. [locTpoum Torja Apyroii neTepMuHaHT:

X1 0 x1s x2] -+ [x1, xrl
X2 [x25 X1] 0 coe X2 xrl
A= . . . .
xT+1  Xr+1, x1]  [xr+1, x2] oo X741, XT)

Ou umeer T + 1 cTpok u cToabuos. Yucno T + 1 MoxeT paBHATLCA S unu
MoskeT ObITh Menblue S. Ilpu pasnomenuu nerepmuHanTa A no sneMeHTaM
€ro NepBoro cTonbua Kamablil U3 3THX 3JIeMEeHTOB yMHOKaeTcs Ha OJUH U3
MuHopoB A. MHe Hy#HO, 4TOGbI He BCe ATH MHUHOPLI 06palaiuch B HYIb.
MoskeT Bce e cAIyuMThCA Tak, UTO OHM Hcue3aloT Bce. B TakoM ciyuae
cnefyeT BuIGpaTh UHBIM o6pa3om HaGop BenuuuH X, Bxoaamux B A. Beerpa
JOJKEH CYIeCTBOBAaTh HEKOTOPbIIA c10co6 TaKoro BbIOOPA X, BXOAAMUX B A,
IpU KOTOPOM He Bce MHHODBLI ucuesaior, u6o paur A pasen 1. [loaromy
MBI BeIOUpaeM XY TakuM 00pa3oM, 4TOObl KO3((PUIUEHTHI IPU IEMEHTaX
nepBoro ctoibia He Bce obpaliaiich B HYIb.
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Temnept s mokamy, uto cko6ku Ilyaccona nerepmunanta A ¢ mo6oit us
BeJIUYUH  paBHbI HyTi0. Eciu Mbl XoTuM cocTaBuTh cKobRy Ilyaccona ¢
C IeTepPMHHAHTOM, TO UCKOMBbIi Pe3yNbTaT MbI MOTYyUYUM, B3fB cKOORY Ily-
accoHa ¢ ¢ IepBBIM CTONOLOM JeTepMUHAHTa, NpubaBUB K 3TOMY CKOORY
Ilyaccona ¢ co BTopsiM cToa6uoM, u T. A. Takum o6paszom, HuMeeM

le, x1] 0 X1 0
o, A] = (2 :X2] [Xza: x1] ... N X.z [, [X:z, x1]] - N
[0, XT+1]  [XT+1, x1] -] |xT1 [0 [XT+15 X1]] -
X1 0 [907 [le X2]] cee
X2 [x2, x1] 0 ..
+1 . . . +...

xr+1 v+ xal [e) xreas xell -

PesynbTaT BBIMIAAUT OOBOJNBLHO I'POMO3JAKO, HO HETPYJHO 3aMeTUTh, UTO
Ram/blil 13 3TUX JeTepMHHaHTOB obpamjaerca B Hynb. lIpexsae Bcero mec-
ye3aeT IIepBblil JeTepMUHAHT B NpaBoil yacTu. [leificTBUTENbHO, €CIN ( OT-
HOCUTCA K NMEPBOMY poAy, To Torja oOpauiaeTc B HyJdb HEPBbIil cToxbel;
€CiU @ OTHOCUTCH KO BTOPOMY POMY, TO TOT/ia (o TpeAcTaBigeT co6oil oHY
W3 BEIUUYUH X, U MBI HMeeM JeTePpMHHAaHT, ABIAIUICA YacTbiO deTep-
munanta A u3 T + 1 cTpor u cronbuos. Ho, no npeanonoxenuio, panr A
paBeH 1, noatomy nrobas ero yacTh ¢ 7'+ 1 cTpokamu u ctonbuamu obpama-
eTcA B HyJb. Janee, BTOpoil JeTepDMUHAHT B IPaBoil YacTH ci1alo ncue3aer,
nbo cnabo ucyesaeT ero nepsblil cToi6el. AHaTOrMYHBIM 00pa3oM Bce Ipy-
rue JeTepMHHaHTHI ci1abo obpamamTea B Hylb. B pesynbTate BeA mpaBas
yacTh paBHAa HYIiO B ciabom cmbicie. Takum o6pazoM, nerepMuHanT A AB-
AfeTcA BelUUNHOI, ckoOKY Ilyaccona KoTopoit ¢ m1060ii 3 BeAUUUH ¢ caabo
PaBHEBI HYJIO.

Kpome Toro, Mbl MO#eM pas3iomUTh AeTepMUHAHT A 10 3JeMeHTaM ero
mepBoro ¢Toibia u NoayyuTh A B BH/e TUHEHHON KOMOMHAINN BEIMYUH Y.
TaxuM o6pa3zoM, MbI MPUILIN K TOMY pe3yabTaTy, uTo ckob6xu IlyaccoHa
HEKOTOpPOil NHUHeHHOH KOMGUHAIUM X CO BCEMM (o PaBHBI HYIIO. ITO 3Ha-
YUT, YTO JAHHAA JIuHeliHag KOMOUHALUA (o OTHOCHUTCA K NMEPBOMY DOAY.
Takoil BbIBOA IPOTHUBOPEUYUT HAIIeMy MPEIHOJI0MKEHIIO O TOM, UTO MbI BbI-
ABUIY Bce, KaKkle TONbKO eCTh, CBA3U IepBoro poja. TeM caMbIM TeopeMa
JoKasaHa. [ ]
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IlomyTHO BhLIACHAETCA, UTO YUCIO OCTAIOMUXCA CBA3ell Y, KOTOpbIE
HEeNb3fA OTHECTH K NEePBOMY POAY, MOMKHO GbITh YETHBIM, MOTOMY UTO [e-
TepMunHanT A antucummerpuded. Jio6oit aHTHCUMMETPUYHLIN AeTepMHU-
HAHT ¢ HeYeTHBIM UYHCJIOM CTPOK U cToA6noB o6pamaerca B Hylb. Pacemar-
pUBaeMbIil IeTEPMUHAHT He HCUYe3aeT, a IOTOMY AOJKEeH UMeTh YeTHOe YIC-
J0 CTPOK U CTOAGIOB.

BBuay Toro, uto geTepMuHaHT A He paBeH HYITIO, Mbl MO#eM BBeC-
TH MaTPHUIY €44, OOpATHYIO TOH, ueil geTepMmuuanT ecTb A. Ompegenum
MAaTpULY Cggr C MOMOIIBIO yPaBHEHUA

Css'[Xs X5 ] = Ossrr. (2.30)

Janum Teneps HoBoe omnpefeienne ckobok Ilyaccona, cooTBeTCTBYIO-
mee 3ToMy GopMalusMy: AJad TOOBIX ABYX BeIM4UH £ U 7) HOBaA CKoOKa
Ilyaccona ompenenserca Kak

[57 77]* = [€a 77] - [57 Xs]css’ [Xs'a 7]]- (231)

HeTpynHo mnpoBepuTh, 4TO oONpejeieHHble TakMM 00pa3soM HOBbIE
crkobkn IlyaccoHa TMOJUMHAIOTCA BCeM MNpaBUiIaM OOBIYHBIX cKoGok Ily-
accoHa: ckobka [£, n]* aHTHCUMMeTpHUYHAa OTHOCHTEIbHO & W 1), IU-
Hefina mo £ W mo 7, NIA Hee HMeeT MeCTO MNpPaBUIO NpPOU3Bele-
HUil [€1&2, n)* = &1[&a, n]* + [€1, N]*&2, 1 OHA YyHAOBIETBOPAET TOMXAECTBY
Arodu [[¢, n]*, CI* + [0, ¢]%, &% + [[¢; &%, n]* = 0. fI He 3mal0 HUKaKOro
UBANHOrO crocofa JoKasaTenbcTBa TOMIecTBa fKoOU 1Sl HOBBIX CKOGOK
Myaccona. Ecan Mbl OpOCTO MOACTABUM COOTBETCTBYIOIIME BhIPAMEHUS U
packpoeM HUX NyTeM JOBOIbHO CIOKHBIX BBIKIAJOK, TO HaiifleM, 4TO Bee
YieHLI B3aUMHO YHHUUTOMAIOTCA U lleBaA 4yacTh 6yneT pasHa nynio. 1 my-
Malo, YTo [0M:eH CyIlecTBOBATL KaKkol-To Gonee Mpo3pauHblii cnocod mo-
Ka3aTelbCTBA 3TOr0 TOMAECTBA, HO MHE He YAAlOoCh ero OThICKaTh. IIpamMoii
MeToq onucan MHOW!. Ty 3ajauy Tak#e paccmarpuBai beprmanu?.

MocMOTpHUM Teleph, YTO MOKHO CHeNaTh, UMefl 3TU HOBble ckoOku Ily-
accona. [Ipesie Bcero A XoTen 6bI OTMETUTD, YTO yPABHEHUA ABUHCHIUA T10-
npesHeMy chpaBeJIiBLI ¢ HOBLIME cKoGkaMu Ilyaccona, Koib CKOpo OHH
BepHbI TIPU NepBoHAYANLHOM omnpefelenun ckobok Iyaccona. Tak kar Bee
wieHbl BUJA [, Hr] cnabo obpamarored B Hyib u Hy ABIfieTCA BeIUYMHON
IepBOro pojia, To

[gv HT]* = [g7 HT] - [ga Xs]css'[Xs’7 HT] ~ [g, HT]-

IDirac P. A. M. —Can. Journ. of Math., 1950, v. 2, p. 147.
2Bergmann P. G., GoldbergI. — Phys. Rev., 1955, v. 98, p. 531.
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Taxkum o6pa3oM, Mbl MOKe€M HalUcCaThb
. N
g=lg Hr]".

Teneps, ecniu MBI BO3bMeM IPOU3BOIBbHYIO GyHKUNIO ¢ MIOOBIX mepe-
MEHHBIX ¢ U P U COCTAaBUM HOBYIO cKkoORy Ilyaccona ee ¢ ogHoii U3 Benu-
YHH Y, CKaKeM X1, TO C y4eToM onpefnenenus (2.30) norydum

[57 Xs”]* = [E» Xs”] - [57 Xs]Qes’[Xs’» Xs”] = [57 Xs”] - [E» Xs]5ss” =0.

C.I'[e}lOBaTeJ'IbHO7 MBI MOMeM TMOJOMUTL BEIUYUHBI X PaBHLIMU HYJIO 10 BbI-
yHclIeHUA HOBBIX CKOOOK HyaCCOHa. JTo O3HavaeT, 4YTO paBeHCTBO

Xs = 0 (232)

MOMHO paccMaTpUBaTh KaKk PaBEHCTBO B CUIbHOM CMBICIIE.

Moaudunupyda TakuMm crnoco60oM Hallly KiIacCUYeCKYIO TEOPHUIO U BBO-
nsa 3T HoBble cKoOKM Ilyaccona, MblI moAroTaBiuBaeM IMOYBY A Iepexo-
Ja K KBaHTOBOIl Teopuu. 3aTeM MbI CTaBUM MepPecTAaHOBOUYHbIE COOTHOIIE-
HuA B cooTBeTcTBUe HOBBIM ClII-cooTHomeHuAM K cuuTaeM CHUIbHbIE pa-
BeHcTBa (2.32) ypaBHEHUAMH JIA OMEPaTOPOB KBaHTOBON Teopuu. Tem ca-
MbBIM OcylecTBAfAeTcA Mepexol K KBaHToBOMY ciaydaio. Ocraiomuecq cia-
Oble ypaBHeHNA — BcCe [IepBOI0 pojia; OHU CHOBA CTAHOBATCA AONOJHUTEIb-
HBIMH YCJOBUAMH, HajJlaraeMbIMU Ha BOIHOBbIe QyHRIUU. CUTyaluA 0Ka3bl-
BaeTCA Telepb aHaJOTMYHOH NpeapIgylieMy cilydalo, B KOTOPOM HMEINCh
TOILKO CBA3U ¢ NepBoro poaa. CiefoBaTelbHO, Mbl ONATH Pa3BUIU METOJ
KBaHTOBaHUA Harlell 061eit kKI1accudyecKoil Teopuu B raMUJILTOHOBOI popMe.
Koneuno, cHOBa Hy#HO, YTOOBI HAM IOBE3JI0, U TOT/lA MBI CMOKEM CHeNaTh
Tak, 4T00bI Bce KO3 PUIUEHTHI CTOAIN ClIeBa B YCIOBUAX HEIPOTUBOPEYH-
BOCTH.

JTuM 3aBepliiaeTcs MocTpoeHue obiiero meroja kBanTopanua. OTme-
THUM, YTO NIPU Nlepexofie K KBaHTOBOIl TEOPUU pa3iuune Me# 1y NepBHUYHbI-
MH ¥ BTOPUUYHBIMH CBA3AMU TepAeT BCAKOe 3HaUeHHe; OHO B 3HAYUTENbHOMH
Mepe 3aBUCUT OT BUJA UCXOAHOrO larpaHsknana. Koib cKopo MBI Hepemiu
K raMUJIbTOHOBY (popMaian3my, Mbl (paKkTUYECKU MO:keM 3albITh O pasiu-
YUU MeEMAY MepBUUYHBIMU U BTOPUYHBIMHU cBA3AMU. Paznuune e Memay
CBAI3AIMU TEPBOTO U BTOPOT'0 poja ABJIAETCA OUYEeHb Ba#HLIM. Mbl IOTAKHBI
OTHeCTH KaKk MO#HO 0oJblle cBA3ell K IepPBOMY POJy U BBECTH HOBbIE CKOO-
ku Ilyaccona, koTopble MO3BOJMAT HaM paccMaTPUBAThL OCTAIOLIMECA CBA3H
BTOPOT0 poJia KaKk CUJbLHEIE.



JIEKHA 3
KBaHTOBaHNe Ha UCKPHUBJIEHHBIX
IIOBEpXHOCTAX

MBI HCXOAMAN M3 KJIACCHUECKOTo MpuHNuNa neiictBua. Ham uHTerpan
HeficTBUA Mbl B3fIM JIOpeHI-uHBapuanTHeIM. W3 aTOro nuterpana aeiicteus
IOJLy Y/IIN JIarpaHKKuaH. 3aTeM Mbl [Iepellld 0T JarpaH#uana K raMuibTo-
HMaHy M fJajee, cilefyf ONpeJeleHHBIM NpaBUiaM, K KBaHTOBOIl TEOPHUH.
Tarum o6pazoM, Mbl Hauall ¢ KIACCHYECKON TeOpUH MOJfA, B OCHOBE KO-
TOPOIt J€MUT NPUHIUN AeHCTBHA, U MPUILIM B KOHIIE KOHIOB K KBaHTOBO
Teopuu noid. Bel Morau 6bI mogymarh Temepb, YTO Ha 3TOM Hama paboTa
3aBepiuena. meercs, oaHako, ellle 0UH BaKHbLT BOIPOC, KOTOPbLiT HE00X0-
ANMO PaccMOTPETh, @ IMEHHO: ABIAETCA M Halla KBAaHTOBafA TEOPUA IO,
nocTpoeHHasA TakUM crnoco6oM, penaTUBHCTCcKoi Teopueit? Ilpu obcy:ae-
HHMH MOHO OrpaHUYNThCA CIeNHanbHON Teopyeil oTHocuTensHocTu. Urak,
MBI A0J#HbI BHIACHHTD, COrIaCyeTCA U Hallla KBaHTOBaA TEOPHA CO CIeLU-
anbHON Teopueil OTHOCUTENLHOCTH.

MbI HCXOAMIH U3 NPHHLIUNA JeHCTBHA U TPeGoBail, YTOObI HAIll HHTET-
pan feficTBHA GbLT JOpPEHI-MHBaPHAHTHBIM. JTOr0 JOCTATOYHO 1A obecie-
UeHHA PeTATHBUCTCKOTO XapaKTepa Hallleil KiaccHYecKoil Teopnu. YpaBHe-
HHA JIBHKEHHUA, BbITEKAIOIINE U3 JOPeHI-HHBAaPHaHTHOTr0 MPUHINNA AeficT-
BHA, 0053aHbl ObITh PEIATUBUCTCKUMH ypaBHenusamu. IIpaBaa, koraa Mbl
n1peodpa3oBbIBaEM 9TH yPaBHEHUA ABUMEHUA K IaMUIbTOHOBOI dopme, TO
HapyllaeM 4eTbIpEXMEpHYI0 cuMMeTpuio. Mbl npeacraBifeM Hallnd ypas-
Henus B Buge (1.21)

g ~ [g7 HT]

3mech TOUKa cBepXy o3HauaeT omnepanuio d/dt U OTHOCHTCA K OIHO-
My a6COMIOTHOMY BPEMEHH, TAK UTO KIaCCHUECKIE yPaBHEHUA ABUMKEHUA B
raMuIbLTOHOBOH (hOpMe He ABIAIOTCA PENATUBHCTCKUMH IO BHELIHEMY BH-
Iy, HO MbI 3Ha8€M, UTO OHU JOJIKHBI GbITH PENATUBUCTCKUMUE 110 CYIIECTBY,
MOTOMY YTO OHH BbIBEJ€HbI Ha OCHOBE PEIATHBUCTCKHUX MOIYIIEHHI.

Opnnako npy nepexofe K KBaHTOBOH TeOPHH Mbl JejlaeM HOBble Npei-
nosoeHnA. Beipamenne ana Hy, KoTopoe Mbl HMeeM B KilacCHUYecKoi Te-
OpHUH, HE ONMpefeNfeT KBAHTOBBII raMUIbTOHUAH OXHO3HAYHO. MBI ZOMHHBI
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peliuTh, B KAKOM MOPAJKe PACTONOMUTL HEKOMMYTHPYIONIe COMHOMUTE-
a4 B KBaHTOBOM Teopuu. Beibop aToro cnocoba ynopagoueHns HaXoAUTCA B
HallleM pacrlopsKeHUU, U MO3TOMY MbI MPUHUMAaEM HOBbIe HOMYyIleHudA. ITU
HOBBIE JONYUIEHUA MOTYT HAPYIIUTh PEIATUBUCTCKYIO HHBAPUAHTHOCTD Te-
OpHM, TAK YTO KBAHTOBafl TEOPUA MOJA, NONYyUYEHHAA C MOMOIILIO 3TOTO Me-
TOJa, He 06fA3aTeNbHO Gy IeT COrIacoBbIBAThCA ¢ TPeOOBAHUAMU TEOPUH OT-
HocuTelnbHOCTH. Tenephb Nepe] HaMU CTOUT 33/laya BLIACHUTH, KAKUM 06pa-
30M MBI MOieM 06ecleunTb PelATUBUCTCKUI XapakTep Halleil KBaHTOBOM
TEOPUH.

C 9Toit neabio BepHeMCH K HUCXOJHBIM MPUHIUIAM. Yi#e HEIOCTATOY-
HO paccMaTpuBaTh TOJLKO OJHY BPEMEHHYIO MepeMeHHYIO, OTBevaiolnlyio
0QHOMY YaCcTHOMY HabiioiaTenio; Mbl 00fi3aHbl BRIIOUUTL B pACCMOTpPEHUE
pa3nuyHbix HabmojgaTeleil, ABUMYUIUXCA APYTI OTHOCUTEIbHO Apyra. Mbl
JOMHHBI MOCTPOUTL KBAHTOBYIO TEOPUIO, B paBHOI Mepe MPUTOJHYIO A
ao6oro U3 3TUX HaGAIOAaTeneil, T. e. 1A MPOU3BOILHOTO BhIGOpa OCH Bpe-
Metu. UTobbl co3gaTh TeOpHio, KOTopas Moria Gbl BRIIOYATH pasiuyiblie
BpPEMEHHbIE 0CH, Mbl JIOMH{HbI CHAYAIA MOIYYUTh COOTBETCTBYIOMYIO KAAC-
CUYECKYio TEOPUIO U 3aTeM M0 CTAHJAapPTHBIM IpaBUiaM IepefiTH oT ITOi
KJIACCUYECKOH TeOpUU K KBAHTOBOIA.

1 xoren 6bI BepHYTbCA K HAYANbHOI CTAJUU PA3BUTHUA HAIIETO FrAMHUb-
TOHOBa (popMann3Ma U PacCMOTPETh YacTHBIN ciydail. Mbl HaUMHAIU C TO-
ro, UTO BbIGMpanu narpanmuad L, Aasasomuiica QyHKIMel ITMHAMIYECKUX
KOOpAMHAT M CKOpocTeil ¢ U ¢, BBOAMIN MMIYILChI, a 3aTeM ONpeaeifain
raMuibToHMaH. BodbMeM Temepb 4YacTHbBIN ciliy4aii, koraa L mpepcraBifseT
co6oii 0JHOPOAHYI0 QYHKINIO IEpBOro mopsAgka oT ckopocteil ¢. Toraa mo
TeopeMe Jiiaepa

qngT_L ~ L. (3.1)
n
OTciona cpasy crefgyet, 4To ppq, — L = 0. Takum o6pa3om, MbI oaydaeM
3[leCb raMUJIbTOHHAH, PaBHBII HYJIIO.

B »ToMm ciaydae y Hac ob6s3aTenbHO ecTh NepBUYHbIe cBA3U. OnHa mep-
BUYHAafA CBA3b ONPEJEeNeHHO CYIeCTBYeT, TaKk KaKk UMIIYJIbChl P ABIAIOTCA
OJHOPOAHLIMY (DYHKLIMAMU HYJIEBOro IOpAJKa 0T CKOpocTeid, T.e. QyHKIH-
MU TONLKO OTHOIIEHU! ckopocTeii. Yncio UMIynbLcoB p paBHO N — UHCTy
cTeneHeit cBOOObI, @ UUCIO OTHOIIEeHUT cKkopocTeit ecTh N — 1. N dpyHRumit
or N — 1 oTHoweHuit ckopocTeil He MOTYT ObIThH He3aBuUcUMBIMU. JoamHa
ObITh 10 Kpalineil Mepe oaHa QYHKLMA p U ¢, KOTOpasa paBHa HYIIO, T.e.
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Jol#iHa cylllecTBOBATh 110 KpaiiHeil Mepe olHa NepBUYHasA cBA3L. 1x BIoIHE

Mo:keT ObIThb Ooiblle, yeM ofHa. flcHo Takske, yTO eciy NpU PaBHOM HYIIO

raMuiIbTOHHAHe Mbl HUMeeM Booflle Kakoe-HUOYAL IBUKeHUe, TO JOJKHA

cylllecTBOBaTh II0 KpaiiHell Mepe U ojlHa NlepBUYHAA cBA3b IIepBOro poja.
Jlas nosHoro raMunbTOHUAHA MbI UMeeM Bbipamenue (1.33)

Hy = H + v,0,.

TFamunpronuad H' monsen GbITh BEeIMYMHOI mepBOro poia, u, Tai kan 0,
HECOMHEHHO, fIBIfIeTCA BEAMYNHOI TepBoOro pojaa, Mbl MoskeM B3ATh H' = 0.
B Takom ciyvae Haml NONHBIN raMUILTOHHAH [EIMKOM COCTABIEH U3 Tep-
BUYHBIX CBfi3eil MepBOTo pojia ¢ MPOU3BOIbLHBIMU K03 DUIUEHTaMU

Hr = 0,04, (3'2)

OTKYyJa BUJHO, 4TO JOJHa CcylmecTBoBaThb 110 HpaﬁHeﬁ Mepe ogHa IepBu4-
Hafd CBA3b MepBOro popga, eciu MbI Boo0OIlle XOTUM HMMeTh KaHOG—Hl/Iﬁy}lb
JABUMKEHHE.

ypaBHeHI/IH ABHMEHHNA BbIIVIAAAT Toraga cjaegyomuM 06p330M2

& R vl Pal-

OueBUIHO, BCE BEIUUUHBI & MOMHO YMHOMUTDH HA NPOU3BOJNLHBII MHOMI-
Telb, Tak Kak Ko3(UIMEeHThl v MPOU3BONBLHBI, U, ClIeJOBATENLHO, B HUX
BCerjla MOMHO BKIIOUNTH 3TOT MHOMKHUTENb. YMHOMeEHHe #e Beex dg/dt Ha
HEKOTOPYIO BeJIMUUHY O3HAuaeT, YTO MbI NepexoquM K ApYroil mrane oT-
cueTa BpeMeHnu. TakuM o6pa3oM, B 3TOM ciiydae Mbl UMeeM IaMUJIbTOHOBBI
ypaBHeHUA ABUKEHUA, B KOTOPHIX IIKaja OTCUeTa BpeMeHU NMpPOU3BOIbLHA.
Ms1 moran 651 BBECTH APYTYIO BPEeMEHHYIO MepeMeHHYIO 7 BMecTO ¢ U Mo-
JIYy4YUTb, UCNONb3YA T, YpaBHEHHUA JBUMeHNA BHAA

g
dr ~ Ua[ga Soa]' (33)

Hrakr, MBI UMeeM Tenepb TaMHJIbLTOHOBY CHCTEMY ypaBHEHHIl IBUHE-
HUfl, B KOTOPOI OTCYTCTBYeT abconioTHaA BpeMeHHAs nepemennas. Jio6yio
nepeMeHHY0, MOHOTOHHO BO3pAaCTAaIONIYIO ¢ YBeIUYeHUEM ¢, MO HO HCIIOJb-
30BaTh B KauecTBe BPEMEHU, U ypPaBHEHHA ABUIKEHUA OCTAaHyTCA TOH ke
camoii ¢popmsl. Takum o6pa3oM, Iy raMILIbTOHOBOI T€OPUU, B KOTOPOil Tra-
MuabTonuad H' pasen Hyno u Boo6iie 060l raMuILTOHHAH clabo paBeH
HYNIO, XapakTepHoil 4epToil ABAAETCA OTCYTCTBUE abCOTIOTHOTO BpeMeHH.
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Meb1 MoxeM TMOAOMTH K paccMaTpPUBaeMOMY BONPOCY TaK:#Ke ¢ TOUKH
3peHus npuHiuna aetictBusa. Ecnu I — uHTerpan meiicTBUA, TO

I= /L(q, §)dt = /L (q, %) dr, (3.4)

u6o L sABnAeTcA OAHOPOAHON (yHKUMeHl mepBoro nopsaaka ot dq/dt. Ilo-
3TOMY Mbl MO:KeM BbIpa3uThb HUHTerpal JAefdcTBUA 4Yepe3 T COBEpPILIEHHO B
TOM ke BHJe, Kak U 4depe3 t. ITO MOKa3bIBaeT, UYTO ypaBHEHUA IBUKEHUS,
BbITEKalolle U3 NpUHLNIA AeiicTBUA, NOMMHLI ObITh WHBAPUAHTHBLI OTHO-
CUTeNbHO Ilepexofa oT { K T — ypaBHeHUSAl ABU:KEHUAl He CBA3aHLI HU C
KakuM abcoNnioTHBIM BpPEeMEHEM.

Mrb1 uMeeM, TakuM o6pa3om, crennalbHYI0 GopMy raMHILTOHOBOU Te-
OpUH; OJHAKO Ha caMoOM [ele 3Ta (opMa ABIAETCA HE TAKOH YK crenu-
annHoii, u6o mpu MO60M HCXOJHOM TraMHUIbLTOHHAaHE Bcerja MOMSHO B3ATh
BPEMEHHYIO epeMeHHYIO B KauecTBe J00aBOYHON KOOPAMHATLI U Hpeob-
pasoBaTh Teopuio K Takoil jopMe, B KOTOpoil raMuUIbTOHHaH clabo paBeH
uHyaio. JlenaeTca 3To mo cilegyoomemMy obmemy npaBuiy. Mbl Gepem Bpe-
MA t U CUMTaeM ero HOBOIl JUHaMHUUYeCKOHl KOOpauHaToili, 0603HayaeMoil qg.
CTpouM HOBBIIT JarpaHKuaH

o/ et (3.5)

k=0,1,2,..., N.

3nech L* comepsuT Ha O[jHY cTeneHb cBOOGOMABI Gonbille, YeM UCXOAHBIH Ja-
rpamuan L. Jlarpauskuan L* He paBen L, HO

/L*dTZ/Ldt.

IloaTomy neiicTBUe OKa3bIBaeTCA TEM ke CaMbBIM, BbIpaskaeTcd JU OHO Ue-
pe3 L* u 7 unu uepe3 L u ¢. Takum o6pasom, and 11060ii TUHAMUYECKOI CHC-
TeMbI MBI MOMEM pacCMaTpPUBATh BpeMfA Kak JI06aBOUHYIO KOOPAUHATY gg
W 3aTeM MepeliTH K HOBOMY narpaH:muany L*, comepsailieMy Ha OfHY cTe-
neHb cBOOOABI GoNbllle U MpeAcTaBAAIIEMY co00il OTHOPOAHYIO GYHKIIUIO
NEePBOro NopAgKa oT cKkopocteil. Jlarpanmuan L* gaeT HaM raMUJIbTOHUAH,
PaBHEI HYJIO B c1aboM CMBICIE.



Heanmosanue na UCKPUBAECHHbLL NOBEPIHOCIAT 43

JTOT cnenuanbHbBI cilydail raMHUIbTOHOBa (opManusMa, Korja ra-
MHJIbTOHUAH cl1afo obGpaiiaercA B Hylb, U €CTh TO, YTO HAM HYMHO A
PEeIATUBUCTCKON TEOPUHU, MOCKOIbKY MbI He XOTUM B PEIATUBUCTCKON Te-
OpUH UMeTh Kakoe-HUGYIb OJHO BBIJENEHHOEe BpeMs, Urparoiiee 0cofylio
POJIb; }elaTelbHO HMeTh BO3MOKHOCTh paccMaTpUBaTh pas3iuyHbIe BpeMe-
Ha T, KOTOpbIe Bce JOMKHBI ObITH paBHONpaBHbI. [locMoTpuM Teneph Goree
noApo6HO, Kak MOMHO BOCHONb30BaThCA ITOH UIee.

MBI XOTHM paccMOTpeTh COCTOAHUA B He-

KOTOPBIX 3aJaHHbIX CHUCTEMax oTcyeTa BpeMe- 2

HY, OTBedYalolUX pasan4yHbIM HalnonaTensaM. S,

Tenepr uzobpa3uM NPOCTPAHCTBO-BpeMf TaK,

Kkak norasano Ha puc. 1. CocToAHue B omnpeje- Ss
JeHHbII MOMEHT BpeMeHH 3ajaeTcA (uanyec-

KUMHU YCJIOBUAMU Ha TPeXMEPHOIil IINI0CKOH Ipo- ] S
CTpaHCTBEHHOMOJ06HON moBepxHocTH Si, Op- S,
ToroHaibHOil ocu Bpemenu. CocTofHuEe B Opy-

rye MOMEHTbI BpeMeHU XapakTepusyercs ¢Gu-

3MYeCKUMMHU YCJI0BUAMHU Ha APYTUX MOBEPXHOC- aclaczac?
TAX S3, S3, ... anee MbI XOTUM BBeCTU JpY-

T'He CHCTEeMBI OTCUYeTa BpeMeHU, OTBevalollue
pa3nuuHbIM HabnogaTelAM, U COCTOSIHUe, pac-
cMaTpuBaeMoe OTHOCHTEThHO HOBBIX BPEMEHHBIX ocell, GyneT xapakTepu-
30BaThCA PU3MUECKIMH YCIOBHAMH Ha JPYTHUX IIOCKUX MPOCTPAHCTBEHHO-
N0J0GHLIX MOBEPXHOCTAX THIA S|. MBI XOTUM UMETh TAKYIO FaMIILTOHOBY
TEOpHIO, KOTOpas AaBajia 6b HAM BO3MOMHOCTb HEPEXOJUTH OT COCTOAHHUA,
ckazieM, S1, K cocroanuio S;. Mcxonsa u3 3aganHbIX HaYalbHBIX yCIOBUI Ha
HOBEPXHOCTH S7 U UCIONb3yfA ypPaBHEHHA [BUKEHUA, MbI JOIMKHBL CYyMETh
MOAYYUTHL (PUBHUECKUE YCIOBUA Ha MoBepXHocTH S]. Takum o6pazoM, JBH-
JREHUIO TOBEPXHOCTH MOM#HBI OTBEYaTh UeThIpe cTemeHU cBOGOLI; OJHA,
COOTBETCTBYIOIAA IepeMelleHUIO MOBEPXHOCTU NapajienbHo camoil cebe,
U, KpOMe TOro, TpHU CTemeHU cBOGOJbI, COOTBETCTBYIONINE ITPOU3BOJIbHO-
MY MU3MEHEHHUIO HamnpaBileHUuA HOpMalu K 3TOH ILIOCKOH MOBEPXHOCTH. JTO
03HAvYaeT, UTO B pellleHWe YpaBHeHUil IBUKEHUA, KOTOPble MBI CTPEMHMCHA
OTBICKaTh, GYAYT BXOJUTDH YeThIpe MPOU3BOIbHbIe GhyHKIUU. Takum obpa-
30M, HaM Hy;kHA TaMUJIbLTOHOBa TeopuA ¢ (MO KpailHell Mepe) YeTHLIPbMA
NepBUYHBIMU CBA3AMU NEPBOro poja.

MoryT cyuecTBOBaTh U Jpyrue NepBUYHbLIE CBA3U IIEPBOr0 poja, eciu
HMeIOTCA CTelNeHU CBOGOMLI JBUMKEHUA MHOTO THIA, HAPUMep, ecild BO3-

Puc. 1
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MOHBI T'pajUeHTHbIe NpeoGpa3oBaHuA aneKTpoanHaMuku. YTob6b1 ymnpoc-
TUThL obGcy#aeHne, A MpeHeOpery 3TOil BO3MOMHOCTBLIO CYI€CTBOBaHUA
APYTUX MepBUYHLIX CBfA3ell mepBoro poga u Oyay paccMaTpHBaTb TOILKO
Te CBA3H, KOTOPbIe 0GycClOBIeHbI TPeGOBAHUAMEI TEOPUU OTHOCUTEILHOCTHU.
Mer Moraum 66 HPOJOMMUTHL [OCTPOEHUE
2 TeOpUHU, OTHOCAIIelicA K 5TUM MIOCKUM TpO-
CTPaHCTBEHHOMOAOOHBIM TIOBEPXHOCTAM, KOTO-
' phle MOTYT JABUTATbCA C YeThIPbMA CTemeHd-
MU cB00ObI, HO MHe GbI XOT€JI0Ch pacCMOTPETh
oS cHauasna 6ojee 06GIIYIO TEOPHIO, B KOTOPOH MBI
= S OyJeM HWHTepecoBaTbCH COCTOAHHEM, ONpefe-
JeHHBIM Ha MPOU3BOILHON UCKPUBIEHHOH Tpo-
CTPaHCTBEHHOMOAOOHOH MOBEPXHOCTH THIa S
Ha puc. 2. OHa mpeacTaBiseT co6oil Tpexmep-
HyIO THOBEPXHOCTb B INPOCTpPaHCTBe-BpeMEHH,
o6nagalomnyio TeM CBOICTBOM, YTO OHA Be3le
npocTpaHCTBEHHONOJ00HA, T.e. HOpMalb K II0-
BEPXHOCTU HaXOJUTCA BHYTPU CBETOBOI'O KO-
Hyca. MbI MoeM OCTPOUThL FAMHJIBTOHOBY T€OPUIO, OMUCHIBAIOIIY IO H3Me-
HeHHe (PU3UUeCKUX YCIOBUIl IpU Mepexoje OT Kakoil-mubo oJHOII UCKPUB-
JEeHHOI IPOCTPAHCTBEHHONOA0GHOI TOBEpXHOCTH K IPYToil, Oau3iesaieil.
BBoauth B paccMoTpeHMe UCKPUBIEHHbIE TOBEPXHOCTH, OJHAKO, BOBCE
He 06f3aTelbHO ¢ TOUKM 3pEHUA clelUalbHOl Teopuu OTHOCHUTEILHOCTH.
Ecnu 661 MpI X0Telu BKJIAIOYUTH B Hally TEOPHIO IpaBUTANMOHHbIE MONA U
NPUHIUILI 001Ieil TEOPUU OTHOCUTEIbHOCTH, TO TOTJa UCIOIb30BaHUE STHX
HCKPHUBIEHHBIX [IOBEPXHOCTEN MMelo ObI IHOMHBIA CMBICA, HO B cilydae Cle-
OUANTLHONU TEOPUU OTHOCUTEIbHOCTH HCKPUBIEHHBbIE [IOBEPXHOCTH He 006s-
3aTenbHbl. OIHAKO A MPeANOUNTAI0 BBECTU UX Ha JaHHOM 3Tame yime MpU
o6Cy#IeHHN B paMKaX CIeMUalbHONH TEeOPUU OTHOCUTENLHOCTH, Tak Kak f
CUUTAIO, YTO O6BACHUTH OCHOBHEIE UJEN Jerye MPU UCIOIb30BAHHYA UCKPUB-
JeHHBLIX MOBEPXHOCTEI, a He miIockux. O6bAcHAETCA 3TO TeM, UTO, paboTas
¢ TAKUMH UCKPHUBJIEHHBIMU NMOBEPXHOCTAMM, MBI MOKeM IPOU3BOAUTL JO-
KanbHble AedopManuy MOBEPXHOCTH, Momo6GHbIe §S Ha pHc. 2, U HCCaeao-
BaTh M3MeHEHUA ypaBHeHUIl NBUMEHMA, CBA3AaHHbBIE C HTUMHU JOKalbHBIMHU
JdedopMaluAMU TTOBEPXHOCTH.
OnuH 13 BO3MOKHBIX Iy Teil JalbHeNUIero pa3BUTUA TAKOB: MbI MOKEM
3ajaTh MHTerpain AelicTBUA HA COBOKYIHOCTH UCKPUBIEHHBIX MOBEPXHOCTEH
Tuna S, HallTH Pa3HOCTh WHTErpanoB JefCcTBUA M JBYX COCEIHUX MOBEPX-

1.2 3
XXX

Puc. 2
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HocTeil, pasfenTh 3Ty PasHOCTh Ha HEKOTODLIi mapamerp 67, cloysKaiui
Mepoii paccTOAHMA MEMKIY ABYMs COCETHUMHM MOBEPXHOCTAMM, B3AThH HTOT
pesynLTaT B KauecTBe Halllero JarpaHuana U 3aTeM, TPUMEHUB Halll CTaH-
TapTHBIH MeTO/, MepPedTH OT JarpaH;KkuaHa Kk raMunbTonuany. Ham narpas-
AmuaH 06A3aTelbHO GbLI ObI OJHOPOIHON (YHKIME! IepBOro MOPAIKA OT CKO-
pocTeil, BLIpamEeHHLIX B BUAE MPOM3BOAHLIX MO BPEMEHHOMY MapaMeTpy T,
XapaKkTepusyIoleMy Mepexol OT OAHON M3 3TUX MPOCTPAHCTBEHHOMOA0G-
HBIX MOBEpXHOCTel K APYroi, coceaneii. B pesyabTaTe MBI NpUIUIH ObI K
raMUJIbTOHOBO TEOPHU ¢ TaMUJIBTOHUAHOM, C1aG0 PaBHBIM HYIIO.

OnmHaKo A He X0Uy MpOJeNbIBAaTh BCIO 3TY paboTy W BAABATHLCA B MOJ-
POGHOCTHU MpPOINEAYpPhI, B OCHOBE KOTOPOH JEKUT NpUHIUN AedicTBuA. f xo-
Yy COKpPATUTh 3TOT MYTh U 06CYAUTHL XapakTep Mojdyvaloleiica B KoHEYHOM
cyeTe raMUIbLTOHOBOH Teopuu. Mbl MoeM U3Bledb JOBOILHO MHOTO CBe-
JeHUil OTHOCHUTENbHO XapakTepa raMUJIbTOHOBON TEOPHUH IMPOCTO U3 TOrO,
4TO, KAaK Mbl 3HAEM, MOJKHbBI CYNIeCTBOBATb CTEHEHU CBOOGOMbI, OTBEYalo-
ye MpoU3BOJIbHOMY ABHSEHUIO MPOCTPAHCTBEHHONOAOOHON NOBEPXHOCTH,
IpU YCIOBUM, YTO OHA BCerja 0CTaeTCs MPOCTPAHCTBEHHONOAOOHOH. TUM
cTemneHfIM cBOGOIbI, OTBEUAIONIUM [IBUKEHUIO MPOCTPAHCTBEHHOMOJ06HOI
MOBEPXHOCTH, TOJ#HBI COOTBETCTBOBATH B TaMIIbLTOHUAHE TIEPBUUHbIE CBS-
31 TEpBOro poja, M0 OJHOM MEepBHUYHON CBA3U MEpBOTO poaa JIA KamJoro
THIA 3JeMEeHTapHbIX JBHKEHUI MOBEPXHOCTH, KOTOPbIe MOKHO BBecTH. fl
PasoBbIO TEOPHUIO ¢ ITOH TOUKHU 3PEHUA.

Mpesme Becero Mbl JONMHBI BBECTH MOAXOAAIINE AUHAMHUUYECKHE Ie-
pemennbie. ByneM omuchiBaThL TOUYKY Ha MPOCTPaHCTBEHHOMOTOGHOMH TO-
BepxHocTH S TpeMsa KpHBONMHeiiHbIMU Koopaunatamu (xl, z2, x3) = (z').
Yrobbl 3amaTh MOJOKEHHE 3TOH IPOCTPAHCTBEHHOMONOGHOH IOBEpXHOC-
TH B IPOCTpaHCTBe-BpeMeHH, BBeleM Jpyroil Habop KOOpPAUHAT YA
(A=0,1,2,3), B KauecTBe KOTOPbIX MBI MOeM B3fiTb MNPAMOJUHEH-
HbIe OPTOTOHANLHbLIE KOOPAUHATLI CHeNUANbLHON TEOPUH OTHOCHTENLHOCTH.
(fI ucnonbayio sarnaBHyio GyKBY AdA HHAEKCA, OTHOCAIIErOCA K Y-KOOD-
IMHATHON CHCTeMe, U CTPOYHYIO GyKBY, HAIpUMEp 7, A HHAEKCA, OTHOCA-
HerocA K z-KoopAuHaTHOl cucteme.) YeTbipe PyHRINU ys MepeMeHHBIX &
6yayT XapakTepHu30BaTh MOBEPXHOCTL S B MPOCTPAHCTBE-BpEMEHH, a TAKKe
1 cnocob ee mapaMeTpHU3allii, T.e. cicTeMy koopauHaT z', 22, 3.

MbI MoskeM HCMoNb30BaTh 3TH yj B KayecTBe JUHAMUYECKUX KOOPIN-
HaT ¢. BBegem Beanuuuny

_ Oya _ i
YA, r = Ox" (7" =1,2, 3)a (36)
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oHa 6ymeT ¢pyHKIMell TUHAMUYECKHX KoopauHaT ¢. /lajdee BBegeM

; dya
= 3.7
YA o1’ ( )
rage 7 — napamerp, HSMBHHIOMHﬁCH Ipu mepexonae OT OIIHOfI IMOBEpPXHOC-

TH K JpYTroii, coceaHeil; 3To facT HaMm cKopocTb ¢. ITak, mepeMeHHbIe Yy
ABIAIOTCA JUHAMUUYECKUMU KOOpAMHATAMU, HeOGXOAUMBIMH [JA ONUCAHUA
NOBEPXHOCTU, U 4 — CKOPOCTAMHU.

HaMm nonago6uTcA BBeCTU MMIYJIbCHBIE IEPEMEHHLIE WA , CONPAKEHHbIE
¢ 3TUMM AUHaAMUYeCKUMU KoopauHaTaMu. IMnynbcHble nepeMeHHble 6y Ay T
cBA3aHbl ¢ KoopauHatamu ClII-cooTHomenuAMuU

[Yrz, wre] = gard®(z — 2'). (3.8)

Ham 6yayT mysHbI Apyrue TepeMeHHble Jf onucaHuf A00bIX Gpusu-
YeCKUX MoJiell, MMeloIuxXcA B 3ajave. Kcan Mbl IMeeM 1610 cO CRAaTAPHbIM
noaem V, To gynruus V(z) nas Beex snauennii x', x2, 3 nact nam HoBble
OuHaMHIYecKHe KoopAUHATHL q. YacTHble npousBoaHble V,, GyayT dbyHRIU-
AvH q. Bernuuna OV /07 6yner cropocthio. llpoussoanas ot V mo mo6omy
HalpaBleHUIO BbIpaxaerca depes 0V /01 u V, T.e. BbIpamaeTcs uepes Au-
HAMUYeCKUe KOOPAMHATLI U cKopocTH. Jlarpanmuan Gyner cojepmarh 3TH
Npou3BOAHbIe V MO MPOU3BOILHBIM HaNpaBIeHUAM U MOTOMY 6ymeT dbyHK-
nueit TUHaAMUUYeCKUX KOOpAMHAT U ckopocteil. na Kammoro V HaMm motpe-

GyeTcA conpAmeHHbIit uMnyabe U, ynosaerBopawomuii ClI-cooTHomeHuAM
[V (), U')] = 8« — o). (3.9)

TakuM cioco6oM TpakTyeTcA CKalAgpHOe Ioje. AHATOTUUHBIH MeTOH ¢
BBeJleHeM HeoOX0JUMBbIX 100aBOUYHBIX MH/EKCOB IPUTOfleH /1A BeKTOPHBIX,
TEH30PHBLIX WM COHHOPHBIX moieil. HaM HeT HymAbI paccMaTpuBaThb 3TO
ocobo.

Hcenenyem Tenepb, kakuM OyAeT raMuiabTOHHaH. ['aMuiabToHuan Aon-
#eH ObITh nuHeliHoll ¢(yHKIMell TepBUYHBLIX cBA3eii mepBoro poja TH-
na (3.2). lpeskge Bcero Mbl [JOMKHBI BBHICHUThH, KAKOB BUJ MEPBHYHBIX
cBfA3eil mepBoro poja. Jo/KHBEI cylecTBOBAaTh NEPBUUYHLIE CBA3U IEPBOrO
poa, COOTBETCTBYIOLINE IPOU3BOILHEIM JedopmManuaM noBepxHocTu. Uto-
Obl 00eceynTh H3MeHeHHe JUHaMUYeCKNX KOOPAWHAT Y, 3TH CBA3W IO M-
HBI COlep#kaTh NepeMeHHbIe w, CONpPAMEeHHbIe ¢ §¥, U B HUX OyJyT BXOAUTH
IpyTue nepeMeHHble monfd. Mbl MoeM BbIpa3uTh Takue CBA3U B BU[E

wp + K =0, (3.10)



Keanmosanue na UCKPUBAEHHDBLL 1OBEPIHOCMAX 47

rae K), — HeroTopafd ¢GyHRIUA raMIJIbTOHOBBIX NEepeMEHHBIX ¢ U p, He
3aBHCAIIAA ABHO OT wW.

Mer Momem yTBepmOaTh, YTO TaMUIbTOHUAH IpeAcTaBiIdeT co6oii
IPOCTO NPOU3BOALHYIO JHHEHHYIO QyHKIMIO Beex Bennuud (3.10)

Hr = /CA(wA + Ky) d3z. (3.11)

HuTterpupoBaHue 31ech NTPOBOAUTCA MO TPeM KOOPAUHATAM T, ONpele-
JAANUM TOUYKY Ha TIOBEPXHOCTHU; ¢ — MPOU3BONbHbIE QYHKIUHN TpeX & U
BpeMeHU.

Obuiee ypaBHeHUe IBUKEHHSA, KOHEYHO, BBHINIAIUT Kak g = [g, Hrl.
CMbIcn Ko3bdunuenTa ¢ MOKHO BBIACHHTDL, €CIM B3ATh 3TO ypaBHEHHE
JOBUMEHUA U TMOJOUTh B HeM GYHKIINIO g paBHOIl 0JHOI U3 MepeMeHHBIX .

JIna g = yp B HekoTopoii 3aganHoil Touke x', 2%, 2% MBI monyuaem

A = [yA, / c'F<w'r+Kf>d3x'] = / Flyn, wp + Kf]d*z. (3.12)

31ech MTPUX MPH TlepeMeHHbIX noas ¢-, wr umi Kt o3nauaeT, uTo 6epyTes
amaveHus >Tux Bennunn B Touke ', z2, 2% . Ckobka Ilyaccona yy c K}
paBHa HyIIIO, Tak Kak K| He 3aBHCHUT OT w, IOITOMY HYKHO B3ATb CKOGKY
Ilyaccona ya Tombko ¢ wp = wr(z'). To gacT HaM AelbTa-GYHKUHUIO, H,

cllegoBaTeJbHO,
g = ca. (3.13)

TakuMm o6pasoM, K03 PUINEHTHI ¢y OKa3bIBAIOTCA BeINUYHHAMH THIA
CKOpOCTE(l, ONUCLIBAIOMINMY U3MEHEHNe Hallell MOBEPXHOCTU ¢ U3MEHEHU-
eM napameTpa 7. Bribupasa 3Tu ¢y DPOU3BOILHBIM 06pa3oM, MBI MOMKEM
NOAYYUTh MPOHU3BONbHOE U3MEHeHe MOBEPXHOCTH B 3aBUCHUMOCTH OT T.

JTo MO3BOMUT HaM MPeACTABUTHL BUJ raMUILTOHHAaHA B TEOPUU TOJA,
Pa3BUTOU Il COCTOAHUI HA UCKPHUBIEHHBIX NOBEPXHOCTAX.

Mb1 MoeM HECKOMbKO riy0se NpoaHAIN3UPOBATL CBOHCTBA DTOrO ra-
MHJILTOHUAHA, pasjaras BXOJAIINe B HEro BEKTOPbI HA KOMIIOHEHTHI, HOP-
ManbHble U TaHTeHIMalbHble K MoBepXHOCTH. [ig moboro BekTopa {4 MOsk-
HO OIpeleldUTh ero HOpMAAbHYIO KOMILOHEHMY

gJ_ - €AlA7
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rae [* — eMHMYHBIE BEKTOP HOPMAIU, U MAHZEHUUAALHBLE KOMILOHEHITLbL
(oTHeceHHbIe K Z-KOOPIMHATHOIl cucTeMe)
_ A
& = EnY,,-

BexTopbl | onpejeasioTes BelMuuHAMU Y u nosTomy ABafIOTCA QYHKIU-
b

AME IUHaMHUYeCKUX KoopauHat. J1060i1 BEKTOP MOMHO pPa3ioUTh TaKUM

NyTeM Ha COCTABIAMIOINEe — HOPMAaNbHYIO K MOBEPXHOCTU U TaHTeHIIHAlb-

Hble. CRanApHOe Mpou3Be/ieHUe oNpefielAeTCA Kak

&an™ = EnL + 9", (3.14)

rae vy, dx” dr® — 31eMeHT MeTpPMKHN NOBEPXHOCTH, 3alUCAHHBIH B Z-KO-
opAuHaTHO# cucTeMe. MaTpuna +"® ABIAeTcA o6paTHOH MO OTHOLICHMIO
K ’YTS(T7 s=1,2, 3)

Hcnonsaysn onpepelieHre ckangpHoro npoussefenus (3.14), Mbl MoskeM
BhIpasuTh Hall MOJHBIH raMUJIbTOHUAH yepes3 TaHTeHIIMallbHbIe 1 HOpMaljb-
Hble KOMIOHEHTLI w U K:

Hr = /g]A(wA + Kp)dPz = /(yJ_(wJ_ + K1)+ "9 (w, + K,)) d*x.
(3.15)

3d1echb Z)A = yAlA Hu ?'/7‘ = yAyAn‘-

Ham HOHa,ﬂOﬁI/ITCH 3gathb Cll-cooTHomenusa MeOYy HOPMAlbHBIMH U
TAHTeHUMAIbHBIMU WieHaMu Bbipaenus (3.15). fI Bemumy cuavana CII-co-
OTHOIEeHUA AJIA pa3dinYHbIX KOMIOHEHT w. Mker nMeeM, oUyeBMaHO,

[wa, wp] =0 (3.16)

sTa ¢opMa 3amucH CBfi3aHa C BHENIHUMH KOOPAMHATAMHU y; HO KOTJa MBI
pas3noKUM Halll BeNUUMHBI w HA HOpPMalbHble U TAHTEeHIUANbHbIE KOMIIO-
HeHTHI, cko6ku Ilyaccona ux apyr ¢ apyrom y:xe Godbie He GyAYT paBHbI
Hya0. Cro6ru Ilyaccona HeTpyqHO pacKphITh MyTeM HpAMoro pacuera. fl
He X0Uy BAaBaThCA B JE€TANM 3TOH BBIKIAJKU. YIOMAHY TOJNLKO, UTO HOA-
pOGHBIIt pacueT Mo#iHO HaiiTu B Moeil paboTe!. Pe3yabTaThl TAKOBBI:

[Wry w's] = wed p(x — 2") + w0 (2 — ), (3.17)
[wi, w.] =w' 6,(x—2'), (3.18)
[wy, w' ] =—-2w"d, (¢ —2z') —wd(z—z'). (3.19)

1P. A. M. Dirac, Can. Journ. of Math., 1951, v. 3, p. 1.
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MbI 3HAeM Takse, 4TO
(wy + Ky, w, + K, =0 gaa p, v=r, s uin L. (3.20)
OTciofla MOMHO BHIBECTH clefylomee:

[, + Kr, w0, + K1) = (w, + K )80 (0 — @) + (w) + K)8,u(0 — '),
21)
2

3
3.22)

~ e~

[wJ_ + Ky, w; + K;'] = (w’J_ + Kﬁ.)(sﬂ‘(m - :L'/)v

[wi + K, w +K|]==-2w"+K")d,(x—2')— (w +K"),6(x— ).
(3.23)

ITH pe3yabTaThl MOMKHO GBLIO GBI MOMYUUTDb HEMOCPEICTBEHHO Ha OCHO-
Be ompejeleHuil HOpMalbHBIX U TAHTEHLUAIbHBIX KOMIOHEHT BEIUYUH W,
HO TIpoIle UX BBIBECTHU C IIOMOMILIO cileyiomux coobpamenuii. Tar Kak Bce
Beauuunsl w, + K,, w; + K, oTHocATcA K nmepBoMy pony, ux ckooru Ily-
accoHa ciabo o6pamaioTea B Hylb. [loaTomy

[wy + Ko, w; + K;L [wy + K, w; + K;‘]

[w) + K, w| + K]

BCe JOJZKHBI GLITH PaBHBI HYJIO B c1aboM cMbiciae. Mbl MoskeM Telepb BbI-
AICHUTh, Y€MY OHU PABHbI B CHILHOM cMbIcHe. Mbl JOM#HBI 10GABUTL B
npasble vactu (3.21)—(3.23) Benuuwmnbl, ciiabo paBHLIE HYIIO U, CleJoBa-
TelNbHO, MOCTpoeHHble U3 wy + K, n w) + K| ¢ HeroTopbIMU K03 duun-
entamu. Janee, pacKpbIBag WIEHbl B MPaBbIX YacTAX, COZEpKAIINE W, ML
cMokeM HafiTH 3TH Koddduuuentor. YneHsl, cogepsamye w, MOTYT IO-
ABUTLCA TOAbKO M3 cKoGok Ilyaccona w ¢ w (cm. (3.17)—(3.19)). CocTaBus
ckobry Ilyaccona [w, K'], MBI He MONTyYNM HHKAKUX YIEHOB ¢ w, HOO MpH
BTOM MbI nMeeM cKoORy IlyaccoHa w-MMIyibca ¢ HEKOTOPBIMH (yHKIIHA-
MH AUHAMHYECKUX KOOPIUHAT M UMILYJIbCOB, OTIMYAIOLIUXCA OT W, a 9TO He
MOJKeT JaTh NMIYIbCHBIX epeMeHHbIX w. AHanoruduo ckobra Iyaccona K
¢ K He OyzeT comepaTh HUKAKMX NepeMeHHbIX w. [[03TOMY eIMHCTBEH-
HBIMH BellMYMHAMU w, HOABIAIIMMUCA B npaBoii yactu (3.21), GyayT Te,
KoTopble cToAT cnpasa B (3.17). HyHo BBecTH ellle HEKOTOPble WJIEHLI B
npaByio dacThb (3.21), uTo6bI Bce BbIpakeHue B 1eloM claGo obpaimanocs B
HyaIb. Kakne MMeHHO WIEHBI MbI IOIKHBI H0GABUThL, COBEPLUIEHHO ICHO —
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310 (ws + Ks)d p(x — ') + (w), + K)d s(x — «'). AHanoruuneiM o6pasom
onpenendAloTca npasble yactu (3.22) u (3.23).

IIpyroii Bonpoc, KOTOPOro CTOUT KOCHYThCH, CBA3aH ¢ WieHaMU ws+ K
B noaHoM ramunbronuane (3.15). OHH COOTBETCTBYIOT TAKOMY IBIIKEHUIO,
NpU KOTOPOM H3MeHAeTCA cHCTeMa KOOPAMHAT Ha MCKPHBIEGHHOH MoBepX-
HOCTH, HO HE caMa N0BEPXHOCTh. ITOMY OTBeYaeT IBUKEHHE Kam 10 TOUKH
IIOBEPXHOCTH 10 KacaTelbHOH K Heil.

Honoxkum g, = 0. 910 03HAYAeT, YTO NOBEPXHOCTH HE JBUMKETCH B
HanpaBleHNH, TePIeHANKYIAPHOM K Heil, 8 TPOCTO HPOHCXOAUT H3MeHeHHe
KOOD/JMHAT NMOBEPXHOCTHU. B TakoM ciyuae Mbl HMeeM ypaBHEHHA NBHKEHUS
THIA

g= /v’"sz)r[& w, + K, d*a. (3.24)

Takoit BUJ JOMMKHO UMETh ypaBHeHHe [IBUKEHHS, ONHUChIBAIOIlee H3-
MeHeHNe g NpH IpeoGpa3oBaHUU CHCTEMbl KOOpAMHAT HA HENMOABUMSHON
noBepxHocTu. OOHAKO Takoe U3MeHEHUE g JOMMKHO GbITL TPHUBHANLHBIM;
ero MO{HO ONpeJeluTh, IPOCTO HCIOIb3YA reoMeTpUYecKre CBOHCTBA AU-

HaMH4ecKoii nepemeHHoil g. Eciu g — crandpHad BelnuyuHa, TO Torja
HaM K3BeCTHO, Kak OHa H3MeHAeTCA NPH H3MeHEHUU CUCTeMbl KOOpAU-
nat z!, 2%, 2. Eciu g — KOMIOHeHTa BeKkTopa MM TeH30pa, XapaKTep

ee U3MeHEeHUA YCTAaHOBUTh HECKONbKO CIOHee, HO BCe e MOMHO; aHalo-
TUYHO, eclid g — chnuHop. B mo6om cinydae 3To u3MeHeHNe g, N0 CYIECTBY,
TpUBHANLHO. JTO 03HaUaeT, 4To Ky MOKHO ONpefelNTh U3 OJHUX TOIBKO
reoMeTPUUECKUX coobGparkeHuit.

fI noramy »To Ha OJHOM WIHU ABYX HpuMepax. B ciyvae cranspHoro
noisa V c conpameHHsiM uMmnyibeom U B K, uMeeTcA 4ieH

V.,U. (3.25)

JInsi BEKTOPHOTO MOJA, CKA’>KeM, TPEXMEPHOro BekTopa Ay, CONpAMEHHBIM
KoTopoMy fBinfeTcA B?, B K, uMmeerca 4ieH

A, ,B* — (A, B°%) ,; (3.26)

aHaloOTMYHO TIOJyYaeM Il TEH30POB; BbIpazKeHUA MJIA CIHHOPOB HECKOIbKO
cinoskHee. [lepBoe crnaraemoe B (3.26) onmuchiBaeT u3MeHeHue Ay, BO3HHKa-
Iolllee M3-3a TPAHCIANNY, CBA3AHHOII ¢ U3MeHEeHNeM KOOPAMHATHON cHcTe-
MBI, BTOpO€ cjaraemMoe OINHMChIBaeT N3MeHeHUe A, 3a cUeT BpallleHUd, TaKsKe
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CBA3AHHOIO ¢ NIpeofpasoBaHueM CHCTeMbl KOOpANHAT. B ciydae cranapa no-
ZoGHBI WwieH, oTBevalomuii Bpamenuio, B (3.25) oTcyTCTBYeT.

MsI MokeM HOIy4YNTH MOMHOE BhIpamenue miA K., cyMMupys BRiIaasl
OT BCEBO3MOKHBIX MOJell, UMeloluXcA B 3ajave. B pesyiabrarte Mbl yBH-
UM, YTO 3Ty TAHTEHIHAIbHYIO KOMIOHeHTY K MO#{HO HaiiTW MPoOCTO U3
reoMeTpuUeckuX coobpasxenuii. OTciofa ACHO, YTO TaHTeHUUAIbHAS KOM-
moHenTta K He UMeeT pealbHOro GU3UIECKOr0 3HAUEHVIA, OHA ONPEIeNfAeTCA
TOMLKO GOPMoOii MaTEMaTUYeCKOro annapara. BemuunHoil, cyiecTBeHHOM ¢
dbu3nYecKoil TOUKM 3peHNus, ABIAETCA HopManbHasA KoMnoHeHTa K B (3.15).
dra HOpManbHaa KoMmoHeHTa K B cyMMe ¢ HOpMalbHOI KOMIOHEHTOH w
JacT HaM CBA3L IIEPBOr0 Poja, 0TBEYAIOWYIO JBHKEHUIO IOBEPXHOCTH HOP-
MajibHO K cebe camoif. ITo yiae BeIMYHMHA, BaKHAA C TOYKM 3PEHHA [MHA-
MUEH.

IIpoGrema mocTpoeHUsA FaMHILTOHOBOH TEOPHH HOJIA A COCTOAHMUI
HA 9THX KCKPHBIEHHBIX [IOBEPXHOCTAX BRIIOYAeT BOIpoOC 00 ompezeie-
UM Bepakenuit ana K, ynoererBopsomux HeoGxoxumbiM ClI-cooro-
uwreruAM (3.21)—(3.23). TanreHnuanbHy0 COCTaBIAIMIYIO MOHHO, KaK MBI
oBeyuan, HaliTH U3 TeOMETPUUECKUX COOBpaMmeHnil; oHa, KOHEUHO, JOMH-
na yjosiaerBoparh Cll-coornomenuio (3.21). B CII-coornouenue (3.22) K|
BXOIUT JHHEHHO; ITOMY COOTHONIEHUIO GYIeT yAOBIETBOPATE M0GAA BEIH-
unna K | , npefctaBasaiomasn co6oii ckarApHyIo MIOTHOCTL. TakuM o6pasom,
ana Beinonsenus atoro Cll-cooTHowenyA BromHe JOCTATOYHO, YTOObI BEIH-
unna K| npeoGpa3oBbiBajlach MOAXOLAMNM 00pa3oM IpPH H3MEHEHUH CHC-
Tembl Koopaunat 1, x%, x3. Coornomenmuio (3.23), kpanparuunomy no K |,
YIOOBIETBOPUTH TPyAHO. [lo3ToMy TpoGieMa GOPMYIUPOBKU TAMUIbLTOHO-
BOIi TEOPUM MOJA B Clyuae NCKPUBIEHHBIX MPOCTPAHCTBEHHOMNOIOGHBIX 1O~
BEpPXHOCTel CBOAUTCA Telleph K 3afave OTLICKAHUA HOPMaIbHONH KOMIOHEH-
TbI BenuuuHbl K, ABIAIOWECA CRATAPHOI MIOTHOCTBLIO U YAOBIETBOPAIO-
wteit CII-cooTHomenuo (3.23).

OauH U3 BO3MOJKHBIX IyTeil ompefeleHNs TaKOH HOPMaIbHOI KOMIO-
HeHTpl K OCHOBaH Ha HMCHOAbL30BAHWH [IOPEHI-HHBAPHAHTHOrO MPUHIMIA
meiicrBuA. HUexonsa ua npunnuna AeificTBHA, MBI MOLIH Obl NOIYYUTH BCe
rommoneHTH! K. JleficTByA TakUM 06pasoM, MBI Oy YUIH ObI TAHT€HIUATb-
Hy10 KoMToHeHTY K He 06A3aTeNbHO Takoil e, Kak Mpeke, COCTaBIeHHON
u3 wieHoB THna (3.25) u (3.26), u3-3a BO3MOHHOr0 N3MeHeHNA, CBA3AHHO-
ro ¢ KOHTAKTHBIM IpeoGpasoBanueM. OnHako 3P HerT TAKOro KOHTAKTHOIO
npeoGpaszoBaHiA MOKHO HCKIIOYNUTD, IEPENNCAB IPUHINI AeHCTBUA, 106aB-
nAf B HHTerpan AefiCTBHA NOIHEIH Anddepenunan. ITo He OKameT BIHA-
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HUA Ha ypaBHeHHA ABHeHUA. C MOMOIIbIO TAKOr0 M3MeHEHUA NPHUHIHUIA
IOeficTBIA MOKHO HOGUTHCA TOro, 4ToObl TaHr'eHIualbHasA KoMmoHeHTa K,
NoMAyYeHHAasA W3 MPUHIUINA OeiicTBUA, TOUYHO COBIAla CO 3HaYeHHEM, Haii-
JEeHHBIM C MOMOIIbIO MPOCTHIX TeOMEeTPUUECKUX coobpazkeHUil. 3aTeM Mbl
MOeM ONpeJeluTh HOPMAaNbHYIO KOMMNOHeHTY K, UCTONb3yA Haml o6Iuii
MeTo[ Ilepexoja oT NPUHIUINA AeicTBUA K raMUIbToHUAHy. Ecian npunuun
JeficTBUA PeIATHBUCTCKYI WHBapUaHTeH, TO HOpMalbHasA KoMmoHeHTa K,
[0y YeHHAA TAKUM CIOCOGOM, IOJHA yAOBIETBOPATH yciIoBuio (3.23).

M&1 MoeM Tenepb 06CYIUTH Mepexof K KBaHToBoit Teopuu. B mporec-
ce KBaHTOBaHUA MbI IpeoGpasyeM BelUUUHBI w W MEePEeMeHHbIe, BXOAAIIHE
B K, B omepatopbl. Teneph Mbl J0N#HBI GbIThH OCTOPOMHBI MPU BhIGOpE
cnocofa onpejeleHUA TAHI€HINAIbHBIX U HOPMalbHOH KOMIOHEHT w, U f
onpeaendio UX cleIyomuM oGpa3om:

w, =y, pwh, (3.27)

T.€. NOMeIlan UMIYILCHYIO NepeMeHHY0 w cupaBa. (Bbl 3HaeTe, uTo B
KBaHTOBOH TeopuU pe3yabTaThl OyoyT pPa3iNYHbBIMU B 3aBHCUMOCTH OT TO-
ro, cnpaBa WIH clIeBa Mbl IOCTABUM w.) AHATOrMYHO

wy = Lywh. (3.28)

TeM camMbIM 3TH BeIMYMHBI MOJHOCTHIO OMpPE/IeNeHbI.

Janee, B KBaHTOBOI TeOpUU MbI UMeeM cllabble ypaBHeHUA w,+ K, ~ 0
uw, + K, ~ 0, raomue nam, cornacHo (2.22), [onoaHuTeNbHbIE YCIOBHIA
ISl BONHOBOH (yHKIINU:

(wy + K)o = 0 (3.29)
(wi +K,)p=0 (3.30)

MoTpeGyem, 4T06BI HTH AOMOMHUTENbHbIE YCIOBHA ObLIH HEMPOTHBOPEYHBHI.
CornacHo (2.25) MblI J0T#HBI JOOUTBCA TOTO, YTOOHI B IEPECTAHOBOUHBIX CO-
otHomeHuAX (3.21)—(3.23) K03 dULMEHTHI B IPABBIX YaCTAX CTOAIH MEPex
CBA3AIMHU (ClieBa OT HIEX).

B ciyuae TaHreHnuanbHbIX KOMIOHEHT ycinoBud (3.21) GyayT BbImon-
HEHBI, eclli MBI 0oa6epeM MOpAJOK clefoBaHuA coMHOmxuTeneil B K, rTak,
4yT0GbI UMIYJIbLCHBIE MepeMeHHble Beerja Haxogunuch crnpasa. B (3.21) y
Hac ecTh pPAJ BeJMUNH, KOTOpPble JUHEHHBI 10 UMIYAbCHBLIM llepeMeHHBIM,
npuyeM MOCHeJHHEe HaXOAATCHA CIpaBa; KOMMYTaTOp JMIOObIX ABYX TaKUX
BeJMYUH CHOBa Oy[eT IMHEEH II0 MMIYJIbCHBIM I€PEMEHHLIM, U OHU CHOBa
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O6yayT cToATh chnpaBa. lloaToMy uMIyJibcHbBIEe NMepeMeHHBIe Beerja GyayT
ORa3bIBaThCA cIIpaBa, U Bce BXOJANIME COMHOMKUTENIN Beerja GyAyT pacmo-
JaraThCA B eJaTelbHOM NOPAIKE.

Tenepb MbI IOMMHBI paCCMOTPETDh 3aavyy YNopAAoYeHUA B KOMIOHEH-
Te K, ¢ KOoTopoii cTolb MPOCTO pasfelaThcA He ynaeTcA. HopmanbHas
KoMInoHeHTa K| 0OBIYHO COJEPKUT NPON3BeJeHUE HEKOMMY TUPYIOLINX CO-
MHOKUTENel, ¥ HYKHO pacCTaBUTh UX Tak, 4To0bl ycaoBus (3.22) u (3.23)
BBINOJTHANUCE, IPUYEM B Ka{/IOM WieHe B IPaBoil 4acTu K03 PUIHUEHTHI
JOJKHBI HaxoouThed cieBa. C ypaBHenueM (3.22) 0coGbIX 3aTpyAHEeHHiT He
Bo3HHKaeT. Bce, UTo HaM HY#HO, TO MPOCTO B3ATb K| B BHJe cKalfp-
HOIl HIOTHOCTH, Tak Kak cToAllafd B mpaBoifi yacTu BeanumHa w', + K/
He MMeeT NpH cefe HURAKUX HEKOMMYTHUDPYIOMHX C Hell K03 PUIUEHTOB;
€IMHCTBEHHBIM K03} OUIUEHTOM CIYKUT AelbTa-QyHKIUA, KoTOpasd ABIA-
eTcA c-YUCIOM, a He OlepaTopoM.

Oauaro ¢ cootHomenneM (3.23) neno o6¢TOUT yHe He Tak mpocto. Ero
npaBylo YacTh MPU PacCMOTPEHUN KBAHTOBOW TEOPHU cjleJyeT BHINUCATDL B
fosee pa3BepHYTOM BHJIE:

[wr + K1, w'y + K\ = = 29" (ws + K;)dp(x — 2') -

— (Y"*(ws + Ky)) +0(x — ). (3:31)

fI 3anucan a3To cooTHoleHue ¢ KO3 duLUeHTaMu Y™ °, CTOALINMH CJIeBa,
U UMEeHHO TaKkuM 06pa3oM OHHU AONKHBI OBITH PAacCIOJIOMEHBI B KBaHTOBOI
TEOPHUU.

[Ipu mocTpoeHUN KBAHTOBOIl TEOPUH TMOJA A COCTOAHUII Ha MPOU3-
BONBHBIX MCKPUBIEHHBIX NOBEPXHOCTAX HE0OXOJUMO ONPENeIUTh TaKyIo
penuuuny K|, nasa woropoit umeer mecto Cll-cootHomenue (3.31) ¢ ko-
apdunuentamu ", croamumu ciesa. Ecau (3.31) Boimoansercs, To go-
nonHuTenbHsle ycinoBua (3.30) HEeNpPOTUBOPEUYUBBI, @ MBI yiKe BBIACHWIH,
yTo ycnosua (3.29) He mpoTuBopeyaT ApPYT Apyry u uTo (3.30) cornacyercsa
¢ (3.29).

Htak, Mbl chopMyIUpOBaIN yCIOBHA, IPU BBIMOTHEHHU KOTOPBIX Ha-
ma KBaHToBad Teopus OyneT penaTuBucTckoil. HyHo, KoHeuHO, U3BeCT-
HOe Be3eHHe, YTOObI HaM yJaloch YIOBJIETBOPUTH 3TUM yclIoBUAM. MbI He
MoO:KeM cJenaTh 3To B obmeM cirydae. HMeeTca ogHo BaskHoe oblee MpaBu-
70, KOTOPO€ COCTOUT B TOM, UTO eCld HaM yJanoch HailTu Beanuuny K,
YIOBIETBOPAIONIYI0 3TUM U HEKOTOPBIM APYTUM YCIOBUAM, TO HETPyAHO
nocTpouth U apyrue K, yooBiaeTBopdAloliie paccMaTpUBaeMbIM YCIOBU-
AM. [lomycTum, 4TO MBI UMeeM pellleHHe, B KOTOpoM K COIep:UT TOJbKO
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HeguddepeHIpyeMble HMIYIbCHbIE IEPEMEHHbIE BMECTE C AMHAMHYECKHU-
MU [epeMEHHBIMHU, KOTOPbIE MOI'YT HAaXOJUTHCA IO 3HAKOM MPOU3BOJHOII.
CymiecTByeT pAd NPOCTBIX modeit, nnda koTopbix K| ynosnerBopset ClI-co-
otHoieHuAM (3.22) u (3.23) u umeeT ykasaHHbIi npocToil Bua. Toraa Ml
MozkeM pubaBuTh K K| MpousBoNbHYIO GYHKIUIO Hequd hepeHInpyeMbIX
nepeMeHHbIX ¢. Mnade roBops, Mbl GepeM HOBYIO BEIHUUHY

K =K, +¢(q).

OueBugHO, uyTO A06GaBieHHe K K| 3Toro WieHa ¢ MokeT NMOBIMATH Ha Ipa-
By10 4acTh (3.31) 1 Tam noABUTCA BelMYHHA, NPONOPLUOHATbHAS [elbTa-
¢yuriquu. MBI He MomeM MOTYYNUTh HUKAKUX NPOU3BOJHBIX OT JelbTa-
¢dyuruu, u6o 106aBOUHbBIE UIEHBI MPOUCXOAAT OT ckoGok IlyaccoHa dpyHK-
unu @(q) ¢ HepubdepeHUUPYEeMbIMH UMIYJIbCHBIME HepeMeHHbIME. [[03-
TOMY €IMHCTBEHHBIM H3MEHEHHEeM IIpaBoil 4acTU B pe3yiabTaTe AoGasie-
HuA K K| uneHa ¢ mMoskeT ObITH MOABIEHUE ClIaraeMoro, KpaTHOTO JAelbTa-
¢yurnuu. Ho npaBas yacTb Joi#Ha 6bITh aHTUCUMMETPUUYHONH OTHOCUTENb-
HO TepecTaHoBKM z U ', 160 NeBas 4acTh, 0YEBUIHO, 00JaJaeT 3TUM CBOii-
CTBOM. JTO 06CTOATENLCTBO KaKk pas 1 UCKIOYAeT BO3MOMHOCTb MOABIEHUSA
BENUYHHLI, TPONOPHUOHANLHON OeibTa-QyHKINM, B mpaBoil yactu (3.31),
TaKk YTO OHa BoBce He usMeHutcd. [loaTomy, ecnu ucxonnasa BenuunHa K|
yaoeieropsier Cll-coorHomenuto (3.31), To Torga u HoBas BeanuuHa K7
Oynet obiagaTh TeM Ke CBOUCTBOM.

UTo6bl 3aBepMIUTL [0KA3aTeIbCTBO, HYKHO NPUHATH BO BHUMAaHUE
ellle 0AHO 06GCTOATENLCTBO. BelnmunmHa ¢ MomeT Tak#me cofep:kaTh [ =
= y/—det g;s. [IpAMBIM pacyeToM HeTpPYIHO MPOBepUTh, uTo [w,, '] co-
AepmuT Hepuddepernupyemyio d(x — x'), U M03TOMY Hallle paccyxIeHue
OoCTaHeTCA B CUie, ecldd BRIIOUYUTH [' B . DaKTHUYECKN MBI JOMMHBI 3TO
clellaTh, NHaYe Mbl HAPYIIMM CIPABEIIMBOCTL cooTHomenus (3.22), Tpe-
Oyromero, yTo6el K| 1 K| ObuIM CKalAPHLIMH INIOTHOCTAMU. MbI TaKuM
o6pasoM, 06sa3aHbI 106aBUTH ' B HyKHOI cTeneHU, YTOOLI clelaTh ¢ CKa-
JIAPHOI MJOTHOCTHIO.

ITOT MeTo]] 0GLIYHO UCMONb3yeTcA HAa MpaKkTHKe NMPU BBeIEHUH B pac-
CMOTpeHUe B3aUMOJeHCTBUA MeKAYy TMONAMU, HE HapylIalollero penfaTu-
BUCTCKOTO XapakTepa Teopuu. 1A pasnuuHBIX MPOCTHIX Molell yRazaHHbIE
yCJI0BUA OKA3bIBAIOTCA BBINONHEHHBIMU. B Takux ciydaax Mbl uMeeM HeoG-
XOANMBIIl HAM 2JIeMeHT yaadd, TaK YTO Mbl MOKeM yUecTh B3auUMOjelicTRIe
Me#AY MOMAMM OMUCAHHOTO TMPOCTOTO BHUAA, U YCIOBUA, oGecneynBaomniue
pPENATUBHCTCKUN XapaKkTep KBaHTOBOH Teopuu, He 6YAYT HapyIIEHBI.
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CymecTByeT HECKOJNbKO MPHMEpPOB, B KOTOPLIX HaM He COMyTCTBYeT
HeoOXxoJuMoe Be3eHUe, U HaM He yJaeTcfl Tak PAcCHoOJOKUTh COMHOMKUTENN
B K, uro6sl 6bL10 cripaBedauBo cooTHomenue (3.31) ¢ koadduunentamu,
cToAlUME cleBa. B TakoM ciydae MBI He 3HaeM, KaKk IIPOBECTH KBaHTO-
BaHUe TeOpUU [JIA COCTOAHMII HAa UCKPUBJIeHHbIX NoBepxHocTAX. Ho Ha ca-
MOM fele MbI MLITaeMcfl JOCTUYDL 3HAUUTENILHO GONbIIero, 4yeM HeoOXoaU-
MO, KOT/la CTaBUM Nepe] co6oil 3agady NocTpoeHUsA KBaHTOBOII Teopuu 1A
COCTOAHUN Ha MCKPUBIEHHBIX MOBepXHOCTAX. B 1endax pasBuTusa Teopuu,
corjacymluleiics co crenualbHOlR Teopuell OTHOCUTEIBHOCTH, BIIOJNHE ObLIO
Obl OCTATOYHO OIPAHMYUTBHCA COCTOSHUAMU, ONpPeJeleHHbIMU TOJIBKO Ha
INIOCKUX MOBEPXHOCTAX. JTO IPUBeJET K HEKOTOPBIM YCJIOBUAM, Hajlarae-
MbIM Ha K| , He CTOJIbL MECTKUM, Kak Te, UYTo A copmyamnponan 3aech. H,
0 Bceil BePOATHOCTU, Mbl CMOKEM YIOBJIETBOPUTDH 3TUM MeHee HECTKUM
ycla0BUAM, He 6yAyUYd B COCTOAHUU YMOBIETBOPUTH YCIOBUAM, IpUBEAEH-
HBIM BLIIIIE.

Takum TpUMepoOM CHY:KUT 3deKTpoguHaMuka bopHa—Uudenbaa, ko-
Topas ABIAeTcA Moauduranueil anekTpoanHaMukn MakcBenna M OCHOBBI-
BaeTcA Ha MHTerpaie JeiicTBUA, cOBIajalolleM C MaKCBENIOBCKUM B Cly-
yae ciabbIx moJeit, HO oTAUYalolleMcA OT Hero AJA CUAbHBLIX Hojeil. Jdiek-
TpoguHamuka BopHa-HHpeabaa npuBoguT K KIacCHYeCKOMY BbIpPaeHUIO
anAa K| , cofepsraiieMy KBajapaTHble KOPHU. ITO BhIpaMKeHNe UMeeT TaKkoi
BUJ, UYTO yAOBIETBOPUTh YCIOBUAM, HEOOXOAUMBLIM A MOCTPOEHUA pelf-
THUBUCTCKOI KBaHTOBOII TEOPUU HA UCKPUBIEHHBIX MOBEPXHOCTAX, KameTcA
HeBO3MOskHBIM. OflHaKko TpefcTaBafAeTCA BO3MOMHLIM MOCTPOUThH TEOPUIO
Ha IJIOCKUX I[IOBEPXHOCTAX, KOr'Ja 3TU YCIOBUS OKa3blBAIOTCHA MeHee orpa-
HUUMBAIOWUMU.
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KBaHTOBaHHe Ha MJIOCKHX IMOBEPXHOCTAX

MBI UMenH Jelo ¢ COCTOAHUAMU, ONpeeNeHHIMU Ha MPOU3BOILHBIX
NPOCTPAHCTBEHHOMOJOOHBIX NCKPUBIEHHBIX MOBEPXHOCTAX B MPOCTPAHCTBE-
BpemeHu. fl MOABITORY MONyUeHHbIE HAMU Pe3yNbTaThl, KacaloluecHd TeX
YCJIOBUIi, TP BBINOJHEHNH KOTOPBIX KBAaHTOBafA TeOpPUA Mo, chHOpMYIU-
poBaHHad B TePMUHAX 3THX COCTOAHUM, GyaeT peaaTuBUCTCcKOi. [nsa onuca-
HUA OBEPXHOCTU MbI BBOJUM IlepeMeHHbIe, Ipe/CTaBIAIomNe co00i YeThI-
pe KoopanHaTHI Y anaA kampoit Toukn " = (z', 2, 2®) Ha MoBepxHOCTH.
[lepemennbie x 06pa3yOT KPUBOIUHENHYIO cCHCTEMY KOOpAMHAT Ha MOBEpX-
HocTU. Bennuunel y Toraa paccMaTpuBalOTCA Kak AMHaAMHYeCKHe KOOpau-
HATBI, U CYLUIECTBYIOT CONMPAMKEHHbIE UM HUMIYJIbCB wp (%), TaKkMKe ABIAIO-
muecsa QYHKIUAME NepeMeHHBIX x. [laree MbI HonyvaemM Hab0p HePBUYHBIX
cBfA3eil NepBOro poja, BO3HUKAIOIIUX B raMUIbLTOHOBOM ¢dopMannusMe, TUna

wp + Ky =0, (3.10)

Benuuunrr K He 3aBUCAT OT w, HO MOTYT ObITh QYHKIUAMHU TIOOBIX IpY-
TUX TaMHIBTOHOBBIX NepeMeHHBIX. B aTu K OyIyT BXOAUTH HUMeIOLINECA B
Hanu4uu usnveckue nond. Ml aHaniusupyeM IOJMyUYeHHbIE CBA3HU, pasia-
rag UX Ha KOMIIOHEHTBI, TAHIe€HIUAJbHbIE U HOpDMalbHble K MOBEPXHOCTHU.
TanrennuanbHble KOMIOHEHTHI CYTh

wr + K, 0, (4.1)
Torjga Kak HOpMalJlbHasag KOMIIOHEHTa —
wy + K, ~0. (4.2)

B pesynbTarte 3TOr0 aHanusa Mbl HAXOAUM, YTO BeAM4YUHBI K, MONKHO
MONyYUTh JHIIb U3 FreoMeTpuuecKkux coobpamenuii. dtu K, cieayer pac-
CMaTpHUBATh KAk HEYTO NOBOILHO TPUBHAIbLHOE, CBA3aHHOE C TAKUMU Mpe-
06pa3oBaHUAMM, IPU KOTOPBIX U3MEHAIOTCA KOOPAUHATHI IIOBEPXHOCTH, HO
cama NMoBepPXHOCTb He ABu#eTcA. CBA3AM mepBoro poaa (4.2) oTBeuaeT ABU-
JKeHUe MOBEPXHOCTH B HANpaBleHHM, HOPMATbHOM K Heil, 1 OHHM ABIAIOTCA
(bUBNYECKU CYNIeCTBEHHBIMU.
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Jl151 HEMPOTUBOPEUNBOCTH TEOPUH TOMKHBI GbITh BbImoaHeHbI CII-cooT-
Homenus (3.21)—(3.23). HekoTopble U3 3THX COOTHOIIEHHT coflepKaT Mpoc-
To K, ¥ aBTOMaTHYeCKH YIOBIETBOPAIOTCA B TOM ClydYae, KOTJa Beln4H-
upl K, BRIGUPAIOTCA B COOTBETCTBHHU C F€OMETPUIECKIMHU TPeGOBaHUAMH.
HeroTopbie u3 ycnoBuii HenpoTHBOpeYNBOCTH AuHeiHbI 0 K| 1 aBTOMa-
THYECKH YIOBIETBOPAIOTCA, €CIIM MbI BhIOepeM K | B BU/e CRATAPHOI MNOT-
HocTH. [lanee, HaKoHel, MbI UMeeM YCIOBHA HEMPOTHBOPEUHBOCTH, KBAI-
paTuunbie mo K , ¥ 3TH NOCHEAHNE CYNIECTBEHHBI, GO UM HEMb3fl YI0BIE-
TBOPUTH ¢ NOMOIIbIO TPUBUATLHEIX CO00paneHuil.

ITUM BaKHBLIM YCIOBHAM HEIPOTUBOPEUYMUBOCTH MOMKHO YIOBIETBO-
PUTbH B KIA4CCUYECKOHl TEOPUH, €CIN MCXOOUTL U3 JOpEHL-HHBAPHAHTHOIO
NpUHIKIA JeACTBUA U BLIYACHATL K | , e[y cTaHIapTHHIM MpaBHAaM Te-
pexola oT MpUHUUNA JEHCTBUA K raMuibToHHaHy. [[poGreMa MOCTPOEHUs
PeNATHBUCTCKOI KBAHTOBOH TEOPUH CBOLUTCA TOrIA K 3ajade MOAXOIALIE-
ro BbIGOpa HEKOMMYTHPYIOIINX COMHOMHMTENEH, BXOAAIMUX B KBAHTOBYIO
Benuuuny K|, T.e. Takoro BbI60pa, YTOOBI BLIIONHAIUCEH YCIOBHA HEPOTH-
BOPEUHBOCTH, @ 9TO 03HAYAET, YTO KOMMYTATOp ABYX Beauuut Buza (4.2),
B3ATHIX B ABYX TOYKaX IpocTpaHcTBa z', z2, 2%, momkeH GBITh MHUHeitHOl
romOuHanueil cBAzeil ¢ KO3 PUIMEHTaMH, CTOAIMMY cleBa. TakuM KBaH-
TOBBIM YCIOBHAM HEIPOTHBOPEUYUBOCTH 0GLIYHO GbIBAaET ZOBOJALHO TPYLHO
YIOOBIETBOPUTDL. ITO OKA3LIBAETCH BO3MOKHBIM B HEKOTOPBIX IPOCTBIX MPHU-
Mepax, HO B Goliee CIOKHBIX CIyYasX yAOBIETBOPHTH ITUM YCIOBHAM, IO-
BUIMMOMY, Helb3s. Mbl IPUX0AMM K BBIBOAY O HEBO3MOMHOCTH MOCTPOUTh
KBaHTOBYIO TEOPHIO JUIA TaKkUX Goliee 06IIEro TUMa moleil, HCTONb3ya co-
CTOAHMUS, ONpeedeHHbIe HA IPOU3BOILHBIX HCKPUBIEHHEIX NOBEPXHOCTAX.

Mo-BHAMMOMY, CTOUT YIOMAHYTh, 4TO Bean4uHbl K MMeoT mpoctoii
dusnveckuil cmpied: K, MOMHO MHTEPIPETHPOBATH KaK IUIOTHOCTb HM-
nyiabea, K| — Kak MIOTHOCTH 3Hepruu. TakuM o6pasoM, MIOTHOCThH HM-
mylbea, BhIpameHHas Yepes raMiIbTOHOBBI ePeMeHHbIe, PEICTABIACT CO-
6oil BeIMYUHY, KOTOPYIO BCErJa Jerko HaiTH MPOCTO U3 reOMeTPHYECKOro
xapakTepa npoGiaeMsbl, a NIOTHOCTL BHEPIUU fIBIAETCA CYLIECTBEHHOIl Be-
MIYUHON, KOTOPYIO HE06X0OMMO BLIGpPATh NPABWILHO (yIOBIETBOPHB ONpe-
JelIeHHBIM TepecTaHOBOUYHBIM COOTHONIEHUAM), UTOObI BBIMOMHAIUCL TpPe-
GoBaHMA PEIATUBUCTCKOI UHBAPUAHTHOCTH.

Jlaxte ecnu He yaeTcA MOCTPOUTH KBAHTOBYIO TEOPUIO, UCTIONL3YA CO-
CTOAHUS, ONpPeJie]eHHbIe HA MPOM3BOILHBIX NCKPHUBIEHHBIX MOBEPXHOCTAX,
MOZKET Bee e OKasaTheA BO3MOM{HBIM MOCTPOUTH TAKYIO TEOPHIO, HCIIONb-
3yfl COCTOAHUSA, ONPeJeNeHHbIE TONbKO HA MIOCKUX MOBEPXHOCTAX.
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CoOTBETCTBYIOIYIO KIACCHUYECKYIO TEOPHUIO MOMKHO MOIYYUTH, HAIO-
JRUB MPOCTO YCIOBHA, KOTOPbIe CBEAYT HUCKPUBIEHHbIE MOBEPXHOCTH, pac-
cMaTpHBAaBIINecA HAMU paHee, K MIOCKUM. TU YCI0BUA OYAYT cleqyIouu-
mu. IloBepxuoctn xapaxTtepusyerca GyHRUUAMU ya (x); 9TOObI oHA Gblia
IIOCKOI, YKa3aHHble (GYyHRIUU AONKHBI UMETh BHJ

ya(r) = ap + ba,x", (4.3)

rue ko3d¢duiuueHnTsl @ U b He 3aBUCAT OT NepeMeHHbIX . Eciau (yHr-
uun ya(x) UMeT Takoil B[, TO MOBEPXHOCTHL GyAeT IUIOCKOIl M cHcTeMa
KoopAuHAT x” craHeT npAMonuneiiHoil. Ha nanHom stane Mol He Tpebyewm,
yTo6bI cHcTeMa KoopAuHAT x” 6blNa OpTOroHANLHOW — Al BBEAY 3TU YCIO-
BHA HEeCKONbKO mo3#e. Takum o6pa3oM, Mbl paccMaTpiUBaeM MPOU3BOILHYIO
KOCOYTOJNbHYIO IPAMOIMHEHHYIO CUCTEMY KOOpPAUHAT & .

Temnephb Hallla MOBEPXHOCTh 3a/laHa BeIUYUHAMU @A, Ay, U 3TH Belu-
YUHBI GYAYT BHICTYNATh B KAYECTBE JUHAMHYECKUX MePEMEHHBIX, HYHHbIX
IJf 3aJjaHuA MOBEpPXHOCTH. VX cTalo 3HAaUMTEeNbHO MeHblle, YeM Hpemae.
@QaxTuuyecku y Hac 3aech Todbko 4 + 12 = 16 nepemeHHbIX. MBI HMeeM
TU 16 IMHaAMHUYeCKUX NepeMeHHBIX, ONpeelAIIUX T0BEpXHOCTh, BMec-
TO Npe#mHux Ya (), SKBUBAIEHTHBIX COBOKYNMHOCTH 4 + 003 IMHAMHYECKUX
KOOpJAMHAT.

OrpaHnvuMB TakUM cnOco00OM KJacc MOBEPXHOCTEH, MbI MOeM pac-
cMaTpuBaTh HTO OrpaHUvYeHHe Kak BBeJleHHe pfAa CBA3ell B HAIl raMib-
TOHOB (OpMall3M — cBA3ell, KoTophle BLIpamaloT 4 - 00® KoopauHAT Y Ue-
pe3 16 mepeMeHHEBIX. JTU cBA3M OGyoyT cBA3AMHU BTOporo poaa. Beenenue
TAaKUX CBfi3ell 03HAYAeT coKpaleHue yucia 3¢ HeKTHUBHBIX cTeneHeil cBo6o-
Abl 1J18 DOBEpXHOCTH ¢ 4+ 00° 10 16 — BechMa KapAMHalbHOE coKpalleHue!

B nmpenasigyueit aeriuu A oGprcoBan o6t MeTOl TPAKTOBKHU cBA3eit
BTOporo pona. Cokpaienne uucia 3¢ (HEeKTUBHBIX cTeneHei cBOGOAbI MPH-
BOAUT K HOBOMY ompefenenuio cko6ok Ilyaccona. 3Tor obuuit Meton He
o6fi3aTeseH B JAHHOM CJIyYae, MOCKOJAbKY 3/1eCh YCIOBUA A0CTATOYHO IPOC-
ThI U MOHO BOCHONb30BaThcA Gollee MPAMBIM MeToAoM. B camom piene, Mbl
MOeM HemoCpeACTBEHHO YCTAHOBUTD, YTO 3 HeKTHUBHBIE HMNYIbLCHbIE Te-
peMeHHbIe 0CTaloTCA B TEOPUU M MOC/e COKpalleHuA ynciaa 3¢ ek TUBHBIX
cTemneHeit ¢cBOGOBI Al MOBEPXHOCTH.

OrpannuuB TakuM 00pa3oM Halld AMHAMHYECKUE TepeMeHHbIe, MbI
JOJIHHBI, KOHEYHO, HAMOMUTH OrpaHNYeHne U Ha CKOPOCTH:

ja = aa + bara” (4.4)
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Touka cBepxy o3HavaeT quddepeHINPOBaHNE 10 HEKOTOPOMY NapaMeTpy 7.
C usMeHeHHeM 7 U3MeHAeTCA paccMaTpuBaeMaf IUIOCKasd IOBEPXHOCTh —
OHa NepeMellaeTcA NapalielbHO caMoii cebe U P 3TOM HU3MeHAETCA Ha-
npaBieHne ee Hopmanu. [loBepXHOCTb, TakuM 006pa3oM, ABUMKETCA C Ue-
TBIPMA CTENeHAMH CBOGOJLI, U 3aBUCHUMOCTb @A + by, OT mapamerpa T
oTpamaeT 3TO ABUKEHUE.

IonHeIil raMUIBTOHUAH TeNEphb €CTh

Hp = /g)A(wA + Ky dPx =
(4.5)
=t /(wA + Kp) d3z + bﬁ}/x”(wA + Kp) d*z.

(51 Boinec Benuuunel ¢ u b2 3a 3HAK UHTerpana, MOCKONLKY OHU He 3ABUCAT
OT mepeMeHHbIX x.) Boipasmenue (4.5) cogepKuT mepeMeHHbIE W TOILKO B

BHJe KoMOUHAIUIi
/wA &Pz u /xrwA d3z.

3nech MbI nuMeeM 16 KoMOuHAaNNI EPpEeMEHHBIX W, KOTOPble OYAYT CIYHUTh
HOBLIMHM MMNYJLCHBIMU NEPEMEHHLIMU, CONPAMEHHbIMU 16 IepeMeHHLIM a
u b, Tpebyomumcs And ONKUCAHUA IIOBEPXHOCTHU B AaHHOM cilydae.

Mbe1 mozteM cHOBa Boipa3uTh Hr uepe3 HopMalbHbIe 1 TAHT'€HIIUATLHBIE
KOMIIOHEHTbI 3TUX BEIUYUH:

Hp = dAlA/(wJ_ +K,)d*z + dAbAT/(wT + K" d®z +
(4.6)
+ bAy /mT(wJ_ +K,)d*z + bAsz/x"(ws + K*) d®z.

Tenepb BBeleM yCJaoBHe: KOOpAuHaTHadA cucreMa z” OpTOroHal/JibHa. JTo
3Ha4YuT, 4TO

bAer = 8rs = —0ps- (47)
Nuddepenuupys (4.7) no 7, noinydaem
basb™ + basb2 = 0. (4.8)

(fI coBepiienno cBoGOAHO MOJHUMAIO HHAEKCHI A, Tak Kak A-KoopauHaTHasd
cucTeMa fIBIfIeTCA TPOCTO KOOPAMHATHOI cucTeMoil cnenuanibHOMl Teopuu
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OTHOCUTeIbHOCTH.) 13 9TOro ypaBHeHUA BUAHO, YTO Beauuuna by,.bd an-
THCHMMeTPHYHA [0 nHAeKcaM r U s. lloaToMy mocienuuii wieH B BeIpaze-
uuu (4.6) pasen

%I}Arbg / {z"(w® + K*) — 2*(w" + K")} d°x.

Tenepb Bbl BUAUTE, YTO B HT BXOOUT He CTOJL MHOI'o, Kak mpesxjie,
AUHEeHHbIX KoMOUHaNuit IepeMeHHbIX w. E}lI/IHCTBeHHbIMI/I ocTaromnuMHucAa
AUHEeHHBIMU KOMOWHaUAMU W ABIAIOTCA cilegyromue:

P, = /uu_ Pz, (4.9)
P = /w,. dx, (4.10)
a Tar#e
M, = /mT'wJ_ Bz (4.11)
u
M,, = /(wrwg -z w,) . (4.12)

(Tenepb Mbl MOEM COBEPIIEHHO CIOKOHO MOJHUMAThL U OIIYCKATh WH/EK-
ChI 7, TAK KaK OHU OTHOCATCA K NMPAMOIMHEHBIM OPTOrOHAILHBIM OCfIM.)
ITH BeJIUYUHBI IPEJICTABIAAIOT cO00 UMITYIbLCHBIE IepeMeHHbIe, COTpAKeH-
Hble NlepeMeHHbIM, TpefylomuMces A 3aaHuA IOBEPXHOCTH B TOM clyuae,
Korja, corjiacHO Hajlo:KeHHOMY OIpaHUYeHNUI0, IOBEPXHOCTh ABAAeTCA II0C-
KOl OTHOCHUTEJBHO NPAMOJIMHEHHONH OPTOrOHaNbHON CUCTEeMbl KOODAUHAT.

Bech nHabop UMNyabCHBIX NepeMeHHbIX, ONpefelfdeMbIX BbIpameHUA-
mu (4.9)-(4.12), momuo samucath kak P, u M,, = —M,, rie unmex-
Cbl 44 U v IPpUHUMAIOT 4 3HaUYeHud, NpuieM 3HaueHue () COOTBETCTBYET HOP-
MaJlbHOIl KOMIIOHEHTe, a 3HaueHud 1, 2, 3 oTBevalOT TpeM Z-KOMIIOHEHTaM.
WHapercol ¢ U v, OTHOCANIMECA K X-KOOPJUHATHOH cucTeMe, 0003HAUEHBI
CTPOYHLIMHU GyKBaMU, YTOObI OTIUYNTEL UX OT MHJAEKca A, oTHocAlleroca K
(pUKCUPOBAHHON Y-KOOPANUHATHON cUCTeMe.

Hrax, Temeph uucio HaMIMX HUMOYAbCHBIX MepEeMEHHBIX COKpaiieHo
1o 10, u coorBeTcTBeHHO 3TUM 10 UMIIYIBCHBIM IIepeMeHHBIM Mbl UMeeM 10
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MNEepBHUYHBIX cBA3el [nepBoro poga, KOTopble MO{HO 3allucaTb Kak

P, +pu =0, (4.13
My, +my, =0, 4.14)

rie
pL = /Kl dz, (4.15)
pr= | K, d’a, (4.16)
my | = /xTKJ_ Bz (4.17)

n

Mpg = /(xTKg —z,K,) dz. (4.18)

Me1 umeem Tenepb 10 mepBUYHBIX CBA3€il MePBOro pojia, OTBEUAIOMINX
ABHKEHHIO II0CKOH MOBEPXHOCTH. B TpeThbeil Nekuuy A yIoMAHY, 9TO He-
06X0JMMO0 UMeTh 4 nepBHYHbIEe cBA3M nepBoro poga (3.10), uroGel mioc-
Kaf IOBEPXHOCTH MOI/a MPOU3BOJILHO ABHraThed. Ceffuac MBI BUAUM, 4TO
OrPaHUYUTHCA YeTBIPLMA CBA3AMHE HeyJOOHO. DTO YUCIO0 HYHKHO YBEAUIUTD
mo 10, moToMy 4TO 4 BIE€MeHTapHBIX ABHHEHHA OBEPXHOCTH (HOPMATbHO K
camoii cefe M M3MEHeHUe HalpaBICHUA ee HOPMalN) He 00pasyIoT rpyImy.
YTo6bI OAYYUTH HAGOP 3A€MEHTaPHBIX IBUKEHUI, COCTABIAIONUX TPY MY,
MBI J0JHBI pacwiuputh ero ¢ 4 1o 10, npuvem 6 106aBOYHBIX /IEMEHTOB
IPYNNbI BRAIOYAIOT TPAHCAALMH U OBOPOTHI NOBEPXHOCTH. JTH NOCIE]-
HUe TBUEHUA CBOAATCA MPOCTO K MPeoOpasoBaHUIO CHUCTEMBI KOOPAHHAT
Ha MOBEPXHOCTH, HO HEe BIMAIOT HA MOBEPXHOCTH Kak Heioe. Takum myTeMm
MBI OPHIITH K FAMUJIbTOHOBY (opManuamy, cofep#aineMy 10 mepBHUHBIX
cBfi3eil mepBoro poja.

Mbr momxHBI Temepb 06CYyIUTL yCIOBHA HENPOTHBOPEUMBOCTH, BbIpa-
sennble nocpeacTBoM ClI-cooTHomenwit. OHE ZOMKHBI BBINOMHATLCA A
TOr0, YTOObI Bee CBA3U ObLIM CBA3AMHU MEPBOro pofa. PaceMOTpuM cHa-
vana CII-cooTHOLIEHHA, CBA3LIBAIOIINE IPYT € IPYTOM HMIyIbCHbIE Ie-
pemennsle P, u M,,. 9Tu uUMIyIbCcHble NepeMeHHble 3ajaHbl, COrjac-
Ho (4.9)—(4.12), uepes w, a Ham uaBecTHHI CII-cOOTHOIIEHNA MEPEMEHHBIX W
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Apyr ¢ Apyrom, a umenuo (3.17)—(3.19), ciregoBaTenbHO, MbI CMO3EM Haii-
Tu CIl-cooTHomenusn s nepemenunix P u M. OpHako HeT HeoOGXoauMOC-
TH IPOJOJIKaTh 31ech npouenypy onpeneiennsa CII-cooTHomenuit s nepe-
MeHHbIX P u M. JocTaTouHo yACHUTL ceGe, UTo 9TU NepeMeHHLIe B TOUHOC-
TH COOTBETCTBYIOT ollepaTopaM TPaHCAANUN U IOBOPOTOB B YeThIpeXMep-
HOM INIOCKOM HpocTpaHcTBe-Bpemenu, u noromy CII-cooTHomenus 1A HUX
HOJI#HbI TOYHO COOTBETCTBOBATDL MEPECTAHOBOYHLIM COOTHOIIEHUAM MeH-
Oy omepaTopaM{ TPaHCIALUNA 1 HOBOPOTOB. B n060M ciiydyae MBI [0y YaeM
caenytomue CII-cooTHomeHnusn:

[P., P,]=0 (4.19)
(3T0 03HAYAeT, YTO pa3nUyHbIE TPAHCAALNH KOMMYTHPYIOT),

[Pm Mpa] = gupPo- - g,pr, (4.20)
[M;u/a Mpo’] = —gupMyo + gupMus + gueMyp — GuaMyp. (4'21)

Tenmepb paccMOTPHUM YCJIOBHUA, IIPH BLINOJHEHUH KOTOPLIX NepPBHUYHLIE
casu (4.13) u (4.14) 6ynyTt nepsoro pona. Cro6ra Ilyaccona mo6bix IBYX
U3 HUX HOJHa ObIThb BEJMYUHOM, KoTOpas ciabo paBHA HYJIO, U, CIeJo-
BaTelbHO, OHA ION#HA NPeJCTaBIATL co00H JUHEHHYI0 KOMOMHAINIO 3THX
cpaseil. Takum o6pasoM, mbl npuxoauM k CII-cooTHOmEHUAM

[Py +pu, P, +p,]=0, (4.22)
[Py + Pus Mps + Mpo] = 8up(Po + Do) — 8uo(Pp + pp) (4.23)

[Mu,, + My, Mps + mptr] = _guﬂ(er + Mye)+ (4.24)
+ 8up(Myuo + Mus) + 8uo(Mup + mup) — 8uo(Myp + myp).

InA mony4eHUs 3TUX COOTHOLIEHNIT HCIOML30BAIOCH cilelylolee coo0-
paskeHue: B IPABOil YaCTH Ka#iJOro COOTHOLIEHUA TOMNHA CTOATE BEINYHHA,
KoTOpas clabo paBHa HyMIO, ¥ HAM U3BECTHBHI WIEHBI B IPABbIX YACTAX, B KO-
TOpble BXOAAT NepeMeHHble P, M, Tak Kak 3T WIEHbI MPOUCXOAAT TONLKO
oT ckobor Ilyaccona (4.19)—(4.21). (fI yme ucmons3oBai TO #e camoe Co-
obpaskeHye B clydyae HCKPUBICHHBIX OBEPXHOCTEIl [P BLIBOJE COOTHOLIE-
uuii (3.21)—(3.23), Tak 4T0 HeT HEOGXOAUMOCTH NMOAPOGHO paccMaTPUBATh
9T0 34echb. B KavecTBe npumMepa pasbepeM, kak BbiBogurca (4.23). Unensi,
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cogepskamue P, fABIAIOTCA Kak pa3 TeMu ke caMmbiMu, 4To U B (4.20). Oun
nonyvaiotca u3 ckobku Ilyaccona P u M. OcTanbHble 4leHbl J0OaBIEHbI
AIA1 TOro, 4TOGbI MONHOE BhIpasieHue caabo paBHANOCH Hymo.) CooTHolue-
uus (4.22)—(4.24) npencraBiafioT co6oil yClIoBUA HENPOTHBOPEYUBOCTH.

Mbi MoseM MPOBeCTH falbHeitllee YIpolleHne, HEBO3MOMHOE B cliyyae
KPUBOJMHEHHBIX KOOPAUHAT, cilenyomuM o6pasoM. [lpeanonosum, 4To Ha-
A OCHOBHBIE XapaKTEPUCTUKHU IOJA BbIOpAHbI TAKUM 06PA30M, 4TO OHH
CBfi3aHbl TONLKO C Z-KOOPAMHATHON cucteMoit. OHUM ABIAIOTCA XapakTepuc-
TUKAMH TONA B HEKOTOPHIX YACTHHIX TOYKAX T HA MOBEPXHOCTH, U MbI MO-
#eM BBIOpATh MX Tak, YTOGbI OHU BOBCE He 3aBHCENH OT Y-KOOpAMHATHOMN
cucteMbl. Torma Benuunubl K, K, coBepiienHo He 6yyT 3aBHCETh OT ¥-
KOOPJAMHATHO cuCTeMbl, a 3TO 03Havaet, uto ckoOku Ilyaccona K, K, ¢
nepeMeHHbIMU P, M GynyT paBHbI HyJI0. B Takom cnyyae cko6ku Ilyaccona
KaskIol U3 mepeMeHHbIX p, m U Kammoi us P, M paBHbLI HyJIO.

dTo cBOICTBO BBHITEKAET U3 €CTECTBEHHOro BbIfopa AMHAMUYECKUX Te-
pPEeMeHHBIX [JIA OMUCAHUA UMeIoMUXcA Gusndeckux nomneit. Mol He MozmeM
MPOBECTH COOTBETCTBYIOIEro YIPOUIEHUA PU UCIOIb30BAHUM UCKPUBIEH-
HbIX MOBepxHOcTell, moToMy uTo B Beauuunbl K, K, BoiloyT mepemeH-
HbI€ grs, C MOMOILILIO KOTOPBLIX 3ajaeTcA MeTpuka. I3-3a aToro Mol He MO-
#eM npeactasuth K, K, B Takoit ¢opme, KoTopas coBceM He Gblia Gbl
CBfi3aHa C Y-KOOPJUHATHON CHCTEMOI, MOCKOMbKY KOOPAMHATHI Y BXOAAT B
nepeMeHHbIe g;. OHAKO [JA UIOCKUX TOBEPXHOCTEl 3TO YNPOILIEHUEe 0Cy-
LIECTBUMO K IPUBOJUT K TOMY, 4TO cooTHoueHus (4.22)—(4.24) npunumaot
Gollee mpocToit BU:

[Py, pv] =0, (4.25)
[Pus Mpo] = 8upPo — GuoPp (4.26)

n
[mp,u; mpo’] = —8upMvo + BvpMpuc + 8uaMvp — uvaMpup- (4.27)

Beavuunblt P u M Bbinamry U3 3TUX COOTHONIECHHUil, TaK YTO YCIOBHA
HENPOTUBOPEUNBOCTH COLEPIKAT Teleph TOJBKO XapakTepUCTURH MO, HO
He cojepsaT HepeMeHHBIX, BBOAMMBIX 1A ONUCAHUA NoBepxHOCTH, DarTu-
YeCKH 3TH YCIOBHUA NPOCTO 03HAYAIOT, UTO NEePEeMEHHLIE P B 1 YAOBIETBO-
paoT CII-cOOTHONIEHUAM, COOTBETCTBYIOIMM ONepaTopaM TPAHCAANUN U
MOBOPOTOB B IIOCKOM MpocTpaHcTBe-BpeMmenu. IIpo6aema noctpoeHus pe-
NATUBUCTCKON TEOPUU MOJA CBOAUTCA TeNepb K OTHICKAHUIO BEIUUYHH P, M,
ynosietBopsatomux Cll-coorHomenuam (4.25)—(4.27).
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BenomunM, 4TO 9TH BeaMYUHBI OnpefeneHsl ¢ nomowsio K| n K, —
IIOTHOCTH YHEPrUM ¥ IUIOTHOCTH HMIyJibca. BuipameHue miA NIOTHOCTH
MMIyJIbca TOYHO TaKOE JKe, KaK U B ClIy4ae KPUBOIMHEHHLIX KOOpIHHAT.
JTa BeaMUMHA ONPEIENAETCA TOMbKO U3 T€OMETPUUECKUX coobpanennii. Ha-
lla 3ajjaua CBOAUTCA K HAXOMIEHUIO NIOTHOCTH Heprun K| , npuBoaamei
K TaKUM p U M, IPU KOTOPbIX cooTHomenus (4.25)—(4.27) BbimoaHAOTCH.

Eciay MBI HCX0AUM U3 NOpPEHU-UHBAPHAHTHOIO MHTErpaia AedCTBHA U
BBIBOAMM U3 Hero K| ¢ MOMOWBIO CTAHAAPTHBIX FAMUILTOHOBBIX METOJOB,
TO IIOTHOCTE 3Hepruu K| aBTOMaTHdecKd OyfeT yIOBIETBOPATHL yKasaH-
HBIM YCIOBMAM B Kiaccudeckoil Teopuu. IIpoGiema mocTpoeHus penATH-
BHCTCKOI KBAHTOBOI1 TEOPHM CBOIUTCA TOTfa K 3ajade NPABUILHOIO BbIGO-
pa mopfiKa cOMHOMKHUTeNeN, BXoAAMUX B K |, a IMEHHO TaKoro, 4To6bI co-
otHoienud (4.25)—(4.27) yAoBIeTBOPAINCH TaKke 1 B KBAHTOBO TeopHH,
rorga ckob6kn Ilyaccona mepexoZAT B KOMMYTAaTOpPbl, & P U M COLEPIKAT
HEROMMY TUPYIOLINe BeINYHHEL.

Pacemorpum coorHomenus (4.25)—(4.27) u BbIpasuM B HUX p U m de-
pes Beanuunbl K. Torma Mbl YBUIMM, YTO HEKOTOPbIE U3 ITHX COOTHOIIE-
HUil OKamyTcA He3aBUCHMBIMU 0T K. OHM aBTOMATHYECKH YNOBIETBO-
pAIOTCA OpU OON#HOM BbiGope K, coraacyiomeMca ¢ reoOMeTPUYeCKUMHU
TpeGopannaMH. HeroTopble U3 COOTHOMmeHHH auHelHsl mo K. UM Mom-
HO YIOBI€TBOPUTH, B3AB K| B BHIE TPEXMEPHON CRATAPHOH MIOTHOCTH B
IpOCTpaHCTBe NepeMeHHbIX «. Tak, OymeM cuuTaTh, YTO 3agada O BBIIOIA-
HEHUU COOTHOIIEHHUIT, tuHeinbIx mo K|, pemena. TpynHO yIOBIETBOPUTH
YCIOBHAM, KBagpaTUUHbIM 1m0 K| . OHU UMEIOT cllefyIomuil BII:

[/ . K, dx, /Kj_ d3x'] = /KT B, (4.28)
[/ z. K| &z, /x;Kj_ d?’a:'] = — /A(:r:TKS —z,K,) d*z, (4.29)

Ypasuenue (4.28) nonyueno u3s (4.26), rae Mbl nonoxunyn p =1, p=r
u o =1, a ypaenenune (4.29) nonyueno us (4.27), roe ™Mbl B3fian v =1
n o =1. Takum o6pasom, pobieMa MONyUYEHUA PENATUBUCTCKON KBaHTO-
BOil TEOPUU MOJIA CBOAUTCA Teleph K 3a1aue HaXo#sAeHnA TaKoli IIOTHOCTH
suepruu K| , KoTopas ynoBieTBopsaeT ycuosuam (4.28) u (4.29) ¢ yuerom
HEKOMMY TaTUBHOCTH COMHOMKUTEINEIH,

Mbl Mo#eM NpPOaHANU3UPOBATh ITH YCJAOBHUA €llle HEeCKONbKO AeTallb-
Hee, IPUHAB BO BHUMaHWe, uTo ckob6Kka Ilyaccona, ceasniBatoman K| B ofl-
Hoit Touke u K' B mpyroit, GymerT mpegcTaBIATHL cOGOH CyMMYy 4IeHOB,
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colep:RalmnX AenbTa-QYHKINT U TPOU3BOJHbIC OT AelbTa-GyHRIHIT:
[Ki, K']=ad+2b.0,+ crs0ps + ... (4.30)

(CumBon 4 03HaYaeT TPEXMEPHYIO JelbTa-OYHKIUIO, COIepHAanlyio TPH Ko-
OpAUHATBI & U TPU KOOPAUHATHI &' MEepPBOH M BTOPOI TOUEK COOTBETCTBEH-
Ho.) 3xpech a = a(x), b = b(x), ¢ = ¢(x), ... Moxuo 6buI0 GBI HaNKCATH
K03(pPUIHEHTHI, 3aBUCAIINE TaKkie OT ', HO B TAKOM cClIydYae UX MOM-
HO 3aMeHUTh Ko3dPulneHTaMU, 3aBUCAIINMHU TOJIbKO OT T, L[eHOH HeROTOo-
PBIX U3MeHeHHil yKa3aHHBIX ko3¢ unreHTOB pafa. HeT Hukrakoil ray6oroit
acCUMMeTpPHU MeK Iy NepeMeHHbIME & U &', aCHMMeTPHUA UMEeeTCA TONbKO B
OTHOIIEHUU crocoba 3amucu ypaBHEHUA.

YpaBuenue (4.30) sBasercA OGMUM COOTHOIIEHHEM, CBA3BIBAIOLIUM
3HaYeHUd NJIOTHOCTH DHEPrUU B ABYX Toukax. [alee, BO MHOIHX cily4a-
AX, BRIIOYAIOIIUX Bce HanOojee U3BECTHEIE NOJA, IPOU3BONHbBIE OT AeldbTa-
(GyHRIUHU OPANKA BbILle BTOporo He nosasiafAoTcd. Ucenegyem aToT ciyudait
noapo6Hee.

[IpumeM, YTO MPOU3BOIHBLIX MOPANKA BhIIlle BTOPOTO HET. TO 03HAYAET,
uto pax (4.30) o6pbiBaeTCA HA TPeTheM WieHe.

B aToM yacTHOM ciyuae MbI MO3KeM MONYUYHUTDH AOBOJBLHO MHOTO CBejle-
HUI OTHOCUTETHHO KO3()DUIUEHTOB a, b U ¢, UCTIOTL3YA CBOHCTBO aHTHCHM-
meTpun ckoGru Ilyaccona (4.30) 0o OTHOLIEHUIO K [EpPECTAHOBKE TOYEK &

b (z') _

u z'. llepecraBiaa mecramu = u 2’ B (4.30) ¥ yuuThIBasA, 4To o = 0
U T. 1., OIy4aem
[Kj_7 KJ—] a/(S - 2b;‘577‘ +C;‘S($’T5 = a’é - 2(b;‘6) o +(C’/I‘55)7T5 =
=00 — 2(bp8)yr +(rs0)srs = (@ — 2byy + Cps )0 + (4.31)
+ (_2br + 2Crs,s)5ar +Crs($ars .

Bripamenne (4.31) HoaHO ToMIeCTBEHHO paBHAThCA Bbipamkenuio (4.30)
¢ ob6paTHbIM 3HaKoM. UYToObl K03GPUIMEHTBI NpPH J,.; OTBEUYATH TAKOMY
TpeGOBaHNIO, MBI IOJKHbI UMETh

erg = 0. (4.32)

[Ipu aTOM oKAa3bIBAIOTCH COTIACOBaHHBIME 1 K03 dUIMEHTRI ipH J,,.. Hako-
Hell, YTo6bI K03 PHUIMEHTHI TPU § 0TBeYallt 3TOMY TPeGOBAHMIO, MbI IOM -
HBI IM€Th

a= by, (4.33)
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JdTo paer
(K1, K] =2b,0, + by .0 (4.34)

HMogcraBum teneps sToT pedynbrar B cooTHouenud (4.28) u (4.29). Ouu
NPUMYT CAeAyIOmnii BU:

/KT dPr = //a:r(2b35,s +bs,50) >z Pz’ = /xrbs,sd%’ = /brd3x,

(4.35)
— /(gr:TKs —r,K,)dPx = // 2,25 (2040 4 + by 10) P dPx’ =
(4.36)
= /(—2mrbS + z, 25Dy 1) Br= /(—bes + z,b,) dz.
(3ameTnm, 4TO T, s = g‘;; = —0ys.) TakuMm 06pazoM, HaIllU YCIOBUA He-

npotuBopeunBocTH cBoaAaTes K (4.35) u (4.36), 1 MbI BUAUM, YTO OHU YIOB-
NeTBOPAIOTCA, eciiu B3ATh b, = K,. 3To He camoe obIee penienue; B Gojlee
ob1eM ciy4yae Mbl MOriu ObI UMETh

by = Ky + 0rg 6, (4.37)

rage Grs,s — NIPOU3BOJIbHaA BeJIUYNHAa, yaA0BJeTBOpAlOoIaa yCIOBUIO

/ (B — B0y) P = 0. (4.38)

Tarum o6pasom, # MomeT o61agaTh MPOU3BOILHOI CUMMETPUYHOIN YacThio,
a ee aHTHCHMMeTpPHYHAA YacTh AOJKHA IPeACTaBIAThL c060il AUBEPreHIUIO
HEKOTOPOIl BeJINYUHBI.

B stom sakmiouaetca obuiee TpeGoBaHUe, obecleunBalollee PeIATH-
BHCTCKHUI XapakTep Teopuu mHonfA. Mbl JOMHBI HafiTM MIOTHOCThL 3HEp-
run K|, ynosnerBopsiomyto Cll-coornomenuio (4.34), rae Beauyunst b,
CBAI3aHBI C INIOTHOCTHIO uMIyibca coraacto (4.37). Ecan Mbl Haxoaum miot-
HOCTb DHEPIrUU U3 JOPEHI-MHBAPUAHTHOI'O AeUCTBHA, TO 3TO yCIOBHE OIpe-
neneHHO OyJeT BBINOTHEHO B Kiaccuueckoil Teopuu. OHO MokeT He BBI-
NOJHATbCA B KBAHTOBOI TEOPUHU U3-3a HEBEPHOTO PACIIONOMKEHHA COMHOM M-
Teneil. PelaTUBHUCTCKY MHBapHaHTHYIO KBaHTOBYIO TEOPHIO Mbl HOIYUUM
TONBKO B TOM cClIydYae, eclld HaM yJAacTcA BbIOpPATh MOPAJOK COMHOMKHUTE-
Jeil B BhIpameHUN AJA MIOTHOCTU SHEPTUU TAKUM 00pa3oM, UYTOOBI TOUHO
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yaoBieTBopuTh ycaoBuam (4.34) u (4.37). YenoBus, Kotoprle obecnednBa-
0T 3/IeCh PEIATUBUCTCKUI XapakTep KBAaHTOBOI TE€OPUH, HE CTONb CTPOTH,
KaKk Te, YTO MbI MOJYYUIH, pacCMaTpUBasg COCTOAHMA, ONpPEIeIeHHbIe Ha
NPOU3BOJALHLIX UCKPUBIEHHBIX MOBEPXHOCTAX.

fI XoTen Gbl NPOMIIIOCTPHUPOBATEL 3TO Ha IPUMeEpe dIeKTPOAHHAMHEN
Bopua-MHupenbiga. 3Ta sjeKTPoAUHAMHMKA COMIACYETCH ¢ MNIEKTPOIUHAMMU-
kol MakcBeiia B ciydae ciabbIX MoJeil, HO OTIMYaeTCA OT Hee B Ciaydae
cuabHbIX noneii. (Mbl OTHOCUM 3/leCh BEIHUUHBI, ONUCHIBAIOLIUE DIEKTPO-
MarHUTHOE MoJe, K HeKOTOPBIM abCOMOTHLIM eJUHNIaM, oIl peJie]eHHbIM Ue-
pes3 3apAJ 3IeKTPOHA U ero KilaccHyeckuii pagnyc, Tak 4TO MOAHO FOBOPHTh
0 CHILHLIX U cnabbix moasx.) O6ine ypaBHeHua 3IeKTpofuHaMiKn Bopaa—
Nudenbaa BLITEKAIOT U3 NPUHLMUNA IeHCTBUA, IPUYeM UHTerpal AeicTBUA
paBeH

I= / \/ — det(gu + F) diz. (4.39)

Ha sToMm sTame Mbl MOkeM HCIOJNbL30BATh KPUBOJIUHEHHbIE KOOpAUHA-
Thl. Tensop gy, 3agaeT MeTPUKY B KPUBOJUHEHHLIX KOOpAMHATAaX, a TeH-
30op F),, ompefendeT dleKTpoMarHWTHoe Moje, U3MepsAeMoe B abCOMOTHBIX
eJUHUIax.

C nomounbio obmieil nNponeaypbl MbI MOKEM IMEPEHTH OT 3TOr0 UHTET-
pana geficTBUA K raMUiIbToHHAHY. B pe3ynbTaTe momydum raMuiabTOHUAH,
B KOTOPBIil BXOAAT, HOMUMO MePeMeHHbIX, HY#HBIX [l ONUCAHUA TTOBepX-
HOCTH, AMHAMHYecKHe KoopauHatet A,., r = 1, 2, 3. KomnonenTta Ay okasbi-
BaeTCA HeCYIEeCTBEHHOIl, TOUHO Tak e, Kak U B caydae nona MakcBenna.
Conpsiennbie A, uMmnyiabesl DT npeactaBiasioT co60il KOMIOHEHTBI K-
TPUYECKON MHAYKINH, U oHH yaoBiaeTBOPAT Cll-cooTHomeHnAM

[A,, D] = g8(z — z'). (4.40)

OxasbiBaeTcs, YTO BednuynHa A BXOAUT B raMUIbTOHHAH TONbLKO MO 3HAKOM
poTopa, a UMeHHO, Yepe3 lepeMeHHbIe MOJA:

B = 26" Fy = " Ay . (4.41)

Cumpon €™ = 1 mpu (rst) = (1, 2, 3) U aHTUCUMMETpPHUUEH 110 BCeM
unpaercaM. IlepecTanoBouHble cOOTHOMEHNA Mexay B u D TakoBbl:

(BT, D'*] = €5 4(z — o). (4.42)
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[InoTHOCTE HMITyJbCa B 9TOM cCJlIyyae paBHa
K, = F,,D". (4.43)

OHa TouHO TaKaf e, Kak B Teopuu MaKkcBeta. JTo coriacyerca ¢
TeM 06IUM NPUHINIOM, UTO INIOTHOCTh UMILYJbCa ONpeJensieTcA TONbKO U3
reoMeTPUUECKUX coobpaeHuil, T. €. 3aJaeTcA reoMeTpuHeil noieil, KOTopble
MbI UCTONb3yeM, U He 3aBUCUT OT NPUHIUNA JeHCTBUA.

IInoTHOCTH BHepruu Tenepb paBHA

K, ={I% — 4,,(D"D’ + B"B®) — 4"*F,4F,, D'D"} /2. (4.44)
31ech 7v,; — MeTpHUUecKHil TeH30p TPeXMepHOil NOBEPXHOCTH, U
—T? = det yys. (4.45)

Pa6otasn ¢ ucKpUBIEHHBIME MOBEPXHOCTAMU, Mbl TpebyeM, uTo6bl K| ymoB-
aerBopana Cll-coornomenuio (3.31). B wiaccmveckoii Teopuu 3To TpeGo-
BaHue 00f3aHO BBINMOJIHATHLCA, NOCKOIbKY BenunuuHa K| mnonydaercA U3
JOopeHI-UHBAPUAHTHOTO WHTerpaia feficTBua. Ho nam He ypgacteA J00UTh-
¢Al TOro, YTOoObI OHA YIOBJIETBOPAIA HEOOXOAUMOMY I1€PECTAHOBOUHOMY CO-
OTHOMLIEHUIO B KBaHTOBOU Teopuu. B Beipamenun pia K| umeercsA KBaj-
paTHBIN KOpeHb, U3-3a Yero ¢ HUM OYeHb HeymoOHo oGpamarbea. Kasmer-
cAl coBepllieHHO (Ge3HaesHbIM MbITATbCA TOYHO YIOBIETBOPUTHL MepecTa-
HOBOYHBLIM COOTHOIIEHUAM ¢ Ko3dddunuentamu y"#, croamumu ciesa. Ilo-
9TOMY, MO-BUAMMOMY, HEBO3MOMKHO MOCTPOUTH KBAHTOBYIO DIEKTPOIMHA-
mury Bopua-Hudenbga nis cocTofnus, onpefeleHHOro Ha UCKPUBICHHOMN
MOBEPXHOCTH.

[lepeiinem, ofHako, K IJIOCKMM NOBepXxHOCTAM. B 3ToMm ciydae Ham
ay#Ho paccmorperhb Cll-coornomenue (4.34). MbI 3HaeM, 4To B Kiacciyuec-
Kol Teopuu ¢ 3TUM yclioBueM Bee o6¢cTouT Grarononyuno. CrnegoBaTenbHo,
B KJIACCHYECKOM ciydae fAonzHo BeinonuaTbea Cll-cooTHomiernne

K., K] = 2K, + Ky.,6. (4.46)

U Ge3 nompobHoro pacdera ACHO, YTO 3TO COOTHOLIEHHE [JONKHO OCTaThb-
cA B CUJle U B KBaHTOBOU Teopuu, Tak kak K, mocTpoeHa uenuroMm us D?
u Bt. leficTBuTenbHO, Nepexoid K KBAHTOBOM TE€OPHHU, Mbl [0JyYaeM BeJd-
yuael D u B, pacnonoxeHHble HEKOTOPbIM 00pa3oM, HO Bce I u B, B3AThIe
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B OJHON M TOH e TOYKe, KOMMYTUPYIOT APYT ¢ APYroM. DTO BHIHO W3
dopmyunet (4.42). Eciu nonoxuts B Heil ' = z, To MBI HaiileM

[B", D*] = &™*6,,(0) = 0 (4.47)

(mpousBopHas OT geibTa-QYHKIUU NPU 3HAYEHUU apryMeHTa, PABHOM HYy-
110, cuuTaeTcA paBHoi Hymo). Tarum o6pasom, Hac He HOIMKeH OGECHOKO-
UTb Bompoc 0 HekoMMyTaTuBHOCTU D u B, Bxoaamux B K,. I[loaToMy MBI
JOMHBI TONYYUTh KIacCHYeCKOe BhIpameHue, Tak YTO YCIOBUA HeNmpoTH-
BOPEUUBOCTH GblNOAHAIOMCA.

Tarkum oGpasom, B ciydae snexTpoaunamuru Bopua-Hudenbaa ycio-
BUfl HEIPOTUBOPEYMBOCTU B KBAHTOBOII TE€OPHH HA IJIOCKUX MOBEPXHOCTAX
BBINOIHAIOTCH, XOTA OHU HEe BBHIMOJIHAIOTCA HA HUCKPUBIEHHBIX MOBEPXHOC-
TAX. DU3MYECKU 3TO 03HAYAET, YTO MbI MOeM chOPMYyIUPOBAThH OCHOBHbBIE
ypaBHeHHA KBaHTOBOM 3nekTpoaunamMukn Bopua-UHdenabaa B cornacuu co
crenuailbHON Teopueil OTHOCHTEILHOCTH, HO MbI CTOJIKHEMCH C 3aTpy/He-
HUfIMH, €Cli 3aX0TUM COrIacoBaTh ATY Teopuio ¢ obiieil Teopueil 0THOCH-
TEeIbHOCTH.

dTuM 3aBepinaeTcs o6cyHiieHrne YCIOBUi HEMPOTUBOPEUNBOCTH, 06Gec-
MeYuBaIONUX PENATUBUCTCKUIN XapakTep KBaHTOBOM Teopuu. OHaKo, fazHe
YIOBIAETBOPUB 3THM YCIOBUAM, MbI eille He U36aBUMCA OT BceX 3aTpy/He-
Huit. Ha Hamem nmyTu umeercs elle pAA BIOJHE BHYUIUTEIbHLIX HPENAT-
crBuil. Eciu 6b1 MBI UMeNU €10 ¢ CUCTEMOI TOJbKO C KOHEYHBIM YHCIOM
cremneHell cBo6GOMbI, TO BCe NPENATCTBUA ObLIN GbI IPEONOIEHDI U Nepe] Ha-
MU cTOfia Gbl 3a1ava HEeMOCPeCTBEHHO PeliuTh AuddepeHnaibHbie ypas-
Henua aas 1. Ho B Teopuu moina umeeTcd GeCKOHEUHOE YHCIO CTeleHeit
cBOGO/bI, 1 BTA OECKOHEUHOCTh MOMET MPUBECTH K HempuATHocTH. Kam
NpaBHIO, TAK OHO U ObIBaeT.

Mbl [JOJKHBI PElINTh YpaBHEHUf, B KOTOPBIX HUCKOMAA BeJIMYMHA —
BONHOBaA (YHKIUA %) — 3aBUCUT OT GECKOHEUHOr0 Yucia MepeMeHHbIX.
O6LIYHBIM METOMIOM pellleHis ypaBHEHUI TAaKoTo TUMA ABIAETCA MpUMeHe-
He TeOpuH BO3MYIIeHU, B KOTOPOil BolHOBaA GYHKINA pa3iaraeTcs B pAj
0 CTeneHfIM HEKOTOPOro MAJIOro HapameTpa, U pelleHHe UIeTCH MeTOI0M
nocnefoBaTelbHbIX npubausenuit. Ho Mbl cTaqkuBaeMcs ¢ TeM OCJIONKHE-
HUEM, YTO Ha HEKOTOPOM 3Tarne ypaBHEHUA IPUBOJAT K PACXOAANIUMCA UH-
Terpajiam.

Ha pasperenue 3toit npo6nemMsl 3aTpayeHbl orpoMHble yeunus. Passu-
Thl METOABI 00pallleHUA ¢ ITUMK PACXOJAINMMUCH UHTErpaiamMu, KOTopbie,
M0-BUUMOMY, YAOBIETBOPUTENbHBI C TOUKU 3peHuA GU3UKa, [axe eciu
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UX HEBO3MOHO 060CHOBAaThL Maremarudecku'. CosjaHa TeXHUKA NepeHop-
MUDOBOHK, [103BOJAIOIIAA yCTPAaHUTh PAacXOJAMMOCTH B HEKOTOPLIX clydasx
TEOpUHU 1oJd.

IloaTomy, mase yaoBIeTBOpUB ¢opmaibHO TpeGOBaHUAM HENPOTHUBO-
peYnuBOCTU, Mbl MO#€eM CTOJIKHYThCA elle ¢ TeM 3aTpyAHEHHeM, UTO He Oy-
JeM 3HaTb, KaKk HaliTH pelleHuA BOJHOBOI'0 ypaBHEHHUA, YIOBIEeTBOPAIOIINE
He00XO0AUMBIM JONOJIHUTEIbHBIM YCIOBHAM. Eciu MBI cMOkeM NONyUYUTh
Takue pelleHHsA, TO ocTaHeTCA elle JalbHelilmaa npobilema BBeNeHUA CKa-
JAPHBIX NPOU3BeJCHU A HUX, T.€. Mbl JOJNHLI OyIeM paccMOTpeTh 9TH
pellleHUA KaKk BEeKTOPbI B THIL0ePTOBOM NpocTpaHcTBe. BBecTu aTu cransap-
Hble NpoU3BeJeHNnsA HeoOX0IUMO, Tak Kak 3TO MO3BOJUT JaTh (PU3NUYECKYIO
WHTepIpeTanuio Hallell BOTHOBON GYHKIUHN 0 0OBIYHBIM NpaBuiaM (pu3n-
yecKoil UHTeplpeTalun KBaHTOBOI MexaHuku. CkanfipHble MPOU3BeAeHUA
Heo0X0JUMO 3a4aTh /A BOJIHOBBLIX GyHKIUI, YAOBIETBOPAIOIMINX JOIOJIHU-
TeJbHBIM yCJIOBUAM, HO MbI He 00a3aHbl GecliokonTheA 00 onpejeleHy CKa-
JAPHBIX NPOU3BENeHUH /A BOJHOBBIX (QyHKUUI obumiero Buja, He yJOBJe-
TBOPAIOUINX JONOMHUTENbHBIM yclIoBUAM. MozkeT oKkazaThbes, UTO AJNA 3THUX
00611MX BOMTHOBBIX (QYyHKIHUI HeT HUKAKOro crnocoba BBeCTHU cKalfApHbIe NMpo-
U3BeJEeHUS, HO 3TO He UMeeT HUKAKoro 3HauyeHus. [lng ¢pusnyeckoil unTep-
npeTalii B KBAHTOBOM cilydvae TpebGyeTcA TOJNbKO, UYTOOBI 3TU CKaldfpHbIe
NpOU3Be/IeHUA CylLllecTBOBaAU AJA BOJHOBBIX (PYHKIH, yIOBI€TBOPAIOIUX
BCEM JOINOJHUTEIbHBIM yCJIOBUAM.

Be1 BupuTe, uTO B 3amaUe NOCTPOEHUA FraMINIbTOHOBOI T€OPUU B KBaH-
TOBOM aclieKTe UMeIOTCA BechbMa BHYIIUTeIbHbIEe TPyAHOCTH. UTo KacaeTes
KJaccuyeckoil GopMynnpoBKH, pa3BUTHIII MeTO[, NO-BUJUMOMY, B 3HAUU-
TelbHOIl Mepe 3aBepllieH, U MbI ICHO IpeJcTaBifAeM cebe MoJokeHle Benleii;
B clyyae ke KBaHTOBOH MeXaHVKU Mbl GaKTUYEeCKH TONLKO NPUCTYIUIN K
uccnegoBanuio npo6iaemel. IMeloTeA TPyJIHOCTU B HaXOMAEHUU peIIeHUId,
Jae Korjaa JoNMoNHUTelbHble YCI0oBUA (GopMalbHO HEIPOTUBOPEYNBEI, U 3a-
TPy JHEHUA BO3MOKHDI TaKk¥e [IPU BBEJIeHUHU CKaJIAPHBIX IPOU3BeAeHU AnsA
peLeHuii.

3aTpyZAHeHHA BeCbMa CepPbe3Hbl, U 3TO IPUBENO K TOMY, UTO pAJ (GU3N-
KOB II0/|BepraeT COMHEHUIO IIeHHOCThL Becero MeTtoja 'amunbrona. foBonbHo
MHOTO (pU3HKOB paboTaloT cefiyac Haj NMpo6ieMoii MocTpOoeHUA KBaHTOBOI
Teopuu nonf 6e3 UcmoAb30BaHUA KaKkoro 661 To HU ObLIO raMUJIbTOHHaHa. x
o6Iuii MeTOJ COCTOUT B cilenyiomeM. B paccMoTpeHune BBOAAT BeTUYHHEL,

'Iponenypa mepeHOPMHPOBOK B KBAaHTOBOII TEOPUH MOJA CTPOTO 06OCHOBAHA MaTeMa-
Trueckn B paborax H. H. Boromio6osa u ero nocinenosateneii. (llpum. pen.)
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uMerolne GU3MYeCKUil CMbICI; Aanee HCIOAb3YIOT oOlKMe MPUHLUNLI 1A
TOro, 4TOObI HAIOKUTL YCIOBHA Ha paccMaTpuBaeMble BeJIMUYUHBI, U Haje-
I0TCA, B KOHIle KOHIOB, UTO yCJOBUil, HalaraeMbIX Ha (U3MUYECKU BaiHbIe
BEJIUYMHBI, OKAMKETCA JOCTATOYHO JJIA BbluucieHuA ux. CTOPOHHUKM 2TOr0
MeToja Bee elle 0OYeHb JaleKu OT Leldu, U, 10 MOeMY MHEHHIO, 0GOHTUCH BO-
Bee Gea MeTosia ['aMuIbToOHa HeBo3MoA#sHO. MeTon 'aMuIbTOHa IOMUHHPYET
B MeXaHWKe IpH KJIacCuueckoM noaxoae. BoaMoAHO, UTO HAll MeTOJ mepe-
X0Jla 0T KJIAacCHUecKoil MeXaHUKM K KBaHTOBOH MeXaHWKe elle He ABIACTCA
KoppekTHBIM. TeM He MeHee A JyMalo, 4To J1o6as Oy yliasg KBaHTOBag Te-
OpUA JOAAHA COLEPAATh IEMEHT COOTBETCTBUA I'aMH/bLTOHOBOH TEOPHH,
MO€eT ObITh, Jaze M He B TAaKOi MMEHHO (GopMme, Kak 3TO IPEACTaBICHO
3jech.

1 noBen uanosmenue MeToga I'aMMIBLTOHA [0 Toil cTagMHu, [0 KOTOPOI
OH pa3paboTaH K HACTOAIIEMY BpeMeHM. JTO OYeHDL OOIIMii 1 MOIIHLIA Me-
TO[; ero MOKHO HCIIONb30BaTh B CaMbIX pasHbIX 3agadax. OH MomeT GbITh
npucnocobieH K 3a4auaM, B KOTOPbIX MOJe UMEET CHHTYIAPHOCTH (B TOU-
Ke WIM Ha moBepxHocTH). IIpu TakoM pasBUTHH TaMHIbTOHOBOH TeOpHU
MbI JOMHLI PYKOBOACTBOBaThcA clenyioieit obmeit uneeit. Hysuo Haii-
TH Takoe jelicTBue I, 3aBucAllee OT HEKOTOPBIX HMapaMeTPoB ¢, UTO MpPH
BapbUpPOBaHUU ¢ Mbl OyldeM uUMeTh Bapuanuio 0I, nuneiinyio no dq. Ju-
HeitnocTh 61 no dg HeoGXoaUMa Ui TOro, YTOOI MOMHO GbLIO IPUMEHUTH
paccMoTpeHue, olMCaHHoOe B HACTOANIMX JEKIUAX.

Croco6, ¢ MOMOIIbLI0 KOTOPOTO MOHO BBECTH CBOMCTBO ITHHEHHOCTH
NpY HaJIWYUM CHHTYJIAPHOCTEH, COCTOUT B cleaylomemM. Hy#HO HEnonb3o-
BaTh KPUBOJMHEHHbIe KOOPIMHATDI U HEe BAPbUPOBATh HUKAKUX YPaBHEHMI,
ONpeJeAIOIX 0J0AKEHUE CUHTYIAPHON TOYKU UM CUHIYJIAPHOH MOBepX-
Hoctu. Hanpumep, eciin Mbl MMeeM €10 ¢ CUHTYIAPHON 10BEPXHOCTBIO, 3a-
nauHoit ypasuenueM f(x) = 0, To MbI T0M#HbI UMETh BaPUAIMOHHLIH MPUH-
uun, B KoTopoM f(x) He Bapbupyerca. Eciu Mbl mo3Bonum ¢pyusuuu f ()
U3MEHATLCA U Oy1eM cuuTaTh, 4YTo f caMa onpeleifseT HEKOTOPbIe U3 napa-
METPOB ¢, TO B 3TOM cliyuae Bapuanus 61 e Gynper auneitnoit no dq. Ho mbl
MozkeM (uKcupoBaTh f(x) OTHOCUTENLHO HEKOTOPON KPUBONUHEHHON cuc-
TeMBbI KOODAMHAT ¥ W 3aT€M BaphbHPOBaTh MOBEPXHOCTHL MyTeM BapbUpoO-
BaHMA KPUBOJMHENHHON cUCTeMbl KOOPAMHAT NpPU PaBHOH HyJIO BapHaluu
¢yuknun f. B Takom ciyuae o6mMil MeTo, KOTOPLIH A 31ech 06Cy AU, OKa-
3bIBAETCA BIIOJHE YIOBJIETBOPUTEIbLHLIM B paMKaX KIaCCHYECKON TEOpUH.
Ipu nepexoje kK KBAHTOBOI TEOPUM BO3HUKAIOT 3aTPYIHEHHUA, O KOTOPLIX A
rOBOpUIL.



%
O6o006menHaa raMUJbTOHOBaA AUHaAMHUKa

8 1. BBeneHue

YpaBHeHUAM AUHaAMUKH npupan obmuit Buj Jlarpau:k, sanucasiinit ux
B TepMHHax Habopa 0000IeHHBIX KOOPAWHAT U CKOpPOCTeil. AlbTepHATUB-
HBII oOmUil BUA B TePMUHAX KOOPAUHAT U UMIYJILCOB NO3/AHee OBLI JaH
lamunbsToHoM. PaceMoTpuM cpaBHUTENbHBIE JOCTOUHCTBA 3TUX ABYX GOPM.

B narpan:eBoil popMe oueHb Nerko yA0BIeTBOPUTHL TpeGOBaHUAM clie-
HUATLHOH TEOPHU OTHOCUTENBHOCTHU, MPOCTO B3AB JOPEHI-MHBAPUAHTHLIM
neficTBUe, T. €. UHTerpal JarpaHs;uana no BpeMenu. Tak mpocTo caenatb
PEIATUBUCTCKON raMUJIbTOHOBY (GOpPMY Helb3fl.

IIpu mocTpoeHUU KBaHTOBOW TeopuM cledyeT HCXOJUTb U3 TaMUJb-
TOHOBO#1 ¢opmbl. IMeloTcA NMPOYHO YKOpPEeHUBLIMECA NpaBuia nepexoaa oT
ramMHUIbTOHOBOH AMHAMUKU K KBaHTOBOU JUHAMUKE IMyTeM MpeBpalleHuA
KOODJMHAT ¥ UMILYJIbCOB B JHHeiHbIe onepaTopbl. B mpocThIX cinyyaax »Tu
npaBuia NPUBOJAT K OJHO3HAYHBIM pe3yibTaTaM, U XOTA B CIOMHBIX IpU-
Mepax 0Ge3 HeOJHO3HAUHOCTell He 00XOJUTCA, NpaKTHUYecKasd NPUTOJHOCTH
IpaBUJ yCTAHOBJIEHA.

TakuMm obpasoM, B HacToflllee BpeMA Kamaad us gopmu nuMmeerT cobeT-
BEHHYIO [IEeHHOCTh, 1 MOJAb30BaThcA cienyeT o6enmu. O6e ¢popMbI TecHO cBA-
3adbl. exona us nio6oro garpaHmuala MO#HO BBECTU UMIYIbChI, U B CIY-
yae, KOrJja UMIYJbChI CYyTh He3aBUCHMbIe (QYHKIHHU CROPOCTEil, MOMHO I10-
Ay4YuTh raMuibToOHUaH. HacToAmas cTaTha noceamena nocTpoeHuio Goiee
obmeit Teopuu, MPUMEHUMON U B CUTYalli, KOr1a UMNYIbChl He ABIAIOT-
cA He3aBHUCUMBIMU GYyHKIUAMU cKopocTeil. [lonyuena Gonee obuaa Gopma
raMHUIbTOHOBOH AUHAMHMKHN, KOTOPYIO MO-TIpe#HEMY MOMHO HCIOIb30BaTh
Il KBAHTOBAaHUA M KOTOpasA OKa3bIBaeTCA CIelUalbHO NPUCIOCOGIeHHON
ISl PeNATUBUCTCKOTO ONMUCAHUA ANHAMUYECKHUX MPOIECCOB.

*Can. J. Math., V. 2, N2 2 (1950), P. 129-148. IlepeBon ¢ aurauiickoro B. II. IlaBnosa.
dta pabora OCHOBaHa Ha MePBOil MOJOBUHE Kypca lekuuii, npountaHHoro Ha Kawuap-
CKOM MaTeMaTH4YecKOM ceMuHape B BaHkyBepe B aBrycrte 1949 r.
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§ 2. CuabHbIe U cjabble ypaBHEHUA

PaccmoTpum nunammnueckyio cucteMy ¢ N cTeneHAMU cBOOOABI, OMU-
cbIBaeMyIo 0G0GIeHHBIMU KoOpauHaTaMu ¢, (n =1, 2, ..., N) u ckopoc-
tAMHU dgy, /dt unn §,. Bosbmem narpausuan L, KOTOpbIit IOKa MO#eT GbITh
NMpou3BoNbHOI dyHKIUelt KoopAUHAT U cKopocTeit

L = L(q, §)- (2.1)
OnmpejenyM UMIYIbChl COOTHOMIEHUEM

_ oL
P = g,

(2.2)

NnA pa3BuTUA Teopuu BBeJeM BapHAalHOHHYIO MNpOLEeIypy, Bapb-
HUpYyA KamkIyl0 U3 BEJIUYHH ¢, (n, Pr, HE3ABUCUMO Ha MAalIylO BelH4U-
HY 8¢y, 0Gyn, Op, TOpAKa ¢ U paboTag ¢ TOYHOCTHLIO A0 €. B pesyiabrare
TaKoil Bapuauuu ypaBHeHHe (2.2) HapPYIIUTCA, TAaK Kak ero JieBafd 4YacTh
GyneT oTIUUHA OT MpPaBoil Ha BeIMUYNHY MopAnKka €. Tenepb HaM HpuaeTcA
pasnuuaTh ABa copTa ypaBHeHHUil: ypaBHeHud Tumna (2.2), KoTopbie OKa3biBa-
I0TCA HAPYIIIEHHBIMU Ha BEIMYUHY TOPAKA € Mocle IPUMeHeHUA Bapualuiu,
W ypaBHEHHA, OCTaIONNecHd ClpaBelJuBbIMU C TOUHOCTBIO 0 € MOJ AeiicT-
BueM Bapuauuu. YpaBhenue (2.1) GymeT 3TOro BTOPOro COpTa, MOCKOIb-
Ky Bapuauua L Gyner no onpejenenuio pasHa Bapuauuu ¢yuxuuu L(g, §).
YpaBHEHHUA NEpPBOro copTa MbI Oy[JeM Ha3bIBATh CAAObIMU YPABHEHUAMU U
NucaTh UX ¢ OGBIYHBIM 3HAKOM DAaBEHCTBA «=», a ypaBHEHUA BTOpPOro 6y-
JeM HasbIBaTh CUAbHbIMU YPABHEHUAMU U TTHCATb UX CO 3HAKOM «=).

Me1 uMeeM cienyonue npaBuia, peryinupyiolne airebpandeckue aeii-
CTBUA €O claObIMU ¥ CUIbHBIMU YPaBHEHUAMH:

eciu A=0, To A =0;
ecmu X =0, 1o 0X #O0.

H3 cnaboro ypaBHenusa X = (0 MbI MoeM 3aKJIIOUUTh, YTO
0X?=2X6X =0,

TaK 4YTO MOJYYUTCA CHJIbHOE ypaBHEHUe
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Anamornuno u3 aByx cnabpix ypaBHenuii X; = 0 u Xy = 0 MBI MomkeM
BBIBECTH CUIbHOE YpaBHEHUE

X1X2 =0.

MosxeT orasaThbes, uTo Bee N Beanuusu 0L/J§, B upaBoii qactu (2.2)
ABNAIOTCA He3aBUCUMbIMU PyHERUUAMU N cKopocTeil ¢,. B aTom ciayuae
ypaBHeHus (2.2) onpeenfiloT KamAyIo ¢ Kak GYHKIUIO apryMEHTOB ¢ U P.
06 3TOM citydae 6yeM roBOPUTh Kak O cMandapmHoMm, i UMEHHO ero oGbIv-
HO paccMaTpUBaIOT B JUHAMUYECKOIl Teopuu.

Ecau 0L/0¢, He ABIAIOTCA He3aBUCUMBIMU GYHKUUAMU CKOPOCTE,
MOKHO UCKIIOUNTD ¢ U3 ypaBHeHU (2.2) U Mody4uTh 0fHO uiu Gojee ypas-
HeHuii

¢(q, p) =0, (2.3)

coflep;KallUX TOJALKO HepeMeHHble g U p. MBI MoMeM cUUTaTh ypaBHe-
uue (2.3) 3amucaHHBLIM TaK, YTO BapUalUfA MEHET ¢ Ha BEINYUHY HOPSAM-
Ka €, TAK KaK eC/IM OHa MEeHSeT ( Ha BeJMUnHYy NopsAaka ¥, To clefyer JUIIb
3aMeHuTh B (2.3) @ Ha /% u menaeMoe ycioBIe OKAKETCH BbINOIHEHHBIM.
Tenepb Bapuanus HapyliaeT ypaBHenue (2.3) Ha BelHMUNUHY NOPALKA £, TAK
YTO OHO NIPAaBUILHO NMUIIETCA Kak ciaboe ypaBHenne. Ham nmotpeGyeTea uc-

I0JL30BATH IOHBIA HaG0p He3aBUCUMBIX ypaBHeHuil Tuna (2.3), Hanpumep:
(pm(q7p):0’ mzl? 2?"'7M' (2'4)

YenoBue He3aBUCUMOCTH 03HAYaeT, YTO HU OJIHY U3 ¢ Helb3fl IpeJcTaBUTh B
BHUJe JUHelHOIt KOMOUMHAIUK OCTalbHbBIX ¢ K03hdUleHTaMH, 3aBUCAIINMU
OT ¢ U p. YCIOBHe NOJHOTHI O3HAYAeT, UTO Ji00asA (pyHKIHUA apryMeHTOB ¢
u p, ofpamaionasca B HyJlb BCleICTBHE ypaBHeHUil (2.2) u MeHAWIAACA
IIpy BapualMM Ha BeIUUYMHY NOpAJKA €, MOkeT ObITh NpejcTaBleHa Kak
JuHeilinaA koMOuHauua GyHKIUNA @, ¢ Ko3ddUuLIneHTaMu, 3aBUCALIUMHA OT ¢
up.

Mb1 MoskeM cieAyIiomuM o6pa3oM onucaTh COOTHOIUIEHNUE MEHIY CUIb-
HBIMH U ciabbIMU ypaBHeHuAMU. Bo3bMmeM 3/N-MepHoe MTpoCTPaHCTBO € KO-
opAuMHaTaMu ¢, ¢ u p. B aToM npoctpaHcTBe HalifeTca 2/N-mepHad o6aacTh,
B KOTOpO# ypaBueuus (2.2) ynosaerBopsiorca. HazoBem ee obuactoio R.
YpaBuenus (2.4) Taxe yAOBIETBOPAIOTCA B 3TOH 061aCTH, OCKOIABKY OHI
ciaenyotT u3 (2.2). PaccMoTpuM Tenepb Bee ToukM 3N-MepHOro IpoCTpaH-
cTBa, KOTOpble yaajleHbl oT K He Jaldee ueM Ha paccTofAHUA NopAaka €. Onu
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ob6pasyior 3N-MepHylo obaacTh Nogo0HYIO 000J04ke ¢ TOJIUHON MOPAN-
Ka €. HazoBeM ee obnactbio R.. Caaboe ypasHeHue svinoansemca & obaac-
mu R, cuavHoe ypasHenue ewvinoanaemes 6 obaacmu R..

§ 3. N'amuabTOHUaH
Tamuabrounan H onpenenAaeTCcA COOTHOIIEeHueM

H =pngn — L, (3-1)

rjge nmogpasymMeBaeTcsa CyMMUpOBaHue 110 BCeM 3Ha4YCeHUAM IIOBTOPAIOIIErocs
B OJHOM 4YJ/IeHE MHICKCA. Hmeem

. . . L
0H = 6(pngn — L) = pndgn + ¢ndpn — 375% —

oL .. _ . . L

(3.2)

Mbs1 oGHapyssuau, yTo d H He 3aBUCHT OT 0¢,. ITOT BasHBII pe3yibTaT
CIpaBellINB BHE 3aBUCHMOCTH OT TOT'0, CTAHJAPTHBIH Yy Hac caydvail uiu HeT.

YpaBuenue (3.1) maer onpepenenne H wrak GyHKUUH ¢, ¢ U D, clpa-
BeINUBOe BO BceM 3/N-MepPHOM IpOCTpaHCTBe ¢, ¢ U p. Mbl 6ygeM moian3o-
BaThCA 3TUM OlpefieleHleM TONbKO B o6idacTu R, a B Hell cnpaBelduB, ¢
TOUYHOCTBIO 10 MepBOro NOpAIKA, pe3yibTaT (3.2). DTo o3HavYaeT, YTO ecan
MbI OCTaBHUM IOCTOAHHBIMH ¢ U P U BO3bMeM BapHualUio MepBOro MopAaKa
y ¢, Bapuanua H Gynet BToporo nopsagka. Takum o6pa3oM, ecin MbI CO-
XpaHUM NOCTOAHHBIMH ¢ U P U BO3bMeM KOHEUHYIO BapHalUIO ¢, 0CTaBafACh
Bce BpeMA B o6iacTu R, (4TO BO3MO#HO, KOT/a ciyyvail He CTaHJapTHbIN),
Bapuauusa H 6ypetr nepsoro nopsajgka. Ecau e Mbl ocTaeMes B obnactu R,
Bapuauusa H 6yzneT paBHa Hyaio. CieoBaTelbHO, B o6iacTu R raMuibTOHU-
an H aBafercda ¢pyHKUUe Toabko ¢ u p. 06o3HaunB sty dpyusuuio #{q, p),
MbI HMeeM claboe ypaBHeHHe

H = q, p), (3.3)

cnpaBeanuBoe B ob6nactu R. B cranpapTHoM ciydae dyHruua € — 3T0
OGBIYHBIH FraMUILTOHHAH.
OTnpaBnafach OT TOYKM B R 1 coBepmas ofuyio Bapuauuio, us (3.2)

MBEBI UMeeM
(s 0\ (0D _ox
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Takum o6pasom, d(H — ) 3aBucut Tonbko ot g u 0p. Ecin Bapuanus ta-
KOB&, UTO MbI ocTaemcA B obaactu R, To, koneuno, d (H—5) = 0. Takum 06-
pasom, 0 (H — #) ob6pamaerca B Hy1b 115 11060i Bapualuu ¢ U p TAKOH, 4TO
MO;KHO BBIGpaTh d¢ COXpaHAINME ypaBHeHus (2.2). dTo Hanaraet Ha dq
1 §p elNHCTBEHHOE OrpaHuyeHne —uTOObI OHYM COXPaHANU ypaBHenud (2.4),
T. €. IPUBOAMIH K 0, = 0 mis Bcex m. Takum o6pasom, 6(H — H) paBua
HYIIO 1uif TI00bIX BenuduH d¢q, p, KoTopble AaioT dy,, = 0, a, ciefoBaTelb-
HO, /1Al TPOU3BOILHBIX d¢, Op

0(H — 5O = vm0om, (3.4)

¢ MOAXOJAMUMH K03 PUINUEHTAMHU V. ITH KO3PIUIHUEHTHI 6YAYT QYHEK-
UUAMH ¢, ¢ U P, & ¢ TOMOIIEIO (2.2) UX MOHO MPeACTaBUTh BYHKIUAMU
Toabko ¢ 1 . Tenepsb u3 (3.4) u (2.4) mbI nonyvaem

0(H — #— vom) = 6(H — H) — 0300 — @m0ty =0
1, clIefoBaTeNkLHo,
H = #4 vmom. (3.5)

Mbl uMeeM 3JeCh CHUJIbHOE YpaBHEHME, CIPaBEIJMBOE ¢ TOYHOCTBIO [0
nepBoro nopAaka B o6mactTu R., B MPOTHBOMONOAHOCTL claboMy ypaBHe-
uuio (3.3), cupaBelIMBOMY TONbEO B R.

YpaBuenue (3.4) naet

OH = 6+ v, 00 =

x4 x4 Opm 0pm
= onn opn + 90, Oqn + vm ( Op opn + e 5qn> :
CpaBHuBas 370 ¢ (3.2), MbI OIyYaeM
.0 Opm
Qn - 8pn + vm 8pn ? (3'6)

AL 3 . dpm

Oqn B a_‘ln m Oqn ’

(3.7)

YpaBuenus (3.6) Belpakaior ¢ depes ¢, p u v, (3.6) u (3.7) noxaseiBa-
10T, 4T0 2N nepeMeHHbIX (y, ¢, MO}KHO BbIpa3uTh uepe3 2N + M nepemeH-
HBIX (g, Pn, Um. Memay atumu 2N + M nepeMeHHLIMU UMeeTcA M cooTHO-
wenuii (2.4). J106bI1X JpyruX COOTHOIIEHUN MeIY ITHMH MepeMeHHBIMU
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ObITh He MOeT, HHaue 2N 1epeMeHHBIX ¢y, ¢, He ObLIN Obl He3aBHCHMBIML.
TaruMm obpazom, kaxjaasa U3 v He JOJKHA 3aBUCETH OT ¢, P U OCTAIbHBIX V.
CaMu v MOKHO CUHTaTh IIepeMEHHBIMU THIIAa CKOPOCTH, CAYKAILIUMH A
(duKcanuu Tex ¢, KOTOpble Helb3f BhIPa3UTh Yepes q U p.

PaboTtasa ¢ raMmunbToHOBO# GopMoit TUHAMUKU, MbI HCNOIb3YeM B Ka-
YyecTBe OCHOBHBIX NlepeMeHHbIe ¢, P U U, KOTOPbIe IPeANoJaraloTcA cBA3aH-
HBIMH HEKOTODBIMU COOTHOLIeHHAMH (2.4), a B 0CTaIbHOM — HE3aBUCUMBI-
Mu. Mb1 GyieM Ha3bIBaThb UX 2aAMUALIMOHOSLIMU NEPeMEeHHbLMU.

§ 4. YpaBHeHUA OBUKEHHUA

OGbIuHbIe JarpaH«eBbl YpaBHEHUA [IBHMKEHUA MBI CUHTaeM cJaabbIMU
ypaBHEeHUAMU

)

Pn = 8_% (41)

Hopcrapass B (4.1) 3Hauenus p us (2.2), Mbl [0JIyIaeM ypaBHEHHS, COAEP-
Mmaie ycKopeHus §,. B cTangapTHOM ciydyae 3TU ypaBHEHUf ONpeNeNAT
Bce § Kak (QyHKUuU ¢ u ¢. B cayyae ¢ M ypaBuenusamu (2.4) ypaBHeHus
ABHKEHUA JagyT HaMm Toibko (N — M) ypaBuenuit nas §. Ocraomueca M
ypaBHeHU{l IBUMEHNUA MOKAMKYT HAM, KaKk MEHAIOTCA CO BpEMeHeM p,,. s
€aMOCOTIaCOBAHHOCTH (P, MOMH{HBI OCTATHLCH HYIAMH. TH YCIOBUA CAMO-
COrIacoBaHHOCTH GyAYT HMCCIeNOBaHbI NO3/HEE.
C nomowbio (3.7) ypaBuenus asuskenus (4.1) npuHUMaOT BUA

. k4 Ipm

b= " 0g, " Bgn

(4.2)

Ypasuenus (4.2) Bmecte ¢ (3.6) 06pa3yioT raMHJIbTOHOBLI YPaBHEHUA [BH-
menun. Ux sajaior QyHruua S u ypaBHeHUA @, = 0. [aMuIbTOHOBBI
ypaBHEHUAl [BUMKEHUA BBbIPAMKAIOT § U P Uepe3d raMUIbTOHOBLI MepeMeH-
unie q, p, v. OHN He Aal0T MPAMOI HHPOPMAaLUHU 0 U, HO HCclAeJoBaHie yCilo-
BUil caMOCOrIacoBaHHOCTH AacT HaM HEKOTOPYIO KOCBEHHYIO HHpOpMAaIHIO.

laMUILTOHOBBI ypaBHEHUA ABUEHUA BLIMIALAT MPOIIE, €CU BOCIOIb-
3oBaTbea mouaTueM ckoOku Ilyaccona (CII). lasa mo6eix gByX QyHEOMiL &
u 7 aprymentoB g u p CII [£, n] onpepensercs cooTHOmEHHEM

_ 08 on _ 9§ on
&= B0 B B Da (43)
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Jlerxo npoBepuTthb, uto CII ocTaeTcA MHBapUAHTHOU OTHOCHTEILHO TAKOTO
npeo6pa3oBaHUA K HOBLIM ¢ M p, IPU KOTOPOM HOBbIe ¢ — JIOOble He3a-
BHCHMbIe GYHKIIMY TIepBOHAYATLHBIX ¢, 8 HOBBIE P ONPENeNAIOTCA HOBBIMH
ypaBuenusamu (2.2) ¢ L, BbIpaseHHbIM 4epe3 HOBble ¢ U MX IPOU3BOJHLIE
no BpeMenu. CII npuoGperaeT cBoe 3HaueHHe OiaarogapA 3TOMY CBOUCTBY
unBapuantTHocTH. CIl o61afaeT cienyomuMu cBoficTBaMU, JerKo MpoBepA-
eMBbIMHU U3 ONpeeleHUm:

&, 0] = =[n, €],
& fonom = glenl+ flieml v @)
€ [, )+ [ (G €00+ (G [5, =0
Bo BTOpoM wu3 3tux cBoiictB f — mnwob6aAa ¢yHruua HaGopa Belu-
9UH 1)1, 72, ... ), K&XJaA U3 KOTOPBIX 3aBUCHT OT ¢ U p. Tperbe cBOHCTBO,

Ha3bIBaeMoe TOxKJeCTBOM HyaCCOHal

uuu &, 1, , 3aBUCALINX OT ¢ U P.

Menatenbho pacmuputh nouAaTue CII Ha GyHKNNHU, 3aBUCAIINE OT CKO-
pocTeil ¢, KOTOpble Helb3f BbIPA3UTh TOJAbKO uepe3 ¢ U p. MbI mpumem,
uto 311 Gonee obmue CII o6nanaror cBoiicTBamu (4.4), a B ocTaIbHOM MpO-
MU3BOJAbHBI. HampoTuB, Mbl MOkeM MNPEANONOMKUTb, UTO ¢ TMPOU3BOILHBIM
06pa3oM 3aBUCAT OT ¢ U P, a cBoiicTBa (4.4) Torja MOAKHO BbIBECTH 1A £, 1)
U (, 3aBUCAMHUX U OT {.

U3 cunnuoro ypasuenua A = 0 MbI MozKeM BbIBECTH cliabble YpaBHeH s

, CIIpaBeUIUBO A JIO0bIX Tpex GyHK-

0A _, 0A_, 04

9an =" 0 " oy 0

U, ClleJoBaTelbHO, ¢ UCIOJIb30BAHUEM BTOPOro U3 CBOHCTB (4.4)
£, Al =0

mas mo6oit £. Moser orasatbes, uro [€, A] = 0 (nanpumep, xorga 4 = 0
10 oNpeJielleHNIo), HO B 06lleM ciiyuyae 3To He Tak. U3 cnaboro ypaBHeHUsA
X = 0 ue cuneayer obuiero 3arkmouenus, 4o [£, X] = 0.

!B nameit 1uTepaType 3TO TO#AECTBO 06bIUHO Ha3bIBAIOT TomaecTBoM fkobu. (pum.
nep.)
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Ecau g — miobas gpyuruua ¢ u p, us (3.6) u (4.2) Mbl uMeeM

. Og (&%” &pm) _ dg (6% agom> _

= 940 \Opn "™ pn ) T Opu \ 9w T "™ B4,

= [g, ] + vm[8, Pm]-

(4.5)

dT0 — oblee raMIIbTOHOBO ypaBHeHue nBuenusa. C momornsio (2.4) ero
MO{HO TepenucaTb U BUje

g= [gv ‘76] + Um[gv Qom] + [gv Um]‘Pm = [g7 H]v (4.6)

B TOYHOCTH COBIAAAIONIeM ¢ 0GLIYHBIM raMUIbTOHOBBIM YpaBHEHUEM JIBH-
KeHuA, 3anucaHubiM uyepes CII.

8 5. OQHOPOOHOCTDH II0 CKOPOCTAM

Teopusa npuHuMaeT 0coOEHHO IPOCTON BUJ B clyuae, Korja larpas-
#KUaH OJIHOPOJIEH IepBoii cTeneHu no ckopoctsaM. Torga onpepensiemMele co-
oTHoumeHueM (2.2) UMIYJIbCI OTHOPOJHBI HYJIEBOI CTENeHH [0 § U 3aBUCAT
HO3TOMY TONbKO OT oTHOuieHuii ¢. [lockonbry umeerca N UMIYJAbCOB P U
TonbKkO N — 1 He3aBUCHUMBIX OTHOILIEHUH ¢, Tenepb p HEe MOryT GbIThL He-
3aBUCHUMBIMU GYHKIUAMU ¢, U JOM#HO CYIIECTBOBATb XOTA ObI OJHO COOT-
Homenuve (2.4), ceaspiBatomee ¢ u p. Cioyuaii, Koraa UMeeTcA TOIALKO OJHO
COOTHOIIIEHNE MEMAY ¢ U P, MOFKHO CUUTATh Telneph CTAaHAaPTHBIM.

N3 Teopembl diliepa MbI HUMeeM

. OL
L=qg¢=— 1
H, ciegoBaTelIbHO,
L = ¢upn,
Tak 4TO
H=0. (5.2)

dto caaboe ypaBHeHue, cnpaBelauBoe B obinactu R, mossonser Ham
B3ATh ' = 0, Tak uTo (3.5) mepexoauT B

H=vpeom. (5.3)
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O6uee ypaBHenue aBuzeHus (4.5) Temepb uMeeT B[

&= Um[g, Pm] (5.4)

l'aMuaLTOHOBBI ypaBHEHUA [BUMEHHA MOTHOCTHIO (UKCUPOBaHLI Temepb
YPaBHEHUAIMHU @y, = 0.

IIpaBas uacts ypaBueuus (5.4) ogHopoana no v. Bsasap mwo6oe pere-
HHA€ ypaBHEHUi IBUMEHHA, MOMKHO IOJNYYUTH K3 HEro [Jpyroe pelleHue,
JOMHO#HWB BCe ¥ Ha MHOMHUTENb <y, MPOU3BOJIbLHO MEHAMONIUICA co Bpe-
MeHeM. CKoOpocTh U3MeHeHUA BceX JUHAMHYECKHX TepeMeHHBLIX B HOBOM
pemenuu OyaeT JoMHOeHa Ha . HoBoe pemenue nomyuutcd U3 npegbiay-
mero, eciu BpeMA ¢ 3aMeHUTL HOBOH He3aBUCUMOI NepeMeHHOH 7 TaKoii,
uyto di/dr = +. HoBasa He3aBucuMas mepeMeHHAs COBEPLUIEHHO IIPOM3BOJb-
Ha: oHa MoskeT ObITh JI000i1 ¢pyHKuUei ¢, a Takme ¢ u ¢. UTakr, B3AB 1io-
6oe pellleHUe ypaBHEHUIl ABUKEHUA, Mbl MOMEM MOJIYyUYUTh U3 HETO IPyTOe
pellieHre, 3aMeHUB ¢ MPOU3BOJILHOI T, TAK UTO YpABHeHUs J8UiceHUA He 0a-
1om Ham Hukakol ungopmayuu o Hesasucumoll nepemennoll. B aTom cocro-
UT BaskHafA yepTa JUHAMUYECKOH TEOPUU C OJHOPOJHOCTLIO II0 CKOPOCTAM,
npepocTasifiomasn ocobble ynoocTBa AJA PEeIATUBUCTCKONA (GOPMYIUPOBKU.

Jlarpan:kuany m106o0it fuHaMUYecKoil cuCTeMbl MOHO NMPUJATh OJHO-
POAHOCTH [0 CKOPOCTAM, B3iB BpeMA ¢ JONOJHUTEILHONH KOOPAMHATON o
U BOCIIOIb30BaBUINChH ypaBHeHUEM o = 1, 4ToOBI JOOUTHCA OJHOPOJHOCTH
IepBOIi CTeNeHU 0 BCeM CKOPOCTAM, BRIIoUas §y. Kak Obl10 mokasaHo aBTo-
pom [1], mocie 3TOro MOKHO BBIBECTH HOBBLIE JIATPAHKEBBl YPABHEHHA [IBH-
MeHud 1A BceX ¢. Tak Mbl MOkeM MOAYUYUTh HOBYIO HOPMYIHUDPOBKY B «0O[-
HOPOAHBIX CKOPOCTAXy AnA obimieit fuHaMuyeckoit cuctemMsbl. HoBada dopmy-
JTUPOBEA JacT Bce ypPaBHEHUA CTapoii, 3a HCKIIOUEHUEM ypaBHeHUA ¢y = 1.
Ecnu B HOBOI $hOpMYIHPOBKE KelaTeIbHO €ro UMeTh, Mbl MOKEM CUHUTATh
ero JOIOJIHUTENbHBIM YCIOBUEM, He BBIBOJUMBIM U3 yPaBHEHUI NBUKEHUA,
HO coriacoBaHHBIM ¢ HUMHU. OHaKo MbI BIIOJHE Mo#eM 00oliTHCh U 6e3 Hero,
TaK KaK €ro pollb CBOJAWTCA JHUIIb K (PUKcallud He3aBUCUMOIl epeMeHHOI,
KoTopas 6e3 3TOro B «OAHOPOAHOI» ¢GopMyaupoBKe 6blia ObI IPOU3BOJAbHOI.

Takum o6pa3oM, Mbl MoseM 6e3 noTepyu OGIIHOCTU OTPAaHUUYUTLCH Te-
opueil ¢ OAHOPOAHOCTHLIO MO cKopocTAM. IlocKoIbKY OHAa MPUBOAUT K He-
CKONbKO 0ollee MPOCTHIM ypaBHEHUAM, B JalbHeilllleM MbI U clelaeM 3To.
Toukra 6yger o6o3HauaTh AuddepeHlUpoBaHNe N0 NPOU3BONLHON He3aBH-
CUMO¥ NepeMeHHOoH 7.
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§ 6. YcioBuA caMoCOrIacoBaHHOCTU

1 caMocorIacoBaHHOCTH yPaBHEHUA NBUMKEHHUA JOIMHBLI COXPAHATH
HyJTeM KamJayio U3 @,,. Tarum o6pa3oM, MOACTABUB @, BMecTo g B (5.4),
MBI IIOJyYaeM

Um[‘pm’v Som] =0 (61)

Ipennonomum, uro ypasuenus (6.1) npuBenens: K HauGonee IPOCTOMY BH-
Ay ¢ moMolbio Habopa ypasuenuii (2.4). Ilpu sTom gomyckaercsa coxpaime-
HUEe MHOMKUTeNell, Korja UX MOKHO CUMTaTh He oOpamalomyMUcA B HYIb.
[lonyuuBmuecsa ypaBHeHUA JOM#HbBI GbITh OMHOTO U3 YETHIPEX THIIOB.
Tun 1. YpaBHeHUE COIEPHUT HEKOTOpPbIE U3 MEPEMEHHBIX V.
Tun 2. YpaBHeHUe He 3aBUCUT OT v, HO COJAEPKUT HEKOTOpbIe U3 Te-
peMeHHbIX ¢ U p. Takum o6pa3oM, OHO UMeeT BHA

x(g, p) =0 (6.2)

M He 3aBUCUT OT ypaBHeHUil (2.4).

Tun 3. YpaBuenue cpoautca &k 0 = 0.

Tun 4. YpaBHenue cpoautca kK 1 = 0.

YpaBHeHUe TUNA 2 TPUBOAUT K HOBOMY YCJIOBHIO CaMOCOIJIacoBaHHOC-
TH, TAK Kak Y JOJKHA COXPAHATH HyleBoe 3nauenue. [logcrasus B (5.4) x
BMECTO g, MBI IIOJIydaeM

Um [Xa Qom] =0. (63)

JT0 ypaBHeHHe, IpUBeIeHHOE K Hauboree MPOCTOMY BHIY € MOMOIIbIO YpaB-
Henuii (2.4) n yme umerowmerocsa ypasuenus (6.2), cHoBa GymeT ofHEM U3
JeThipex THIOB. Byayuu ypaBHeHHeM Tuma 2, OHO MPUBEJET elle K 0JHOMY
HOBOMY YCJIOBHIO CAMOCOTJIACOBAHHOCTH. dTa MpolLefypa MpoaoaKaeTea A
Kas/Joro ypaBHEHUA THUMA 2, MOKa OHA He TPUBEAeT K YPaBHEHHUIO APYroro
THIA.

Ecian ogHo U3 modyuYeHHBIX TaKUM 00pa3oM ypaBHeHUN — Tuma 4, To
ypaBHEHUS JBUMKEHUA IPOTUBOPEUMBLI. DTOT CIyyail He NpecTaBIdeT HH-
KaKoro MHTepeca W B JadbHeiillleM He paccMaTpuBaeTcA. YpaBHEHUA TH-
a 3 yI0BIeTBOPAIOTCA aBTOMaTH4eckn. B utore B Haleli Teopuu ocTaloTed
ypaBHeHHUsA THIOB 1 u 2.

06o3HaunM TOJNHLIH HAGOp ypaBHeHWIT TUMA 2:

xr(g,p) =0, k=1,2,... K. (6.4)
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MbI MozteM monarath, 4To GYHKIUU Xk, TOAOGHO @, , B (2.4) BIOpaAHLI TaK,
4yTo MX Bapuauuu nopsnka . Toraa ypaBHenus (6.4) KoppeKTHO 3amuChI-
BaloTCA Kak ciaabble ypaBHeHUA. JTU HOBbIe cilabble YpaBHEHUA CYKalOT
o6nacte R, B KoTopoil cinalble ypaBHEHUA CIpaBeJUBBI, IOHUKAA €€ pas-
MepHocTb 10 2N — K. OrameTca cymeHHoi u o6nacth R, Tak Kak Tenepb
oHa GyHeT COCTOATh U3 TOYeK, yJaleHHbIX He Gojlee YeM Ha pacCTOAHUA
nopsAjgka € oT HoBoit obnactu R.

Jnsa usydeHusa ypaBHeHHUil Tuma 1 ygo6HO BBECTU HEKOTOpble HOBbIE
nousitua. HazoBeM ofHy W3 BelHYUH (., BEIUUUHON nepeozo poda (first
class ), ecan ee CII co Beemu ¢ u x obpamaioTea B Hy#db. Takum o6pa-
30M, (pp,’ — MEPBOT0 Pojia, eciu

[‘Pm'awm]zﬂ, m=1,2,..., M,

(6.5)
[Oms x6] =0, k=1,2,..., K.

ATu ypaBHeHUA 0OA3aHbI yAOBIETBOPATLCA TOIBKO B c1aboM CMbIche, T. €.
TONBKO K&K CleJcTBUA ypaBHeHUH ¢, = 0 u xr = 0. Takum oGpasoM,
Kamjlaf U3 JeBbIX vacTeil (6.5) Jo/xHa PaBHATLCA B CHILHOM CMbIC/E He-
KOTOPO#i ANHEHHON KOMOUHALMN @, U Xk. BeIHUHHY @, He YAOBIETBOPAIO-
LIYIO BCeM 3THM YCIOBUAM, Mbl HA3bIBAeM BEIHYUHON 8Mopo2o poda (second
class ).

MBI Mo#eM TOABEPTHYTh BEIMYHHBLI ¢ JIMHEHHOMY MpeoOpasoBaHHUIO
BHIa

O = Ymm! P! s (6.6)

rie ¥ — a00ble PyHKINKN ¢ U p TaKHe, UTO UX JeTePMUHAHT He obpaliaeTcH
B HyaIb B c1aboM cMblciae. Torga [/ Beex Leleil TeOPHH BEMMYHMHLL ¢ U p*
SKBUBaIEHTHEL.

Iponenaem mpeoGpasoBaHKe TaKoOro THma ¢ TeM, YTOGbI 06paTHTL B
BeJNYUHBI I€PBOr0 poja Kak MokHO Goibie . IlonyuuBumineca Torna ¢
IePBOro poja 0003HaYUM P4, 8 ¢ BTOpOro pojga — g, rae S =1,2, ..., B,
na=B+1,B+2,..., M.

Ecnu ¢,,» — nepsBoro poaa, To ypaBHenue (6.1) yaoBieTBopaeTcs aBTo-
maTnuecku. lanee, B ypaBHenuax (6.1) u (6.3) MbI Mo#eM 0CTaBHTh TOMb-
KO oy, BTOPOTO POAia, MOCKOIbKY (¢, MEPBOTO poja AaloT HyleBoil BKIaj.
Taxum o6pasom, B ypaBHeHuax (6.1) u (6.3) BbIKUBAIOT TOJIbKO WIEHBI

vglps, ppr] =0, B, 8 =1,2,..., B,

(6.7)
vglws, xx] =0, k=1,2,...,K.
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JTo U ecTb Bce ypaBHeHua Tuna 1. OHu mokasblBalOT, 4TO 1HO0 Bee Ug
obpawmaimTcd B Hylb, JU00 MaTpuLa

0 [p1, 2] .. [p1, 0B8] [p1, x1] - [p1, XK]
[p2, ©1] 0 coo o2, 0B8] w2, xal -oo 0 2. XK]

. . . . . (6.8)
[QOB; §01] [SOB; 302] 0 [‘PB; Xl] [‘PB; XK]

uMeeT paHr, MeHbinuii B (B ciaGoM cMbicie).

Ceituac GyeT mokasaHo, UTO pealu3yeTcA MepBasd U3 albTePHATUBHBIX
BoamoskHocTeil. [Ipegnonomum, uro marpuna (6.8) umeer paur U < B.
Ob6pasyem JeTepMHHAHT

©1 0 [o1, w2] oo 1, U]
©2 [p2, p1] 0 cov 2y Ul
p=| . . . . (6.9)
vu+r v+, p1] oo+, w2] --- [pv+1s eUl

On — nuHeitHas KOMOMHIUA g U N03TOMY obpamaeTca B Hylb B cl1abom
cMmbicie. CII mio6oit Benuuunsl f ¢ D paBHa cyMMe JIeTepPMUHAHTOB, 06Gpa-
3oBanubix BaaTHeM CII rammoro us croabuos (6.9) ¢ f. 3a uckIOYeHNEM
nerepmunanta ¢ CII nepBoro cronbua ¢ f, Bce onu obpaimaloTca B HY/Ib B
ci1aboM cMblciie, IOCKOJbKY BCE DJIEMEHThI UX IEPBOro cToablla — HYIU B
cinabom cMmbicie. Takum o6pasoM,

le1, f] 0 [p1, 2] .o 1, pU]
25 2, P1 0 2,
[D, f1= [Sozf] ¥ .(p] . ¥ :(pU] (6.10)
[v+1s f1 [ov+1s w1l [pv+1s p2] --0 [pu+1s wul

Ecau B3AThL B KavecTBe f MOGYIO U3 @4, NepBblit cTonbern B (6.10) o6pa-
maeTcA B Hylb, 1 T0dTOMY [D, ¢o] = 0. Eciu B3aTH B KauecTBe f M06y10
U3 g WU X, To 1160 nerepmunant (6.10) uMeeT nBa OANHAKOBLIX CTOIOIA
U 03TOMY obpamaeTca B Hyilb, 1160 oH ecTb MuHOp Matpuusl (6.8) ¢ U +1
CTPOKaMH W cToa0uaMu U obpamaeTca B Hylb, IIOCKOIALKY paHI' 3TOi MaT-
puIIbI o npeanonoxeHuio paBed U. Takum obpazom, D umeet nyiaenyio CII
CO BCEMU ¢ U X.

Mosker orkazaTbes, yTo D obpamaercAa B Hylb B CHIBHOM CMbICIE —
M3-3a TOro, 4To ofpamamTcA B HYJIb B c1aboM cCMbIcie anrefpanvecKkie ao0-
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IOJHEHUA BeeX 3IEMEHTOB ero IepBoro croiabua. B aTom ciyyae Mbl BO3b-
MeM Jpyroii gerepMuHaHT D, co cToabuaMy NOMUMO MEpBOro, OTBEYalO -
mu m06eiM U cTonbuam (6.8), u cTporamu, orBevaomumu 1066 U + 1
crpokam (6.8). Bnarogapsa npeanonosxenuio, uto (6.8) umeer paur U, Mbl
Bcerja Mo#eM BhIOpaTh Takoil JeTepmuHanT D, 4yTo He Bee anrebpamyec-
KM€ [JONOJHEeHNA DIEeMEeHTOB ero nepBoro cToabua obpamaioresa B Hylb. Ta-
KMM 00pasoM, Mbl modydyaeM D, ABnAIOMUIACA BEIMUYUHON NEPBOro poia u
0JHOBPEMEHHO JHHeHO! KoMOuHanuei @g. ITO IPOTHBOPEUUT MPEIINOoo-
AKEHUIO, YTO paHee Mbl ClleNaly BelMYUHAMM NEepBOro poja MaKkcUMAaIbHO
BO3MOKHOE YHUCIO (.

MbI MO3€eM 3aKIIOUUTD, YTO €CAU Mbl COCAAAU BEAULUHAMU NEPEo20 Po-
00 MAKCUMAABHO B0IMONCHOE KOAULECMB0 ©, MO 06pau,aiomes 6 Hyibs 6ce v,
accoyuuposarnsle ¢ p 6mopoeo poda. Torga ramuiabTonuan (5.3) cBogUTCA K

H = v404, (6.11)

a ofee ypaBuenue asuenus (5.4) npuoGperaer Buj

8= Ua[g7 <Pa]- (6'12)

OGpamenne B Hylb vg U ypaBHenus (6.4) rapaHTUpyioT, 4TO BCE YCIOBUA
COrIacOBAaHHOCTH YAOBIETBOPAIOTCA; U, OCTAIOTCA IOJIHOCTHIO Heolpene-
deHHbIMU. Kamabift U3 HUX JaeT Hadano cBoGoje B JBUMEHUU — MPOU3-
BoJbHOI GyHKUUU B o6llleM pellleHUM ypaBHeHuil aBu:eHuda. B cranpapt-
HOM cJy4yae UMeeTcfl B TOUYHOCTHU OJHA (p, KOTOpasa ¢ He00XO0JUMOCTbIO —
[IepBOro poja, U N0ITOMY HMMeeTcHd OJHa IPOU3BoJdbHaA QyHKIUA B obimeM
pellleHuy ypaBHEHUI! ABUMKEHUA. JTO CBA3AHO C POU3BOJIOM B HE3aBUCUMON
nepeMeHHoOH T.

8 7. HonmoaHUTeJNbHbIE YCI0BUA

Umes fmeno ¢ KOHKPeTHOI IHHAMMYECKOH CHCTEeMOii, MBI MOMeM IO-
JKeNaTh, UTOGBI KOOPAMHATHI U CKOPOCTH MOAUMHANUCL YPaBHEHUAM, M0-
GaBOYHBIM K YPaBHEHUAM [BHKEHHA, KOTOpbIe CIeAYIOT U3 NarpaHiuana.
Taxue MOMONHATENLHbIE YCIOBUA MOMKHBI BBOAUTLCA B TEOPUIO KaK elle
oaHu cialble ypaBHEHUA.

C nomowsio ypaBnenuii (3.6) (¢ S = 0) ponoaHUTENbHbIE YCIOBUA
MOKHO 3aMHcaTh KaK COOTHONIEHUA MeHAYy ¢, p ¥ v. OHH MOTYT MPHBECTH
K YPaBHEHHAM TONLKO MEKAY ¢ U p. Takue ypaBHeHHA ClAefyeT TPAKTOBATh
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KaKk HOBbIE Y-YPaBHEHUS W MPUCOETUHUTH K Habopy (6.4). OHu mpuBegyT K
HOBBIM YCJOBUAM COTTAaCOBAHHOCTHU, C KOTOPBIMHU ClleyeT obpamaThca Tak
#e, Kak U ¢ MPeIbIAYIIUMU, U 3TO MOKET JaTh CleIyION[ie HOBbIe X-YpaB-
HeHHA. @ IEePBOT0 pojia cileJyeT Telephb ONpeJelATh Kak UMelollne HyIeBble
CII u ¢ >TUMH HOBBIMU )X, TAK YTO JONOJHUTEIbLHLIE YCIOBUA MOT'YT IOHH-
3UTh YHCIO CBA3ell ¢ TMepBoro poaa. Torga 3To BHI3OBET CHMMEHHUe UuciIa
cTeneHelt cBOGOMBI.

Te u3 JONMOAHUTENbHBIX YCIOBUIl, KOTOpbIe He JAlOT Y-ypaBHeHUl, j1a-
OyT YCIOBUA Ha MepeMeHHble v. Kak mpaBuio, 3Tu nocnegHue ycioBus 6y-
OyT Gonee CIOMRHOTO BHja, YeM NpPOCTo TpeboBaHUA obpalleHHA B HYIb
HEKOTOPBIX v, KaKk 5To Bcerja ObLIO C YCIOBUAMH Ha v, CIeJOBAaBUINIMU U3
ycaoBuil coriacoBaHHocTH. OHU IPUBeNYT K AalbHeHIIeMy CHUKEHUIO YUC-
na cTeneHeil cBoGOIbI, HIOHU3UB €ro 0 BeINYUHbI, MEHbIIEell Yucia ¢ mnep-
BOT'O poja.

§ 8. IIpeoGpa3oBaHUA raMUJIbLTOHOBOI GoOpMbI

Bosbmem Habop saBucAmux or ¢ u p dyurnguit 6, (s = 1,2, ..., 5)
TaKkWX, YTO JeTepMHUHAHT

0 [01, 02] [01,03] ... [61,05]
A [02,: 61] 0 [02,: 03] ... [92,:95] 6.1)
05, 6] [0, 62 [6s, 03] -~ 0

He oGpaljaeTcAd B HYlIb B c1aGoM cMbIcie. ITO 3HAYUT, UTO S HOJHHO GbITh
uqeTHbIM. [lycTh ¢se 0603HAuUaeT anreGpanueckoe gomnonHenue [fg, 6], ne-
neHHoe Ha A, Tak 4TO

Css! = —Cg's

Cs’s[as’a 93”] = 633” (82)

Tor;[a AaA JIIOﬁbIX ,HByX Be€JIWN4YHUH 5 u ’f] MBI MOMEM OHpe,HeJII/ITb HOByIO
CII [, n]* dopmyaoit

(&, nl* = (& nl + [§; Oslcss (05, n)- (8.3)
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Jerxo Bunetsb, uto HoBasa CII o6najaer mepBbIMU ABYMA U3 cBONCTB (4.4),
a B CIpaBe[IMBOCTH TpeThero, ToxaecTBa Ilyaccona, y6emaaeT npaMmas
BbIKJAanKa (cM. mpuioxenue, §12). Hosaa CII gaet mia mio6oi &:

[E» 05]* = [E» 98] + [59 08’]68’8” [95”7 05] = [57 ‘95] - [57 951]5515 =0. (84)

YT06b1 MOHATHL 3HaueHue HoBbIX CII, Bo3bMeM ciyuaii, Koraa HaGop 6
cocrouT u3 S/2 KOOpPAMHAT ¢ M CONPAMREHHBIX MM HMIOyibcoB p. Toraa
™Mbl BUIUM, uTo HoBad CII momyvaeTcd BbIYepKMBaHUEM U3 CYMMBI 10 7 B
onpegenennu (4.3) Bcex 4ieHOB, ColepKal[UX MPOU3BOJHBIE 0 3TUM ¢ U P.
Takum o6pasom, nosaa CII otHocutes Kk cucteme ¢ N — Y, S crenenamu
cBo6oabl. B3AB B KauecTBe # He B TOYHOCTH HEKOTOpbIE ¢ U P, a JIOOLIE
He3aBUCUMbIe GYHKIMY 3TUX ¢ U P, MBI TI0yyaeM Ty ke camyio HoByto CII.
Nna tarux o6mux @ HoBbie CII mo-npemueMy GyAYT OTHOCHUThLCH K CHCTEME
¢ N — 1,5 crenenamu cBo6oabl, HO pefyKIUA YWcla cTemeHell cBOOOMIBI
Gosee cI0HA U He CBOJUTCA K IPOCTOMY BBIYEDKMBAHUIO HEKOTODPBIX ¢
u p.

Mpennononum, 4T0 B Ka4ecTBe § BHICTYNAIOT BCe ¢ MU X ({ JOMAHEI
6BITH BTOPOTO poja, Tak Kak wHade A = (). Torga Mbl uMeeM [0, H] =0
IJISl BCEX 8, U, CleOBaTeNbHO,

[ga H]* = [gv H] =g (8.5)

roe g — mobasa yuruua g u p. Takum oGpasom, ¢ nomombio HoBoit CII
MOHO 3allchIBaTh FaMUILTOHOBLI ypaBHeHUA OBUeHHA. TakuMm myTem
Mbl MOJYyYaeM HOBYIO ¢opMy ypaBHeHUil ABU#teHUA, Gojee MPOCTYIO, TO-
CKOMBKY 3¢ (eKTUBHOe YHicio cTeneHeil cBOGOIbI MOHU3UIOCH.

Temnepnb kampmana u3s # obpaiaerca B Hynb B ciabom cmbicie. Paboran
Tonbko ¢ HOBbIMH CII, MBI 6e3 pucKa BCTYNUTL B NPOTUBOpPEYHE MOKEM
nojiaraTh, 4To Kamad u3 § obpaiaeTca B HyJIb B CHILHOM CMBICJIE, HOTOMY
4T0 coriacHo (8.4) obpamaerca B Hyab HoBaa CII 6 ¢ yem yroguo. Torza
MBI MOKEM HCIIONb30BaTh CUIbHbIe ypaBHeHUs §; = 0, 4ToGbI YIPOCTUTH
raMuiIbTOHHAH.

HasoBem y BenunumuHoii mepBoro poja, ecin ona uMeeT HyneByio CII co
BCEMU ( U X, U BEIUYMHOI BTOPOTO pojia B IPOTUBHOM ciyuae. Mbl MomeM
npojeaaTh HajJ y NUHeHOe npeobpa3oBaHue BUAa

Xk = Yk Xk F Vi Prms (8.6)

rae v u 4 — mo6ble QYHKIMU ¢ U p Takue, YTO AeTEPMUHAHT <y He oGpa-
maeTcA B HylIb B claboM CMBbIc/e; TOr/la HOBbIe Y DKBUBAJEHTHBI CTAPbIM
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anA Beex Heqeil Teopun. IIpomenaem npeobpasoBaHue Takoro THma ¢ TeM,
yT0oObI 06PAaTUTH B BEIUYNHBI IEPBOr0 poJa Kak MOHO Oosblle Y, U HOTy-
yuBlIMecH Torga X IepBoro poja o603Hau4uM X4, @ BTOPOro poja — Xg.

Mp1 MoskeM B3ATH B kauecTBe 6 Bce @g u xg. Torma geTepMuHanT A
He oGpallaeTcA B Hylb. JlokasaTelbCTBO 3TOr0 daKkTa aHAJIOTHUYHO JoKasa-
TeIbCTBY TOro, 4yTo panr marpuusl (6.8) paBen B: npeamonous, 4to A
umeet paur 7' < S, U MOCTPOUB I€TEPMUHAHT BU/A

01 0 (01, 62) cee [01, 67]

02 (02, 6] 0 ceo o [02, O7]

. : ) O, (8.7)
Or+1 [0r41, 61] [0741,02] -+ [O741, O]

cienyet y6eauTbes, 4To A ABIAETCA BEIUUYUHON MEPBOro poja Mo OTHOIIe-
HHUIO K ¢ U X U OJHOBDPEMeHHO — JMHeiiHOll KoMOuHauueil g U xg, Tak
YTO 3TO OPOTHUBOPEUYUT NPeJNOJOMKEHNIO, UTO BeIUUWHAMU IEPBOro poja
cllellaHO MaKCUMAalbHOE YUCIO U ).

Takott BeIGOp # JaeT MakcUMalbHOe B OMHUCAHHOM MeTOojie YHpoIleHue
raMUJIbTOHOBBIX ypaBHeHUI IBU:eHHA. Mbl MonydyaeM HOBYIO CXeMY, B KO-
Topoii Bce ypaBHeHUA A g U X g ClIbHBIe. MBI Mo#eM HcNoAb30BaTh 3TH
ypaBHeHUA A TMOJHOTO UCKIIOUEHNA U3 TEOPUU HEKOTOPBIX ¢ U P.

Bup HoBoil cxeMbl HeOJHO3HAYEH, IOCKOJIbKY HEOQHO3HAUHBL g U X3.
IIpocto 3ameHuB @g U Y3 JAUHEHHbBIMU KOMOUMHALUAMH UX caMHX, Mbl He
U3MeHUM OKOHuaTelbHOro Buja. OgHaKo MbI Mo#eM Jo6aBUTL K @g JN00ble
TnHeltHble KOMOMHAIUN @,, 8 K Xg — JM1006ble NNHeiiHble KOMOUHALNY Qg
M Xo- JTO He U3MEHHT A WIH cse, HO, BOOGIIE TOBOpSA, U3MeHUT [€, n]*,
Tak 4TO BUJ raMUJIbTOHOBOIl cXeMbl BHelllHe U3MeHUTcA. HoHeuHo, BHelllHe
OTNUYAIOMKeCA CXeMbl JOMHbI ObITh SKBHBAJIEHTHBI, MOCKONLKY BCE OHH
JaloT OfHU U Te Ke YPAaBHEHUA [IBUKEHUA.

B rauecTBe npruMeHeHNA ONMCAHHOI'0 MeTOa pacCMOTPHUM cllyuaii, Kor-
Ja JarpaHuaH He COIepKUT HeKOoTopbIX cKopocTeil. [Ipeanonomum, yto L
He codepskut ¢; (j = 1,2, ... J < N). Torga kamuslii p; B cl1aboM cMbIc-
Je paBeH HYIIO, a B culibHOM — (. [Ipeanonosum, 4To HU ojlHA TUHelHAaA
KOMOUHAIUA p; He ABJAeTCA BelUUYMHOI mepBoro poaa. Torjga Mel MoxeM
CUHTAaTh, YTO P; CYTh @g. BosbMeM Temephb B KadecTBe NOJOBHHBI Habopa 6
3TH pj, @ B KayecTBe APYroil MOJOBMHBI — NOAXOJAILME ¢ WIN X BTOPOIO
poda, Tark 4To6bl A He obGpamancsa B Hyab. ITu Apyrue § nasosem 6;. Jler-
KO BUJIETh, YTO NMPU TakoM BbiGope § uMeHHo HoBble CII U moayuumuch 6bl
npuMeHeHneM onpegenenus (4.3) K TeM cTeneHAM CBOGOIbI, I KOTOPBIX
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U3 4Hc/a ¢ UCKIIOYEHBI ¢j, IPHYeM Ka#uJblil p;j cUMTAeTCA CHIbHO PABHBIM
HYIIIO, & KaskIasA ¢; — CHIBHO PaBHOI QYHKINM OCTAIbHBIX ¢ H P, 3a1aHHOM
ypaBHeHuAMH 6; = 0. TakuM ImyTeM MblI IOJMy4YaeM HOBYIO I'aMH/ILTOHOBY
cxeMy (He o6f3aTelbHO MAaKCUMaNbHO YIPOIEHHYIO, IOCKOIbKY MOTYT CYy-
IleCcTBOBATL APYTHe g U X3, He BKIIOUEHHLIE B uHclo ), B KOTOpoil ¢;,
U p; He NOABJIAIOTCA KAk He3aBHCUMbIe JUHAMUYECKHE NepeMeHHbIe.

HoByio cxemy Mo#HO GbL10 GbI HONY4NTh U Golee NPAMBIM IIyTeM, C
caMoro Hayalla He CUMTafl ¢; KOOpJUHATaMU U BOOOLIe He BBOJA CONPHAMKEH-
HBIX UM uMOynscoB. [locMoTpuM, Kakve Moau(HKAaNUN BHecao GbI 3TO B
pasBHTHe TeOpHU.

0OGo3HaUYNM yepes 1 Te U TOIbKO Te 3HAUEHUA UHAEKCOB, 1/l KOTOPhIX ¢
He ecTb ¢j, T. . 3Havenusa J + 1, J + 2, ..., N. Torga ypaBHenus (2.2)
1 (3.1) ocraiores B cuie, a ypaBHenue (3.2) ciefyeT 3aMeHUTDH Ha

oL
0qn

L
OL 5., (8.8)

O0H = (infSpn - %
j

5Qn -

NOCKOILKY MBI JoNyckaeM BapbHpoBaHUe gj. YpaBHEHUS

L _ (8.9)
8(]j
MBI MOK€M CUMTATD [PH 3TOM JONOJIHUTENbHBIME ycnoBuamu. Torpa ypas-
Henue (8.8) cBognTeA npocTo K (3.2). MbI MoeM 3akm0UNTh, uTo H nMeer
Bug (5.3), e @,, 3aBHCAT OT ¢ U Pp, He 3aBHCAT OT ¢; 1 ofpalaioTcea B
Hy!IIb KaK CleACTBHe ypaBHeHuii (2.2). B nampHeiimeM TeOpHIO MOKHO pas-
BUBaTb, KAaK H paHee, B TEPMHHAX ¢ U X, He 3aBUCAIIUX OT ¢;. Te e us
ypaBHeHHUH 1A ¢ U ), KOTOpbIe COJAEPKAT ¢;, MOKHO CUMTATh ONpefesf-
IOIMMH ¢; Yepe3 APyTHe NepeMeHHble, U B JalbHeilllleM OHH He UTPAIOT B
TEOpUH HUKAKOH PONH.

B raxoil ¢popme Teopuu MBI HMeeM JarpaHAiuaH, CoLepKalnil 3apucs-
I{e OT UMILY]IbCOB IepeMenHble ¢j. [lofiBNeHre UMIYIbCHBIX NepeMEHHbIX
B JIarpaH’KIaHe aHAIOTMYHO HOABIEHHUIO CKOPOCTeil v, B raMWIbTOHHAHE.

§9. lF'amuabTOoHMaH KaKk McXOJHOe IMOHATHE

BmecTo Toro, uTo6b1 HAUMHATH € JarpaH;kuaHa U NMojyvaTh U3 Hero ra-
MUJIbTOHUAH, MOKHO HAUMHATHL C raMIIbTOHUaHa. MBI monaraeM, 4To UMe-
I0TCAl HEKOTOPbIE IUHAMHUYECKHUE [IepeMeHHbIe ¢, U Py (R =1,2, ..., N) u,
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BO3MO3HO, ApYyTHe JUHAMHYECKUE IepeMeHHbIe, MeK Iy KOTOPBIMU OlNpee-
aensl CII, o6nagatomue cBoiictBamu (4.4), 1 UTO UX CBA3BIBAIOT HEKOTOPbHIE
cnabble ypaBHEHUSA B RauecTBe p-ypaBHeHHil. Ha TakoMm nyTu HeT OCHOBa-
Huii pasnuuath @ u x. llo Kpaiineil Mepe, ofHa U3 @ MoM#HA OBITH MEPBOTO
popa, T. e. uMeTh HyleBbie ClII co Bcemu ¢, nHaye He GyeT HEMPOTUBOPEUH-
Boro aBuenus. llpeanonoskum 3ateMm, 4TO raMIIbTOHUAH e€CTh JHHeHHasA
KOMOUHALUA p, (¢ IEepPBOro poja) ¢ HOBBIMH NEPEMEHHLIMH U, B KauecTBe
K03() PULNEHTOB, a8 TaMUILTOHOBb! YPaBHEHHUA IBIKeHUA umeroT Buj (4.6)
uinn (6.12). Camu v MOTYT GbITDH IPOM3BOILHBIMU GYHKIUAMU HE3aBUCHMOI
nepeMeHHON 7.

[Ipe:xHIo0 cXeMy ypaBHeHUI NBU#EHNA, BLIBEIGHHBIX U3 JarpaH:xua-
Ha U BRJIIOYAIOIUX KaK , TAK, BOBMOMKHO, U X, CIEAyeT CINTATh IPHMEPOM
HacTosAlleil cXeMbl, B KOTOPOM HEKOTOpbIe U3 v oGpalleHbl B HYJb JOMOI-
HUTeIbHBIMU ycloBuAMU. Torga ¢, 0OTBevalole 3TUM vy, CYTb X TepBoO-
ro poja B mpe#Heil cxeme. Takue JOMONHUTENbHbIE YCIOBUA, Ja U N0GbIe
JOTMONHUTENbHbIE YCIOBHA, COAep:Kallue v, HU4ero He JalOT B IpUMeHeHH-
AIX TEOPUH K PEIATUBUCTCKOI JUHAMHUKE, pacCCMaTPUBAEMBIX B ClelyIOIeM
pasfelle, 1 He MOTYT ObITh NepeHeceHbl B KBAaHTOBYIO TEOPUIO, TAK UTO B
JanbHeilleM OHM HCKIIOYaioTcA. [JomomHuTeNbHbIE #e YCIOBHA, N0 COIep-
JRAHUIO U, CYTh B TOYHOCTHU (-ypaBHEHUH.

CII aByX ¢ mepBOTO pojia eCTh ¢ MEPBOTO Pojia, B UeM MOMHO Y6eAUTh-
ca caepyiowum o6pazom. CII [, @a] c1abo obpamaeTca B Hylb U I03TOMY
B CUJIBHOM CMBbIC/IE paBHA JUHENHHO KOMOUHALHUU ¢ — €JUHCTBEHHBIX Be-
ANYUH, c1abo paBHBIX HYIIIO B HacToAmeil cxeMe. Mbl DOM#HBI NOKAa3aTh,
yrto ee CII ¢ nioboit ¢ cnabo paBHa nyaio. U3 tomaectna Ilyaccona:

[©5 [Pas par]] = [[05 Pals Par] = [[¥5 Parls Pal- (9.1)

Mocroabry ¢, — HepBoro pona, [¢, ¢,] ci1abo paBHa HYJIIO U IOTOMY B
CHJILHOM CMbIcTe ecTh duHeliHag komOuHanuAa @, oTkyaa ee CII ¢ ¢,/ mep-
Boro poja cnabo o6paiaeTca B Hylb. AHATOTUYHO cnabo obpaliaeTcA B HYIb
BTOpOii wieH B npasoii yactu (9.1), 1 HeOGXOAMMBIi pesyabTaT HOKa3aH.
Mpennonosum, uro umeerca A He3aBUCUMBIX ( mepBoro pojga u M
BCeX He3aBHCHMGLIX ¢. B dasoBom npocrpanctse (2N-MepHOM MpOCTpaHCT-
Be NEepeMeHHbIX ¢, U p,) umeercs (2N — M)-MepHOe MOANPOCTPAHCTBO, B
KOTOpPOM BBINIONHEHLI Bee @-ypaBHenua. Hazosem ero (2N — M)-npocTpan-
ctBoM. CocTosAHMe AUHAMMYecKoil cCCTeMbl IPpH JaHHOM 3HaueHUU T QUK-
cupyeTcd 3ajlaHiieM NMEPEeMeHHBIX ¢ U p, YIOBIETBOPAIONINX BCEM (p-ypaB-
HeHHAM, T.e. npejacTaBiasgercsa Toukoii P B (2N — M)-npoctpaucrse. [IBu-
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ReHUE CUCTEMbI, HCXOJHBIM Il KOTOPOT'O ABIAETCA 3TO COCTOAHME, Mpe-
craBnsercs B (2N — M)-npocTpaHcTBe KpuBoii ¢ HayainoM B P. Braromapsa
MPOM3BONLHOCTH A MepeMeHHBbIX U, 3Ta KPUBAfA MOMET YXOAUTL B MI060M
HalnpaBjieHUN B MaioM npocTpaHcTBe A u3MmepeHuii, oxBaTbiBaionieMm P.
Nlnsa waxgoit Tourn (2N — M )-npocTpaHncTBa HMeeTcA Takoe Manoe A-mep-
HOe oXBaThbIBalollee MpocTpaHcTBO. [lokaxeM Temepb, YTO 3TU Majble TIPO-
CcTpaHCTBa UHTErPUPYEMBI.

[Ipeanonoum, 4To B MHTepBaie BpeMeHH dT = g1 oOpallaloTes B HYlb
BCe v, 38 UCKIIOYEHUEM ¥y, PABHOI 1, B cefyiomeM nuteppaie 7 = eo —
BCE v, 3a HCKJIIOUEHUEM v,, Takske paBHoil 1. Torpga niobaa pyHruua g,
3aBHCAINAA OT ¢ U p, B KOHI[e TIepBOT'0 HHTepBala NepexoJuT B

g+eilg Parl-

B roune BTOpOro uHTEpBaia, ¢ yYeTOM UWIEHOB IOPAJKA £1€2, HO B IIpeHe-
OpeseHIN WIeHaMH MOPAIKA €5 U €5, OHA MEePEXOAUT B

g +ei1lg, por] +e2lg + €18, Parls Par]- (9.2)

Ecinu stu OBa IBUMKEHHA COBepIIaoTCA B OﬁpaTHOfI nocjgengoBaTe/lbHOCTH, g
nepexoguT B

g+ €2(8, par] + €18 + €2[8, Yarl, Parl- (9.3)

Pasnocts Memay (9.2) u (9.3) 6narogapsa TommectBy [lyaccona pasHa

8182[8", [‘Pa’a Soa"]]' (9'4)

Beime 65110 MOKa3aHo, YTO [pqr, Pq'r] €CTh @ MepBOro poaa, Tak 4to (9.4)
ecTh BO3MO#HOE U3MEHEHHe g, OMIChbIBaeMoe yPaBHEHUAMH IBUAKEHUA NPU
N0JX0AAlIeM BbIOOpe v U MO3TOMY OTBedaiollee IOBOPOTY B MaioM A-mep-
HOM [POCTpPaHCTBE BOKPYI HAYalIbHOH TOYKU. ITO U €CTh YCIOBHE MHTEIr-
pupyemocty. Eciu B JONOJAHUTEIbHbIE YCIOBUA BOUAYT v, T4 UHTETPUPY-
eMOCTh MOeT MOANOPTHThbcA. TakuM o6pasoM, A BbIBEICHHBIX U3 Ja-
rpaduada ypaBHEHUH IBMKeHHA UHTErpUpyeMocTh He 00A3aTelbHO HMe-
eT MecTo.

O0beguHeHHe MadblX MPOCTPAHCTB 06pasyeT Habop leallux B
(2N — M)-npoctpancTBe A-MepHBIX NMPOCTPAHCTB TAKUX, UTO JABUMKEHHE
Bcerja NpOUCXoAUT TOAbKO B oJHOM M3 HuX. HasoBem 3T mpocTpaHcTBa
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A-npoctpancrBamu. Ramaan kpuBas B A-npocTpaHCTBe MpeACTaBIfAeT BO3-
MO5HO€e pelnieHue ypaBHeHui nBumenus. Kampgaa tousa (2N — M)-npoc-
TpaHCTBa JIeKUT B HEKOTOPOM A-mMpocTpaHcTBe, cofepsLaiieM Bce HAYUHA-
ouuecd B 3Tol Touke TpaeKkTopud. IloqHBIM pelieHneM ypaBHEHUIl [BH-
#MEHUA JONYyCTHUMO CUHUTATh caMO A-IPOCTPAHCTBO, a8 He KPUBYIO 06LIEro
MOJOMKEHUA B HEM.

Toury ganHoro A-mpocTpaHcTBa Mo#HO hUKcHpoBaTh A KoopauHaTa-
MM, Kamaasg U3 KOTOPhIX ecTh HeKoTopaAa GyHKNUA q U p. O603HAUUM BTH
roopauHatsl £, (a = 1,2,..., A). Ouu GyoyT Urparb poib BPEeMEHHBIX
nepeMennbix. CaMo A-IPOCTPAHCTBO MOMHO ONMUCATH, 3a/1aB 3aBUCHUMOCTh
BCEX ¢ U P OT 4. Ecan g ecTh n106asa u3 g u p unu ux GyHRUUA, MbI HMeeM

5—{ 25 9.5
g a ata ’ ( )
NOCKOIbRY 3aBUCUMOCTDb g OT T MOKHO CUUTAThb MOPO#JAEHHON 3aBUCUMOC-
TbIO t, OT 7. Mcnoab3ya raMiiIbTOHOBBI ypaBHeHuA ABUeHus (6.12) qua g
U t, MBI [TONy4aeM

0
'Ua[ga (Pa] = 'Uoz[taa (pa]aTg~

JTo YpaBHeHHe BBIINNOJHACTCA MJIA IMIPOU3BOJLHLIX vy, TAK YTO

[g7 Soa] = [taa (pa]g—i~ (96)

YpaBueuus (9.6) MOsKHO cUMTATh OGIIMMY yPaBHEHUAMU ABUMEHUSA, QUK-
cupymoimumu A-npoctpaincTBo. B Teopun ¢ 0JHOPOJHOCTHIO MO CKOPOCTAM
HMeHHO OHUM Haubollee MOX0# U Ha 0ObBIUHBIE TAMUJIbTOHOBRI YPaBHEHU IBH-
mennAa. Ecnun A = 1, To MBI Mo#eM B3ATh B KauecTBe BPeMeHH eJUHCTBEH-
HYIO nepeMeHHYIO t, 1 (9.6) cBeleTcA B TOUHOCTH K OOLIYHBIM TaMHILTO-
HOBBIM YDaBHEHUAM [BUMEHHA.

YT06bI mepeiiTu 0T raMmIbTOHUAHA K JarpaHKHaHy, Mbl BBeJeM CKO-
pPOCTH ¢, YpaBHEHUAMU

. 900
dn = Va aﬁ , (9.7)

a 3aTeM omnpegeilnmMm L:

L= pndn - H= pnq.n — VaPa- (98)
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J1o 3agaeT L Kark QyHKUUIO ¢, ¢, p U v, IpUYeM JIUHEHHYIO TI0 ¢ U V.
B3saB HesaBucumMble Bapuanuu dq, 0q, 0p, dv, Mbl 0Ly IaeM
. ) 0 0
0L = Gn6ppn + Prdn — PadVa — Vo (ﬁé%L + ﬂ(sl)n) =
0qn Opn (9 9)

. v,
= pn5Qn — Va 8(‘0 6‘171-
dn

Takum o6paszom, §L He 3aBUCHT OT Op, U Ov,. ITOT pe3ynbTaT CleAyeT
COnocTaBUTh ¢ (3.2).

Ecau ypaBuenus (9.7) BMecTe ¢ -ypaBHEHHAMH BbIPAMKAIOT § Kak He-
3aBHCHMble QYHRKIUU p U v, NO3BOIAA TeM CaMbIM CUUTATh P U v QYHE-
nuAME ¢ 1 ¢, 0 (9.9) moxassiBaet, 4To L ecTh GYHKUUA TOJLKO ¢ U § B
CUIABLHOM CMbIcHe. ITa GYHKIUA JoTHA ObITh OJTHOPOHOI TepBOil CTeNeHU
nmo ¢. Ee yacTHbIe Npon3BoAHbIE IO ¢ U ¢ OAIOT

qn
or " o (9.10)

= —Vq = Pn-
oqn 0qn
JTo oObIUHbIE JarpaHs;KkeBbl ypaBHEHUSA.
Ecau ypasuenus (9.7) BMecTe ¢ @-ypaBHEHUAME He BbIPAMAIOT § Kak

He3aBUCUMble GYHKINU P U v, TO OHU NPUBOJAT K HEKOTOPLIM COOTHOIIE-
HUAM, CBA3BIBAIOIIUM TOIBKRO ¢ U §, CRaMeEM,

Rj(qa q) =0, j=12,..., J. (911)

R; oanopoaHsl 10 ¢, ¥ Mbl BbIOMpaeM UX TaK, 4TOObI OJHOPOJHOCTD
Gbra nepBoii crenenu. JanbHeline neiicTBUA aHATOTMYHBI METOLY § 3, HO
¢ B3aUMHOH IepeMeHoil poneil y p u ¢. Mol noaydyaem anaxoruusbrii (3.5)

pesyiIbLTaT
L=2+ )R, (9.12)

rae £ 3aBHCHT TOJBKO OT ¢ U ¢ U J0N#eH ObITh OJJHOPOJHLIM MEepBoil cTe-
IeHH 10 §, a Ko3QPULUUEHTHI A; 3aBUCAT OT ¢, P U V.

Ecnu A cuntaTh He3aBUCHMBIMU NMEPEMEHHBIMH IIPU YacTHOM Audde-
pennupoBanuu L, a L Torga oqHOpoJeH NepBoii cTeNeHU 1O ¢, MbI BO3Bpa-
maemMca & ypaHeHusaMm (9.10). Takum oGpasom, Mbl MMeeM JarpaHuaH,
cofepaliuii UMIYyJIbCHble NepeMeHHble; HeuTo NoAoOHoe obcyskaanoch B
KOHIle NpeAbIAyllero pasjena, NpuyeM TOrJallHKe §; OTBeYalOT Telepell-
HUM Aj, @ JOINOJHUTeNbHble yeaoBuA (8.9) — ypaBnenuam (9.11).
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§ 10. IIpunomeHre K PeIATUBUCTCKOI TUHaAMUKe

B o6p1uHOil HependATUBUCTCKOI AMHaAMUKe paGoTalOT ¢ COCTOAHUAMU
AUHaMHYecKolfl cucTeMbl B JaHHBIH MOMEHT BpeMeHH, MpHYeM 3TO COCTO-
fIHWEe XapaKkTepu3yeTcA 3ajaHueM 3HaueHuit ¢ u p. UmeloTca ypaBHeHusA
OBUEHUSA, 03BOJAIONINE 110 COCTOAHUIO B OJUH MOMEHT BPEMEHH BbIUHUC-
JUTH COCTOAAHUE B IPYTroil MoMeHT. ['aMunbTOHOBa (opMa 3TUX ypaBHEHUIH
IOBUMEHUA B clydae OJHOPOJHOCTH 0 CKOPOCTAM TpebyeT TOAbKO OAHOIl ¢
nepBoro poja.

Y1066 NONYyUYUTH JUHAMUYECKYIO TEOPHUIO, YIOBIETBOPAIONIYIO YacT-
HOMY NPUHIHUIY OTHOCUTEILHOCTH, MBI JIOJKHBI IOCTPOUThL CXEMY ypaBHe-
HUil, paBHO MPUMEeHUMBIX 1A HabmiogaTeneil co BceMHu ckopoctaAMu. Ecnu
Mbl pa6oTaeM ¢ MIHOBEHbAMH', Mbl JOJKHbI OXBATUTb MIHOBEHbA OTHO-
cUTelNbHO Bcex Habmiogateneil. Torma MrauoBenbe — 3To no6afd IiiocKas
TpeXMepHasA HOBEPXHOCThb B IPOCTPAHCTBe-BPEMEHH, HOPMalb K KOTOPOH
JeUT BHYTPU CBeTOBOro KoHyca. UTo6bI omucath obillee MTHOBEHbe, HY#-
HbI YeThIpe NapamMeTpa — TpU JuiA GUKcAUY HANpaBleHusd HopManu (CKo-
pocTH HabmioaTels]) U YeTBePThIi, YTOOBI PA3NMYUTL padHble MTHOBEHDA
JUTAL OJIHOTO HabJII0aTel .

Briawouasa monATue MrHOBeHUil, pelATHUBUCTCKAaA NUHAMHKa NONMHA
NO3BOJATH 10 3aJaHHOMY COCTOSIHUIO B JI000€ M3 3TUX MIHOBEHHUII BbIUUC-
JAATb COCTOAIHUE B J1000e Apyroe. Mbl HOMKHBI pacnonaraTh ypaBHEHUAMHU
OBUEHUSA, IOKA3bIBAIOMIMHU, KaK MEHAIOTCA NMHAMHYeCcKHe NepeMeHHbIe
¢ U3MeHeHHeM ITUX MTHoBeHHI. Mbl JOM#HBI JONYCTHUTh MPOU3BOJbLHBIE
HW3MeHeHUA MTHOBEHMI — KaK TPaHCIALNUU B MPOCTPAHCTBe-BpeMeHHU, Tak
U U3MeHeHUs B HalpaBlIeHUN HOPMalu, U Bce 3TO JOJIKHbBI CyMeTh OMUCATh
ypaBHeHuA ABUskeHUA. TakuM o6pa3oM, HaM HYKHBI YeThIpe ( MEPBOT0 pPo-
na, 4To0bl MOPOJUTHL YeThIpe CTeleHU CBOOOAbI B U3MEHEHWU MTHOBEHbA.
YeTnIpe mapameTpa, ONUChIBAIOUINX MTHOBeHbe, clelyeT NOHUMAaTh Kak g,
NoJUUHAIOINeCH HApALY ¢ APYTUMHU ¢ U p ypaBHeHUAM ABumenus (4.6)
win (6.12). Ux oriauume oT APYruUX ¢ U p COCTOUT B TOM, YTO UMEHHO MX
yIoGHO B3fiTh B KavyecTBe MEPEMEHHBIX ¢ B ypaBHeHuaAx aBuzenus (9.6).
Torma aTu ypaBHeHHA ABHO MOKAa3bIBAIOT, KAK MEHAIOTCA JI00bIe ¢ U p IpH
JaHHOM HM3MEHEHUUM MTHOBEHhA.

Ecte apyrue ¢opMbl pelTUBUCTCKON JUHAMUKHU, HE HUCHONL3YIOLIUE
MI'HOBeHHii, Kak To obcyxaanock asropom [2]. Ectb Toueunan dopma, B
KOTOpPO# COCTOAHUE ONpeNelAeTcA OTHOCUTENbHO TOUKH B MPOCTpPaHCTBE-

L With instant — cwm. [2].
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BpemenHu. [lag 3Toil GopMbl TaK;ke HYKHbI YeThIpe ( IepBOro poja, co-
OTBETCTBEHHO YeTbIpeM cTelleHAM cBoOolbl ABUeHUA Touku. Janee, ecThb
dponTanbnasn dopma, JiA KOTOPOH HYKHbI TPU (o IEepBOro poja, cOOTBET-
CTBEHHO TpeM cTelleHAM cBo6o1bl ABU#eHHUA dpoHTa. Hakonen, MbI MomeM
3ajaBaTh COCTOfIHHE Ha NPON3BOILHOI TpeXMepHOl MpPOCTPaHCTBEHHOIO-
JoGHOIl [OBEPXHOCTH B mpocTpaHcTBe-BpeMenu. Torjga yucino ¢ nepsoro
poja Ho/HHO ObITh OGeCKOHEeYHBIM, COOTBETCTBEHHO BceM JedopMalufiM,
KOTOpPbIe MOHO c/lelaTh ¢ 3TOI I0BepXHOCTbIO. B kampoit u3 arux dopm
IepeMeHHble, ONHCHIBaIONe TOUKY, BOJIHOBOH (GPOHT HIH IPOU3BOILHYIO
IpoCcTPaHCTBEHHONOJ06HYI0 TI0OBEPXHOCTh, cleJyeT NOHUMAaTh Kak ¢, HOI-
YHHAKINeCH YpaBHeHUAM ABH#eHNA (4.6) man (6.12) u mpeanouTHTeILHO
yZobHble A8 BoiGOpa B KauecTBe NepeMeHHbIX { B ypaBHenuu (9.6).

O6cyz gaBinecs Bbllle ¢ I€PBOro poja MUHUMAaAbHO HEOOXOAUMBI 1A
MOCTPOEHUA PelATUBUCTCKON JUHAMHMKU B COOTBETCTBEHHBIX dopmax. Mo-
ryT 6bIThb U gpyrue. Hampumep, snekTpoauHaMuKka, JolycKalomaa Kaju-
6poBouHBIe peobpa3oBaHNsA Ja#e mocile dUKcaluy HavyalbHBIX 3HAYeHHII
BcexX g U p, JonzHa o6i1afaTh A00aBOYHBIMU CTelleHAMHU cBOOObI, /A IO-
poxtleHHA KOTOpbIX OyAyT Hy:HbI Jo6aBOUHbIe ¢ IepBOro poja.

§ 11. KBanToBaHUe

YToObl NPOKBAHTOBAThH JAUHAMUUYECKYIO CUCTEMY, MOJIYUUBIIYIO Kiac-
cHYecKOe ONHCAaHWe, HYMHO IOCTPOUTH CHCTEeMY JIMHEIHBIX OlepaTopOB,
COOTBETCTBYIOINX KIACCHUYECKUM JUHAMUYECKUM MEepPeMeHHLIM ¢ U P U
ux ¢yurnuaMm. Hu kiraccuyecKMM mepeMeHHBIM v, HU NMEPEMeHHbIM THIIa
cRopocTU BooOGlle, HI KOMOWHANNAM, ABHO COAepsKallUM T, — HET COOT-
BEeTCTBHI cpelu onepaTopoB. Bce omepaTopbl JeHCTBYIOT Ha BEKTOPHI
runsbepToBa NPOCTPAHCTBA, NPeJCTAaBUTENAMH KOTOPBIX B M0GOM mpen-
CTaBIeHUH ABIAIOTCA BOJTHOBbIe GYHKIINHN, XapakTepU3yolue COCTOAHUA B
KBaHTOBOH Teopuu. BelllecTBEHHBIM KilIacCUUYECKUM MepeMeHHBIM COOTBET-
CTBYIOT CAMOCONPAKEHHbIE OTIePaTOPhI.

Anamorua Memay JIMHEHHBIMU ONepaTOpaMU U UX KIACCHUYECKUMHU
JBOHHUKAMH J0JKHA YJOBIETBOPATH ABYM ob6mum npunuumnam. C o6os3na-
YeHHeM OJMHAKOBBIMU CUMBOJaMu 060UX HapTHEPOB-ABOMHUKOB, 9TH MPHH-
UMb CYTh:

(i) CII-cooTHOIIEHUS MEHAY KIACCHYECKUMH MEePEMEHHLIMH COOTBET-
CTBYIOT MepecTaHOBOUHLIM COOTHOIIEHUAM MeKIY ollepaTopaMH COrIacHO

(bopatyze [€, n] coorBercTByer 2m(&n — n€)/ih;
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(ii) cnabple ypaBHEHUA Me# Iy RIaCCUYECKHUMHU NIePEMEHHBIMH COOTBET-
CTBYIOT JTUHEHHLIM YCIOBUAM Ha BEKTOPBI 1) coriacHo dopmyie

X(q,p) =0 coorBercTByer X1 =0.

Iporenypa nepexona oT KIACCUYECKON K KBAHTOBOW TEOPUH HE BIIOI-
He olpejiefieHa MAaTeMaTHUeCKH, TIOCKONbKY BCAKHUI pas, Koraa kiaccudec-
KOe BhIpaseHle COJepUT NpousBeaenne NByX MHoxuTeneit, CII KoTopbix
He oGpalllaeTcA B HY/b, €CTh MPOM3BOM B MNOPAAKE, B KOTOPOM [OMKHbBI T0-
ABUTbLCA HTU B MHOKUTENA B COOTBETCTBYIOIEM KBAHTOBOM BBIpaKeHHUU.
B mpocThIx peanbHbIX IpUMepax 3TOT BONpoOC peltaered 6e3 Tpyna. B crosx-
HBIX TpUMepax MOKeT 0Ka3aThCA HEBO3MOMHBLIM Tak BLIOpATh MOPAIOK B
Ka#/JI0M MecTe, YToObI clenaTh HeMPOTUBOPEUNBLIMU BCe KBAHTOBLIE YPaB-
HeHUs, a TOrla ¥ HeM3BECTHO, KaK MPOKBaHTOBAaTh Teopuio. Bee coBpemeH-
Hble METO[bl KBAHTOBAHUSA ABIAIOTCA M0 CYTH NPAKTUYECKUMH IpHEeMaMHu,
OCHOBaHMEM JUIA MPUMEHEHHUA KOTOPBIX CIyHaT cooBpamenud IpoCTOTHI.

HmeroTea HekoTopble ofiue cooGpamenna, KoTopbie cleayeT UMeTh B
BUIY NpH Hepexoje K KBAaHTOBOH TEOPHH, UYTOBHI Cpasy HE CTONKHYTLCA C
TPUBHANBHON NMPOTUBOPEUYNBOCTLIO KBAHTOBBIX ypaBHeHuil. B miaaccuuec-
KOl TEOpUH MbI MMEEM HEKOTOpOe YHCIO p-ypaBHeHUil (BRIIOYAS B HEro
Ha DaBHLIX MpaBaX X-ypPaBHEHHU), KOTOpPble B KBAHTOBON TEOPUH Clely-
eT TPaKTOBaThL B cooTBeTcTBUM ¢ npuHuunoMm (ii). lasa Kaaccuyeckux ¢ Mol
MOziteM IIPOBECTH IuHeliHoe npeoGpasoBanue (6.6), u HOBbIe @ Gy oy T HHUIEM
He xy#e ctapbix. [I[poBoasg cooTBeTCTBYOIEE TPpeoOpasoBaHre B KBAHTOBOI
TEOPUH, MBI JOMKHBI 03a60TUTLCA TEM, UTOOBI Bee KO3(pPUIMEHTRI Y CTOA-
au cieBa oT . O6Ias ¢ B KBAaHTOBOH TEOPHU ecTh JMHelHaa KoMOUHALUA
HCXOHBIX ¢ € KO3 pUuIueHTaMu ClieBa.

W3 nByX KBaHTOBLIX YpaBHEHHUIl, MONYUYEHHBIX 10 (-yPaABHEHUAM CO-
riaacHo npunuuny (ii),

P19 =0, @2 =0,

MbI MOKeM 3aRJI0YUTb, YTO

w201 =0,  prp29 =0,

a orciofia coriacto npuHuumy (i)

[¢1, pa]th = 0.

JTO COOTBETCTBYET KiIaccuueckoMy cilabomMy ypaBHEHUIO

[9017 902] =0.



96 0600uennasn 2aMUALINOH08A OUHAMUKA

Mb1 Mo3eM 3aRIIOYUTD, UYTO €ClIU Mepexo]] K KBaHTOBOI TeOpHH BO3MO:KEH,
TO Bce  JOMMHBI OBITH MEPBOTO pojia.

KBaHTOBYIO TEOPHIO MOAHO MOCTPOUTH U MO KIacCUUecKoil TeopHuu ¢ ¢
BTOpOr0 pojia — IpeABapuTe/]bHO IPEBPaTUB BCe Yg-yPaBHEHHA B CUJIbHbIE
YPaBHEHHA ¢ NOMOIIbIO IpeoGpa3oBaHus, onucaHHoro B § 8. KBaHTOBBIM K-
BUBAJEHTOM CHJIbHBIX YpaBHeHUil 6yIyT ypaBHEeHUA MeMIy omepaTopamu,
MO0 KOTOPLIM OJHU M3 HUX MOMKHO ONpENeNUuTh Yepe3 ApyTrHe.

KBanToBble ypaBHeHUA @1 = (, moaydyeHHBbIe U3 KJIACCUUECKUX (p-
ypaBHeHHUil npuMeHeHneM npunnuna (ii) K ¢ MepBOro poja, NpeicTaBlIfAOT
co6oit BomHoBbIe ypaBHeHud lllpenunrepa. O6prunas Kiaccuyeckas AUHAMU-
Ka ¢ eJUHCTBEHHOI ( NepBOro poja NPUBOAUT K €JUHCTBEHHOMY YypaBHe-
Huto lpeaunrepa. B o6meit Teopuu ramaoit kiaccudeckoil cteneHu cBo6o-
IbI, XapaKkTepu3yloleil MPOU3BOI B JBUKEHUU, OTBEUAeT CBOE ypaBHEHUE
IIpeaunrepa. B aTux ypaBHEHUAX Bce OmepaTOpbl COOTBETCTBYIOT JUHA-
MHYEeCKNM NepeMeHHbIM IIPH OJHOM U TOM e 3HadeHuu 7. OmepaTopsl,
OTHOCAIIMECA K Pa3ilNYHbIM 3HAUEHUAM T, NPUHAJJIEKAT Pa3HbIM aireb-
panyecKkuM cucTeMaM, U, O-BUAMMOMY, B KBaHTOBOII T€OpHUU HeT HUYEro
[I0X03€r0 Ha T-3aBUCHMOCTh KiIacCHUUeCKUX NepeMeHHBIX.

Onuaxo onuceiBaeMas ypaBHenueM (9.6) 3aBUCHMMOCTbL KJIACCHUECKUX
BEJIUUYUH OT NapaMeTpoB ¢ UMeeT KBaHTOBLIII aHAJOT, eclid TOIbKO ¢ BeIGpa-
HbI TaK, 4yTo ux B3auMHble CII paBHBI HyIIO, 1 N03TOMY B KBaHTOBOIl Te-
OpUU UM MOMHO OJHOBPEMEHHO MPHUAAaTh YHCIOBble 3HaueHuA. [Ipeanoutu-
TeldbHbIe ¢ Pa3TUYHBIX GOPM PENATUBUCTCKON TUHAMHUKH, 06CYH/IaBITUXCSA
B HmpeablylleM maparpade, yIoBIETBOPAIOT 3TOMY ycioBuio. Hemocpeacet-
BEHHO [IePEeHeCTH B KBAHTOBYIO Teopuio ypaBHenusa (9.6) Mbl He MoeM,
IOCKOJbRY, KaK JIerKO IPOBEPHUTh, NOJNYyYHUBIINeCs ypaBHeHUA He Gblnu Obl
MHBAapPHAHTHBI NpH O6IUX JHMHEiHbIX npeobGpasoBanusax ¢ (6.6). CHauana
MBI [OJ#HBbI NpuBecTH ypaBHenus (9.6) & cranpaptaHomy Bumy. IIpeoGpa-
3oBanueM (6.6) MbI 0Opadyem HOBBIH HAGOP @, CKAMkEM @,, HAXOAALMXCA B
TAaKOM B3aMMHO OJHO3HAYHOM COOTBETCTBUU C l,, UTO

[taa Qoa’] = 5aa'- (111)
Ilas Tarux ¢ ypaBuenus (9.6) coparca K
_ g
[g7 5001] - ata M

JTH ypaBHEHHUA Yie MOHO NMEPEHEeCTH B KBAHTOBYIO TEOPUIO, H TOT'Ja OHU
CcTaHyT reii3eH6eproBpIMU KBAaHTOBbIMU ypPaBHEHUAMU [IBUKEHHA B Halleit
006001eHHoll JTUHAMUKE.
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§ 12. IIpuaoskeHue

HNoraszarenncTBo TomaecTBa Ilyaccona mna noseix CII, onmpeaeneHHBIX
ypaBuenuem (8.3). Bocmoabsyemcs unpexcamu 7, 8, t, ... 1A HAeHTH(U-
Kaluu pasnuuHbix 6. Mbl uMeeM HO ompefeleHHIO

(& mI*, " = [I&, ] + &, OrleralBs, m, ]+
+[[& n] + [& Or]erslbs, n), Beleru[u, ¢] =
= [[& n), T+ & 0:], CJers[0s, n] + [€ Or][crs, €105, n]+
+[&, Brlers((0s, 0], €1+ (€, nls Oelceulu, ]+
+([&; 0r], Belers(0s, nlceulOu, ¢+ (€, Orllers, 0:][0s, n]ctulfu, (]+
+[&, Orlers[[8s, )]s Ot]ctulfus, .

[IycTh onepaTop ¥ o3HayaeT CyMMUPOBaHUE MO TPeM HUKINYECKUM TNepe-
cTaHOBKaM BeluuuH £, 17, (. Tormga Mbl JON#HBI JOKA3aTh, YTO

Z[[E, I, ¢ = 0.

B npumenennu k nepsomy wieny (12.1) ¥ gaet uyan 6aarogapf 06bI4HOMY
TosaecTBy Ilyaccona. [IppuMeHenue ¥ Ko BTOpOMY, UYeTBEPTOMY U MATOMY
YneHaM JaeT

Scrs[0s, nl{llE, 0r]s €]+ (165 ¢, €]+ 1[G, €], 6,3 =0

cHoBa Onarojapsa ob6uiuHoMYy ToskaecTBy Ilyaccona. Ilpumenenue Kk miec-
ToMy U BocbMoMy wiexaMm (12.1) maeT mocie HUKIMYECKOH MepecTaHOB-
KU T, U, S, { B BOCbMOM:

Crsctuz[asa ﬂ][em C]{[[£7 07‘]9 et] + [[ata 5]7 07’]} =

(12.1)

(12.2)
= _crsct'u,z[esv n][euv C][[erv gt]v 5]
3 (8.2) mMomeM 3aRIIOYUThH, UTO
[Ctu[am at]a f] =0,
HIH
[Ctuv f] [ara Ht] + Ctu[[am Ht]v 5] = 0. (123)

Tarum obpasom, (12.2) cBogures &

Crs[eTa Ht]E[asa 77][0117 C][Ctua 5] = E[eta 77][01“ C][Ctuaf]
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nocjie eie OJHOTO MCNoib3oBaHuA (8.2). ITo BhIpasieHHe COKpAIIAETCH C
pesyIbTaToOM NpHUMeHeHHA Y K TpeTbemy wieny (12.1). Mlpumenenue X &
ocTatomemMycd, ceibMomy uneny (12.1) maet

[ga 07‘][7’7 03][C7 ou]{ctu[crsa et] + ctT[CS'lu Ht] + Cts[cura et]} (124)

06o3nauuB Y,g, pe3yabTaT CyMMHPOBAHUA N0 L[UKINYECKUM IepeCcTaHOB-
KaM HMHIEKCOB 7, $, % U OJHOBpPeMeHHO uHaekcoB ', s', u', MbI UMeeM Gua-
rogapa o6p1YHOMY ToskaecTBy Ilyaccona

ZrsuCrr Cos Cuw [0, Os1], Our] = 0. (12.5)
3amena ¢ na s B (12.3) naer
(corts Bu)Brr> Bur] + cons[[6r, B0, ] = 0,
tak uTo u3s (12.5) crepyer
YrsuCss'Cuu[0rr5 Osr][crrr, Bur] = 0.
C momomibio (8.2) 3T0 cBOAMTEA K
ErsuCuu[Crs, Ou] = 0,

4T0 cBuAeTeabcTByeT 06 obpamenun (12.4) B nyan. Ha sTtom norkasarenbcrt-
BO 3aBepinaeTcA. Bce BbIMMcaHHbIe BhIllle YpaBHEHUA MOKHO MOHUMATh Kak
CUJbHbBIE, IOCKONbLRY cl1abbIX YpaBHEHUI B J0Ka3aTelbCTBE He UCIOAb30Ba-
J0Ch.
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%
OG6o0umienHaa raMUJbTOHOBA AUHaAMHUKAa

IIpennomenHag aBTOpoM Ipolelypa Ilepexoja OT JarpaHkuaHa K ra-
MUJILTOHHAHY B CUTyalluu, KOrJa UMIYJbCbl HE ABAAIOTCHA HE3aBUCUMbIMU
GYHRIIUAMHU cKOpocTeil, MpuBeJeHa Kk 6ojee NpoOCToil U NpakTUUYHOI dopMe,
NpUYEM OCHOBHBIE Pe3yJbTaThl MOJYyUYeHbl NPAMBIM pelleHUeM ypaBHEHHI,
BbITeRAIOWUX U3 TpeGoBanuil camocoriacopannoctu. llokaszano, kar (mpu
HEKOTOPBIX YCIOBHAX) MOMKHO HCKIIOYUTDH YacTh CTeleHeil cBOGOABI I TeM
caMbIM JoOUTBCA CyLeCTBEHHOI0 yIpOIleHnA raMWiIbTOHOBa dopMaiausma.

O6biunaa mpollefypa mepexoja OT JarpaH:eBoil (GopMbl ypaBHeHUit
IBUMEHNUA K TaMUJIbTOHOBOI (hopMe TpebyeT, YTOObI UMIyJdbChl ObLIN He-
3aBUCUMBIMHU GYyHRUMAMU ckopocTeil. Ha npakTuke uMeeTcA pAA Ba#HbIX
cly4yaeB, Korjla 3TO yCJOBHEe He BBINOJHEHO — HalpuMep, B PelATUBUCT-
CKOIl TeopuHU NoJjifA, — 1 BO3HHKaeT He06X0AUMOCThL 0600IUTH NpoLesypy.
Onun 13 cnocoGoB clenath 3To Gbl1 NpefpioxeH aBTopoM [1]. B nactosmeit
cTaThe OH NPUBOJANTCA K Gojiee IPOCTOMY U NPAKTUYHOMY BHUIY.

AnbTepHaTuBHBIM moaxon K npobieMe gan Anpgepconom u Beprma-
HoM [2]. Byayum nmpuiomuM TONbKO K KBagpaTUYHBIM 10 CKOPOCTAM Ja-
rpaHskuaHaM, UX MeTol MeHee o0muii, yeM HacToAwmuil. B HacToAmeM Me-
ToJle JarpaH;«ual MozKkeT ObIThb JM1000# QyHKIUel ckopocTel U KOOpAUHAT,
NpU €JUHCTBEHHOM OrpaHMyeHHH, UYTOObI JarpaH#eBbl ypaBHEHUA IBHHiE-
HHA He TIPUBOAUIN K HECOBMECTHOCTH.

8§ 1. p-ypaBHEHUA

PaccMoTpuM nuHaMHYECKYIO cUCTEMY, OMKUCHIBAEMYIO B TepMUHAX KO-
opaunat ¢, (n = 1,2,..., N) u cropocreii ¢, ¢ narpausuanom [ =
= L(q, ¢). Kark 00bI4HO, ONpeenuM UMITYIbChI

_ OL
P =

(1.1)

Mosxker ORKasaThbCsA, YTO p He ABJAIOTCA He3aBUCUMbLIMU Q)yHEIII/IHMI/I q Ecau

*Proc. Royal Soc., V. 246, 1958, P. 326-332. IlepeBox c aurauiickoro B.II. [laBaoBa.
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cpeau p uMeeTcA Toiabko N — M HezaBUCHUMBIX GYHKIUI ¢, BOSHUKHET M
He3aBUCHUMbBIX COOTHOIIEHUIT

Omp,q)=0, m=1,2,..., M, (1.2)

M MokeT 6LIThL A1066IM — oT 0 mo V.
JlarpaH:keBbl ypaBHEeHUA TBUMHEHUA

4oL _ oL
dt 3gn  Oqn’

3ajgaoT Tenepb N — M ¢yHKUMH, 3aBUCAMIUX OT yCKOPEHUI §,, U gaioT M
ypaBHeHUil, CBA3bIBAIOUUX TOJAbBKO KOOpAUHATHI U ckopocTu. Momer oka-
3aThefl, 4To AudPepeHnupoBaHeM M0 BpeMeHU (OJHOKPATHLIM WU, BO3-
MO;KHO, MHOTOKPATHBIM) MbI MO€M MOJIYUYNTh HEKOTOPbIE HOBbIE HE3aBH-
cHUMbIe YpaBHEHHUd, cofepseaniue yckopeHnud. Eciau Takux ypaBHeHHI He-
J0CTaTOYHO, YTOObI 3aaTh BCe YCKOPeHUs, To obiilee pelleHue ypaBHEeHU
IBUZKEHHUA C MaHHLIMU HAYAIbHBIMU 3HAYEHUAMH ¢ U ¢ OyJeT COdep#HaTh
HECKOILKO MPOU3BONLHBIX (QYHKIHIT BpeMeHU.

CaenaeM mpou3BOMbHbIE Majible Bapuauuu ¢y, 0, KOOPIUHAT U CKO-
pocTeit. OHU NpUBeIYT K BapualuAM dp,, coxpaHAomuM ypaBHenus (1.1).
JTu BapuanuM OON{HBI COXPaHATb U ypaBHeHud (1.2), ABnAwomuecH cues-
crBueMm (1.1), Taxk uto

(1.3)

850m 880

—mg ™ é§p, = 0. 1.4
gn " T ap,, P (14)
Ypasuenus (1.4) 6yyT eIMHCTBEHHBIMHU OTPAHUYEHUAME Ha BAPUALTUH 6Py, ,
YUMTbIBaIOMUMU ypaBHeHua (1.2) B ToM cMblcie, 4To HezaBUCHMble BapH-
alUM [epBOro NOPALKA y p U ¢ Aal0T BapualuM NepBOro NOPAAKA y .

Meb1 uMeeMm
. . . L L ..
5(ann - L) = PndGn + népn — g dqn — g Ogn =
dn An
oL (1.5)
= (ndpn — B) 0gn.
qn

IMockonbKy umeHbl ¢ &¢ COKpalaioTcA, BapualusA Mo ¢, coXpaHAoman
ypaBHenus (1.1) B oTcyTcTBHe Bapuauuii mo ¢ U p, OcTaBifAeT HEU3MEH-
HOH P, ¢n — L. 9TO 03HaYaeT, 4TO P, ¢, — L ABIAeTcA QYyHKINEH TOIbKO ¢
U p, TAK YTO MbI MOMEM MONOMUTH

PnGn — L = H(qa p)' (16)
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RKoneuno, dpyuxuua H(q, p) onpenenena HeogHozHauHo. MbI MoskeM cieqaThb
3aMeHy

H— H+ cppm, (1.7)

rae ¢, — moObie byurnuu ¢ u p. B cayuae, rorga L ofHoposeH mepBoii
cTelleHU O ¢, MbI MozkeM B3ATh H = 0.
Teneps ypasuenue (1.5) naer

oH OH . _ . . dL
E(spn + a_qn(sQn = {(qn 5pn aqn 5(]7”

rjie Bapuanuu d¢y,, dp, orpaHndensl ypasHenneMm (1.4), a B ocTaibHOM po-
u3BOABLHLI. [loaToMy

. OH Opm
n = ——— m 1.8
oL  OH 0om
——— =—+1u 1.9
0qn Oqn " 0qn ’ ( )
rjae U, — HexoTopbie Koapdunuentrr. [pu npeobpasosanuu (1.7) K .y,

no6aBnsaoTcA GYHKIUU, 3aBUCALINE TOIAbKO OT ¢ U P, @ UMEHHO MUHYC Cpp.
YpaBuenus (1.8) mokasbiBaioT, 4TO ¢ 3agaHbl yepes ¢, N — M HesaBu-
CUMBIX [epeMeHHBIX p U M HOBBIX NepeMeHHbIX u. Takum o6pa3omM, BMec-
TO ¢ ¥ ¢ MbI MO:KeM B3ATh B KayecTBe OCHOBHBLIX AMHAMHYECKUX TepeMeH-
HBIX ¢, P ¥ 4. ITO U €CTh TaMUILTOHOBBI MEpeMeHHbIE.
C nomombio (1.9) ypaBHenua apumenun (1.3) npuHUMAOT BHA

. OH Jp
= -7 - m 1.1
" dqn tm 0qn ( 0)
Ecnu o6brunbiv o6pasom onpeneauts ckobry [lyaccona (CII)
0A 0B 0A OB
A Bl=+—7——-—"—-+— 1.11
4 B 04 Opn  Opn Oqn’ (L11)
TO AndA 11060it g, 3aBUCAIIEi OT ¢ U p, UMeeM
&= [ga H] + um[g7 <)Om]- (112)

Onno sT0 ypaBHeHue oxBaTbiBaeT Bee ypaBHenus (1.8) u (1.10). Ouo ectb
ofLiee raMUILTOHOBO ypaBHEHHE IBHKEHUA.
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Onpepenenne CIT (1.11) TpeGyeT, 4ToGLI ¢ U p CUMTAINCH HE3aBUCH-
MBIMHU MepeMeHHLIMU. JI1o6ble COOTHOIIEHUA, OTpaHHYUBaloOlINe, MOA0GHO
ypaBHenusaM (1.2), He3aBUCUMOCTDb ¢ U p, He NOMHBI UCMONL3OBATLCA 10
B3aiTuA CII, unaue CII moTepAlOT ofAHO3HAUHYIO ONpedeneHHOCTb. YTOGLI
HOMHUTH 00 3TOM HpU padoTe ¢ HEKOTOPHIMU W3 HAIIUX ypaBHeHHI, ymo6-
HO Ha3BaTh TaKHe OTpaHUYUBAlONINE yYPAaBHEHUA CAAOBIMU YPABHEHUAMU U
3anucaTh UX B BUJe

Ym ~ 0.

§ 2. x-ypaBHeHUA

Muddepenuupya no Bpemenu (1.2) u ucnonnsys (1.12), Mbl nonyyaem

[Pm's H] + Um[pms, pm] = 0. (2.1)

Ecnu He Bce 3TH ypaBHeHusa cBoafatca K 0 = (, OHU yMeHbIIAT YHUCJO Ta-
MUJIBTOHOBBIX IEPEMEHHEIX ¢, P, U, BLIABUB HEKOTOPbIE COOTHOLMIEHUSA MeK-
Oy HUMU.

Mozet orasarbes, uto ypaBHenus (2.1) OpuBOIAT K HEKOTOPBIM COOT-
HOWEHUAM TOIBKO MEMKIY ¢ U p, HE3aBUCUMBIM [0 OTHOIIEHUIO K (-ypaB-
HeHUAM. OHU JOMKHBI OBITH CNAOBIMU YPABHEHUAMU, MOSTOMY 3alMIIeM HX
B BHJIE

Xk(Qap)zO (k:]-y 27) (22)

Nuddepenunpys no BpeMeHu Kazijfoe U3 ypaBHeHuii (2.2), noiaydaem

[Xka H] + um[Xka <pm] =0. (23)

dTu ypaBHEHHA MOTYT NPUBOAUTL K HOBLIM COOTHOINGHUAM TOJbBKO Mesk-
Iy q U p, T. e. K HOBbIM ypaBHeHusAM (2.2), KoTopble, B CBOIO 04Yepe/ib, MOT'Y T
npuBecTH K HOBBIM ypaBHenusaMm (2.3). Ilpogomsum sty npoueaypy o Tex
nop, MoKa OHa HJIEeT, MOJIYyYHB TakUM o6pa3oM Bce ypaBHenud (2.2) u (2.3),
AaBnfAomuecs ciencteuamu (1.2) u obmero ypaBHenusa nsumenus (1.12).
[IycTh monuerit Habop omuchiBaeTcA uHaekcamu k = 1,2, ..., K. Takum
o6pasoM, YHCI0 HE3aBUCUMBIX p U ¢ MbI cBeau 10 2N — M — K, a u orpanu-
quau ypasHenuamu (2.1) u (2.3), eciu TOABKO 3TU ypaBHEHHSA He CBOAATCH
K 0 =0 unu K y-ypaBHeHUAM.
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Pacemorpum stu ypapnenus (2.1) u (2.3) kak ypaBHeHUA A1A HEU3-
BECTHBIX Uy, ¢ KO3hOHMIUEHTAMHU, 3aJaHHBIMU Kak GyHKOuu g u p. Ouu
JOJKHBI MMETh pelleHue

Uy = Uny (Q7 p)a (24)

IOCKOJIbKY M3 OTCYTCTBUA €ro cjiejgoBajna Obl IPOTUBOPEUYUBOCTDL JarpaH-
#eBbIX ypaBuenuil npusenun (1.3). Ilo cmpicny pemenus (2.4), ypaBHeHua

[Som’v H] + Um[wm’yﬂom] ~ 0,

BoInonHAIOTCA Beaeactsue (1.2) u (2.2).
BooGwe rosops, pewenue (2.4) neognosnauno. Ml MoxeM D06aBUTDH
& U, mo6oe pemenue V,, = V,,(q, p) ypaBHenuit

Vm[‘ﬂm’ﬂom] ~ 0, Vm[Xk, QDm] ~ 0. (26)

Oycts Vo (@ = 1,2,..., A) — Bce HesaBUCHUMBbIE pelIeHHA ypaBHe-
uuit (2.6). Torga obuee pemenne ypaBrenuit (2.1) u (2.3) ecTb

U, = U + vaVam, (27)

rie v, — NPOU3BOJIbHBIE KO3 PUINEHTHI.

C momombio ypaBHeHHil (2.7) MOMHO HUCKIIOYUTH MEPEMEHHBIE Uy,
TaKk UTO B KayecTBe OCHOBHBIX TaMUJILTOHOBBIX MEPEMEHHBLIX MbI HMe-
eM 2N — M — K ocraBmuxcsa He3saBUCUMBIMY I0cje yueTa ypaBHenuii (1.2)
1 (2.2) nepemennsix ¢ U p u A nepeMeHHBIX v,. IlonHoe wuciIo 3TUX HE-
PEMEHHBIX MOzKeT ObITh 3HAUUTENBLHO MeHblle IepBoOHAYaIbHOro yncaa 2N
He3aBHUCHMbBIX TIePeMeHHbBIX, MOCKONbKY YpaBHEHUA ABUKEHUA MOTYT CO-
KpaTUTh ero.

Aunepcon u BeprmaH HasbIBalOT (p-ypaBHEHUA TeEPBUYHBIMU CBA3A-

MM, a X-ypaBHeHHA — BTOPUYHBIMHU cBfA3AMHU. Bo MHorumx acmerrax ¢
U X BBICTYNAIOT Ha paBHOI HOre, W NMO3TOMY yHOGHO UX Bce 0003HA4YaTh
kak x; (1 =1,2,..., M + K). C raMHILTOHOBOI TOUYKH 3pEHHUA, CYILIECT-

BEHHO TO Pasnuyue MeKIYy HUMH, 9TO ¢ GUIYPUPYIOT B 061IeM ypaBHEHHH
asuskenun (1.12), a x uer.

§ 3. YcaoBue NMpUHAIIEHHOCTH NIEPBOMY POAY

ITo onpenenenuro, 3aBucAmad oT ¢ U p QYHKINA €CTh BeIUUUHA NEp8o2o
poda, eciv Bee ee CII ¢ H u x; o6pamaiorcea B Hydb. JocTaTouHo, 4TOOLI 3TO
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oGpaienue 6bLI0 c1aGbIM, T. €. ¢ HCMONb30BanueM ypaaenuii (1.2) u (2.2).
3aBucAman oT ¢ U p GYyHKINA, He YIOBIETBOPAIOUIAA STUM YCIOBUAM, Ha-
3bIBAETCA BEMMYUHON 6mopozo poda.

Teopema. CII dsyx seaudun nepsozo poda ecmv 6eAUdUHA NePeo2o podd.

Horazameavcmeo.
Ilycts X u Y — mepBoro ponga, Tak 4To

(X,x;] =0, [Y,x;]=0.
STI/I cnabble yYpaBHeHHUA O03Ha4YaloOT, 4TO
(X xil = iirxss Yo xil = v X
¢ HEeKOTOPBIMH K03 HIMEeHTaMU &+ U y;js. CllefloBaTelbHO,
(X, Y], x;] = [[X, x;], Y] = [[Y, x5, X] = @55 [xj00 Y] — g5 [x;r, X] = 0.

AprymeHTanusa coxpaHfieT CHIy, ecIM 3aMeHUTb x; Ha H, oTkyaa
[[X,Y], H] = 0. Ciregosarensno, [X, Y] — nepsoro poza. |

Ionoxum,
H+Uyppm =H' (3.1)

YpaBHenus (2.5) nokassiBaioT, uro CII H' ¢ mo6oit x; cnaGo o6pamaerca B
Hyab. Hanee,
[H, HI] ] Um’[Som’, H] ~0

U3 nepBoro u3z ypasHenuii (2.5), ymuomennoro Ha Uy, . Takum oGpasom,
H' — nepsoro poga. 3ameTuM, uTo raMuiabTonran H' MoxeT GLIThL MOLydeH
u3 H npeoGpasoBanuem (1.7).

Jiobag nuHeiiHad KomMOUMHALUA ¢ ¢ Ko3(duIueHTaMU, 3aBUCAMNIUMU
0T q U p, MOKeT paccMaTpuBaThed Kak gpyrad . [lonomum,

Vamﬁom = Paq- (32)

YpaBuenus (2.6) nokassiBaiot, uto CII ¢, ¢ mo6oit x; cnabo obpamaerca
B HyJb. Mbl Toabko uto Bugenu, uto CII ¢, ¢ H' obpamaeTca B Hyab, Tak
yto CII ee ¢ H taurme poiaxHa obpamarbses B Hyab. ClefoBaTeabHo, @, —
NEepBOrO poja.
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Baaronaps (2.7) o6mee ypaBuenue aumenus (1.12) npunumaer Buz

g= [g, H’] + va[gv Qaa]- (3.3)

Temneph 0OHO CONEP/KUT TaMUALTOHMAH mepBoro popa H' u ¢ mepBoro po-
na .. Roaddunuentsl v,, oTBeUaloONine 3THM  NEPBOr0 pojia, HUKaK He
OrpaHHYHBAIOTCA ypaBHEHUAMH ABHeHuA. TakuM o6pasoM, B obmeM pe-
LIEHUH YPaBHEHHUH! ABIKEHNA ¢ JaHHBIMY HAYaIbHBIMH YCIOBUAMY KaKIbIH
U3 HHUX NPUBOJHUT K IPOM3BOINLHON QYHKIUKM BPEMEHH.

Raxnaa ¢ neporo poaa umeer BuUR Upm, Tae U, yROBIETBOpA-
10T (2.5). TloaTomy Kaxas He3aBHCHMaA @ MEPBOTO Poja HONHHA MOABUTh-
cAa B (3.3). CrnenoBaTelbHO, YHCI0 HE3aBUCUMBIX (PYHKIHI BpeMeHU B 06-
IIeM pelIeHHH yPaBHeHUl IBUKEHNUSA PABHO YHCIY HE3aBHCHMBIX ¢ IE€PBOrO
poza. Ciexyer cuuTarh, UYTO BCE PELICHHUA YPaBHEHUIl NBHKEHUsA, PAsid-
4re KOTOPBLIX MPH JAHHLIX HaYalbHbIX YCAOBUAX BHI3BAHO PA3HBIM BBIGOPOM
NPOU3BONLHBIX QYHKIUI BpeMeHH, 0TBEYaIOT OJHOMY M TOMY #He husuyec-
KOMY COCTOAHMIO NBHKEHIf, NO-DA3HOMY OIMCHIBA€MOMY B 3aBHCHMOCTHU
0T BbIGOPA HEKOTOPBIX HE UMEIOMHUX (UBHUECKOro 3HAUeHUs MaTeMaTHyec-
KUX NepeMeHHBIX (HamprMep, oT BbIGOpa KamMGPOBKU B HMEKTPOLUHAMUKE
U1 KOOPIMHATHON CHCTEMBI B PEIATUBICTCKON TEOPHH).

Ha npakTuke MHBapuaHTHbIE CBONCTBA MHTerpaia AeHCTBUA OGLIYHO
MO3BOMAIOT y3HATh, KaKKMe MPOU3BOJILHBIE GYHKIUM BPEMEHH MMEIOTCA B
o6LeM pelIeHUN ypaBHeHUH ABHsKeHNA. ITO 3HAHNE NOMOraeT BLIICINTD
mepBOro poja u3 HaGopa Bcex ¢, He npuberasd K TPYJOEMKOMY BbIUKCIIE-
umio Beex CII. Jliobas mepeMeHHas CKOPOCTH, OTOpackiBaHMe KOTOPOH He
cKasbIBAETCA HA PUBNUECKOM COCTOAHMM, NOJHA MOABUTLCA Kak KOahPH-
IHEHT v, CBA3HHBII C ¢ epPBOro pojia, B raMUIbTOHOBOM YDaBHEHHU JTBH-
wennd (3.3).

8§ 4. Peanykuusa uuciaa creneHeii cBo60/ab1

[peanonoxum, 4To HEKOTOPBIE Y MEPBOTO POJia COAEPKAT UMMYIbCHBIE
nepeMeHHbIe JHUIIL JUHEHHO ¢ YUCIOBLIM Ko3(dduuuenTomM. XoTd MaTeMa-
THYECKH 3TO — OYEHb CNElUANbHBINA ciiydail, Ha NpaKkTUKe OH MOABJAETCA
4YacTO U MO3TOMY BaiieH.

TpuBuanbLHON 3aMeHOl TepeMeHHbIX MbI MO#EM HPUBECTH 3TU ¢ Hep-
BOTO poja K BUAY

pr—fr=0, r=1,2,..., R, (4.1)
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rae f, 3aBUCAT TONbLKO OT ¢. YCIOBUE MPUHAIE}KHOCTH HEPBOMY POIY Tpe-
6yet, uTo6sl CII Benuuun p, — f, cnabo obpamanucet B Hyab. tu CIl moryTt
3aBHceTh TONbKO OT ¢. B mpeamnonomenuu, 4To HeT Xj, 3aBUCANIMX TONbKO
ot ¢, 3ty CII momskHBI oOpamaThea B HyIb cuibHO. ClegoBaTenbHO,

_oF
.fT' - 8qr7

rae F' — HeroTopasa GyHKUUA, 3aBUcAman oT ¢. Jo6aBuM Teneps K Jarpas-
JRUAHY WieH

dr _ oF .

3TO He U3MeHUT ypaBHeHuil aBumenusa. K p, nobasutca JF/dq,, Tar 4yrto
p-ypaBnenus (4.1) npumyT Buf

pr = 0. (4.3)

IIpogoaxum paGoTy ¢ HOBBIM Jarpan:xuanom. Jio6yio us x;, He nona-
naomyio B (4.3), nazoem x; (¢ = 1,2, ..., M + K — R); x; MOTYT ObITh
KaK MepBoro, Tak U BTOporo pona. He Tepasa oGUIHOCTH, MOKHO MPEANONO-
MUTb, YTO Y; HE 3aBUCAT OT IE€PEMEHHBIX P,. MOMHO MPEANONOMUTD, UTO
u H' ue 3aBucur or p,, nockonbky npeo6pasoBanuem (1.7) k gpyromy H'
NIepBOTo Pojla BCerja MoASHO H0OHUTLCA 3TOTO.

IockonbRY p, — HEpPBOTO Pojd, Mbl HMEeM

Xi> pr] = 0,  [[Xs> Pr]s Pr] = 0 (4.4)

u T. HO. CJIe,[[OBaTeJII)HO, €eClIn Yy X; B0OOIIe €CTh 3aBUCUMOCTb OT qr, OHa
MO#KeT ObITh JIUIIb B BH]E

Xi = Biir X1 (4.5)

rige x* ciab6o oGpamaroTesa B HyJdb U He 3aBUCAT OT ¢, TAK UTO ¢, HOABIAIOT-
¢A TONLKO B KoddhdunmuenTax ;. ITo o3HaYaeT, 4ToO yCIOBHA X; ~ 0 DKBH-
BaJIeHTHBI yCIOBUAM X* = (), He 3aTparuBalouM epeMeHHbIX ¢,. Yuciao x*
JOM#HO ObITH PaBHO YKy X; (x* M0 KOIUYECTBY He MOTYT NPEBLIMATD X,
MOCKONBKY Bce yciaoBua xi ~ 0 cyThb cieactBusa yciosuit x; ~ 0 mioc
ycaoBuii (4.4), KOTOpble caMM AIBIAIOTCA CIEACTBUAME X; = 0).



Jdumepamypa 107

Ecnu x; — mepBoro poja, npuMeHeHHe TeOpeMbI MpeAbIIyIIero pasjaeia
K Xi U Pr TIOKRA3BIBAET, UTO X; BhIpaaeTcA yepe3 x* TONLKO MepBOTO poja,
T. . UT0 KoadouuuenTsl F; B (4.5) MOHO clelaTh HEHYIEBBHIMH JIHIIb
AIA X}, 1epBoro poja.

Mponenas wag H' Takyio #e paboTy, Kak Hal X; Mbl HAXOJUM, UTO

H' =H" +~x}, (4.6)

rae H”, kak u x*, ve saBucut ot ¢,. llockonbky H' — mepBoro poja, Mbl
MO{eM 3aKJII0YnTh, uTo H'' mepBoro poja u uTo no6ble U3 GUIYPUPYIOMMX
B (4.6) x* — nepBoro poza.

MocmoTpuM Temepb, Kakoit BUI HpUMeT ypaBHeHue aBuenus (3.3).
Nnsa g, copnagaromeii ¢ oJHON U3 ¢, MbI 00HapYKUBaeM, UTO ¢, POU3BOJb-
Ha, Tak 4TO ¢, MeHAeTcA Mpou3BoibHO. Hnd g, 3aBUcAmell OT mepeMeH-
HBIX ¢, ps (s = R+ 1, ..., N), MbI NlollyYaeM ypaBHeHHUE JBUKEHUA BUIA

g=lg H"]+walg, x3], (4.7)

rie x5 cyTh x* nepsoro poja. (B ux umcno He 063aTensHO NonagaoT Bee x*
nepBoro poja.) llepemennblie p, B 3TOM ypPaBHEHUHU He MOABIAIOTCA, 8 OT ¢y
MOTYT 3aBHCETb JTHUIb KO3 GUIUEHTRI W, -

[Ipeanonomum, UTo MPOM3BOJbHBIE BapUalliUd W, MOMHO TOJYUYUTD,
Bapbupyf ¢, U Te u3 Ko3hdunneHToB v, B (3.3), KOTOpPbIE CBA3AHLI C MHBI-
MH, 4eM p,, @ nOepBoro pojga. Ha mpakTure 3To npeamoioseHue 0OBIYHO
onpaBgbiBaeTcA. Torga Mbl MOKeM CUMTATh W, B (4.7) OpOU3BOMBHBIMU
KonduIeHTaMU, KOTOPble BMECTE C g3 U Pg 06pasyoT OCHOBHbIE TaMUITb-
TOHOBbI NepeMenHbIie. B o6imemM ypaBuenuu npuskenus (4.7) ¢, u p, Goiblie
He mosaBaAloTcA. [lo cBoeMy XapakTepy 5TO ypaBHeHHE CTONb ke GdyHIa-
MeHTalbHO, 4TO U (3.3), HO OTHOCHUTCH TONBKO K CTENEHAM CBOGOMBI (5, Ps.
TakuMm o6pa3om, cTeneHH cBOGOIBI ¢y, P, BHINATN U3 TEOPUH.

MoseT okasaTbes, UTO HEKOTOpPbIE U3 X5, durypupylomux B (4.7), co-
Jep:;aT UMIYyJNbCHbIE NlepeMeHHble IUIIb JUHEHHO ¢ YNCIeHHbIMU Ko3ddu-
nueHTaMu. Torjga Mbl MoeM MOBTOPUTH BCIO NPOLeAYypPY U JOOUThCA Aalb-
Helimell peAykiuyu dnucia 3¢¢deKkTUBHBIX cTeneHeil cBOGOALI.

Juteparypa

[1] Dirac P. A. M., Can. J. Math., 1950, V. 2, P. 129.
[2] Anderson J. L., Bergmann P. G., Phys. Rev., 1951, V. 83, P. 1018.



Cro6ku [Ilupaka B reoMeTpuM U MeXaHHKe
A. B. Bopucos, U. C. Mamaes.

B sToit KHUre npuBeaeHs! Bee paboTsl llona lupaka mo o6o6uieno ra-
MHILTOHOBO MeXaHHKHI Ha CIydail BHIPOKIEHHBIX JarpaHKHaHoB. ITO 06-
obiieHne GbLIO UM UCIOIb30BAHO B JalbHeleM /A KBaHTOBAHUA pasiny-
HBIX I0JeBbIX cucTeM. OJHAKO BO3HUKIIASA [IPU 9TOM KIacCHUeCKasa TeOpus
HMeeT COGCTBEHHBIN HMHTEpeC M MoKeT ObITh HCIONb30BaHa NpPH aHANU3e
pasIMUHBIX 3ajay AUHAMHIKU U T€OMEeTPHH.

Uanosenne [lupaka Bo MHOTOM HOCHT MHTYHUTHBHBIN (usnyeckuil xa-
pakTep, a ero KOHCTPYKIUY ¢ COBPEMEHHOII TOUKHU 3peHudA TPeGyIOT A0Moll-
HUTEJIbHOr0 060CHOBaHHUA. B 5TOM MpUIOMEHNH MbI I0CTapaeMcs OCTaHo-
BUTLCH Ha HEKOTOPLIX OCHOBHBIX AH(depeHnnaibHo-reoOMeTPUIecKUX Hie-
fX, 3al0KeHHBIX B paccymaennax [upakra, a Takie MOACHUM MX Ha psAfe
IpUMepOB, BOBHUKAIOWKX B KIaccHueckoit Mexannke. OTMeTHM TaK#e, 4TO
HECKOIbKO y3Kaf 3aaya o Iepexofe OT JarpaH:keBa K raMIIbLTOHOBY (op-
Mali3My B BHIPOKIEHHOM CIIy'ae 3acTaBH/ia IEPEOCMBICTHTh OCHOBHYIO aK-
cHoMaTHYecKy1o 6a3y raMUIbTOHOBON MeXaHHKU U BbIENUTDH ckoOku Ilyac-
COHA B Ka4ecTBe OCHOBHOI'0 00beKTa. ITO GaKTUUECKU PHUBEIO K CO3JaHHIO
TEOPUH IIYaCCOHOBBIX CTPYKTYP, CIOCOGCTBOBANO Pa3BUTHIO TAKUX MaTeMa-
THYECKHX AUCHUILUINH, KAk TeOpPUA KOHEUHOMEPHBIX I 6eCKOHEYHOMEPHDIX
anre6p Jlu, Tomonorun u Ap. MbI MO BO3MOMHOCTH MONBITANNChH CAEIaTh
H3/I0;4€HHUE 3aMKHY THIM — II09TOMY COWIN Pa3yMHBIM HAllOMHHUTDb CHauana
YUTATENI0 OCHOBBI 'AMHUIbTOHOBOII MEXaHHKH, TEOPUM IIyacCOHOBBIX MHO-
roobpasuit 1 cUMIUIEKTHYecKoll reomeTpun. Bonee moppoGHble cBefeHHA
MOKHO HaliTi B Hamrei kuure [10], a Takske B [28, 30, 25].

1. Cro6xu IlyaccoHa u ux cBoiicTBa. MHorue 3agaun JUHAMUKU
JOIMyCKalOT 3alich B raMUJIbLTOHOBOI dopMme

. _ 0H . _ _O0H -
1=75," =50 H=H(p,q), (8)

rje KaHOHHYeCKHe KOOPAMHATHI (g, p) ompejeleHbl HA HEKOTOPOM YETHO-
MepHOM MHoroo6pasun (g,p) € M?" — ¢asoBom mpocTpancTBe. DyHK-



Crooru Jupara 6 zeomempuu u MeraHUKe 109

nua H nasviBaercd ramuinbTonnanom. Ecau BBecTH cko6ry Ilyaccona aByx
¢yurnuit F' u G no popmyie

_~(0F9G _9F dC
ey = ; (3%' Opi  Opi 3%‘) ’ (®)
TO ypaBHeHHA (8) MO#HO TlepenucaTth B BUJIE

Jio6aa gudbdepennupyeman ¢pyuruun F' = F(q, p) Takxe 5BONIOLHOHUDY-
eT 10 TaMUJIbTOHOBY 3aKOHY:

F={F H)}. (11)

Raaccuueckoe u3iomeHne raMuibTOHOBON MeXaHHKH, OCHOBaHHOE Ha
TEOPUHU NPou3sodAuur PYHKYUL U KAHOHUYeCKUT npeobpas’osanHutll Koopou-
nam (g,p), He ABIAETCA MHBAPUAHTHBIM OTHOCHTEILHO HPOU3BOILHBIX
KOOpAUHATHBIX TpeobpasoBanuit. [loaToMy npu MHBAPpHAHTHOM MOCTPOE-
HUM raMunbToHoBa ¢opmanusma (caenya II. Jupaky) ucxomAT u3 ypas-
uenuii (10) u moctynupyior cBoiicTBa ckoGor IlyaccoHa, ompeneneHHBIX
AnA QYHRIUN, 3alaHHbIX HA HEKOTOPOM MHOroo6paszuu M ¢ KoopauHaTamu
z = (z!,... ,z"). Tpebyercs, 4T0GbI 3TH CKOOKM YIOBIETBOPAIU CIEYIO-

UM YCJAOBHAM:
1°. {AFL 4+ pF5, G} = M F1,G} + p{F5,G}, A, p € R — OunuHeiiHOCTS,
2°. {F,G} = —{G, F} — KOCOCUMMETPUYHOCTb,
3°. {1 F,,G} = Fi{F2, G} + F3{F1,G} — npasuio Jleii6uuna,
4°. {H,F},G}+{{G,H},F'} + {{F,G},H} = 0 — TosaecrBo fIkobu.

Cro6ry Ilyaccona {-,-} MbI GyjeM Ha3bIBATb TAKMKe NYACCOHOBOT CIMpyKMY-
poti, a MHOroo6pasue M, Ha KOTOPOM OHa 3aJaHa — NYACCOHOBbLAL.

B npuBeneHHOM onpejeleHUH Mbl OTKa3allch OT CBOMCTBA HEBBIPOkK-
nenHoctH, (T. e. VF(x) # const, 3G # const, {F,G} # 0), koTopoe 3aio-
#eHo B Boipamenuu (9), 4To Mo3BolfET, HAIpUMep, BBecTH ckoOky Ilyac-
COHa IJIA HEYeTHOMEpPHBbIX cucTeM. IIpy 3TOM myaccoHOBa CTPYKTypa Mo-
#eT ORa3aThCA BBIPOJKJAEHHON u oGnagath @ynryuamu Kasumupa Fi(x),
KOMMY THPYIOIIUMH €O BCEMU II€PEMEHHBIMH Z; U, CTaN0 ObITh, ¢ IIOGLIMU
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dbyuruuavmu — VG (x), {Fy, G} = 0 (B autepartype ana ¢pyuxunit Kasumn-
pa ymorpebasioT Takie TEPMHUHBI: aHHYJIATOPLI, NEHTpaibHble GYHRIUHU,
OTMeYeHHbIe PYHRIHMU U MPOCTO KA3UMHUPBI).

CpoiicTBa 1° — 4° nmo3BoaAIOT 3anucaTh cKoOKy Ilyaccona ¢pyHrnuit F'
1 G B ABHOM BU[E

(F,G} = Z{a:i,xj}%%. (12)
z?]

Bazucubie ckobku J¥ = {zf, 27} naspiaiorea cTpyKTYpHBIME dYHE-
LUAMHE IIyaccoHOBa MHOrooGpasusa M oTHOCHTENbHO JaHHOl, BOOGLIe OBO-
pA, JOKaIbHOH cucTeMbl koopauHat & [25]. OHu 06pasyloT CTPYyKTYpHYIO
matpuny (tensop) J = ||J¥|| paamepom n x n. Eciu

_( 0 E Y
1=( 5 §). E=1 (13)

TO MomyyaeM KaHOHMYeckylo ckoOry Ilyaccona, ompepensemyio ¢Gpopmy-
aoii (9).
Crpykrypuas matpuna J% () obragaer clielyOmuME CBoHCTBAMHE:
a) KOCOCMMMETDPHYHOCTb:

T (z) = —J (), (14)
6) Tomgectso fIrobu:
n ) ik ij 1 o
g2 4 e 09 | gt ) =0. 15
Z ( oxt Oxt ozt (15)

=1

Jlerko BUAETD, UTO BCAKAA MOCTOAHHAA KOCOCHMMETPUYECKan MaTpu-
na J% 3anaeT myaccoHOBYy CTPYKTYpY.

HUnBapuanTHplii 06HeKT, onpenensieMblii Tensopom J¥, sBaserca 6u-
BeKTOPOM (6MBEKTOPHBIM II0JIEM):

J(dF,dG) = 3 J (m)% A %,

rae dF — KOBEKTOp ¢ KOMIOHEHTaMU 8—1;;
T
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Bexropuoe none Xy = {@«, H} oupenenser Ha MHOroo6pasuy raMuib-
TOHOBY CHUCTeMY, KOTOpafd B KOMIIOHEHTHOIl 3alllcu UMeeT BHJ

&' = (Xpg)i = {«i, H} = ZJU(:U)%. (16)

J

Oyusuna H = H(r) npu 9TOM Has3bIBaeTCA TaMUIbLTOHHAHOM ((yHKIMeH
TamunbToHA).
KoMMyTaTop BeKTOPHBIX Tonell u ckoOku IlyaccoHa ¢BA3aHLI COOTHO-
LIeHHEM
(Xu, Xr] = —X(# F}
HecnoaHo Tak:ie MPpOBEPUTH, YTO M1060€ TaMIILTOHOBO T0J€ MOPOAKAACT
npeoGpasoBanue, coxpansionee ckobku [lyaccona.

Onpenenenne 1. Oyuruua F(x) HasblBaeTCA nepevim UHIMEZPALOM CUC-
membl, ecau ee npouseodnas 6doav cucmemvi pasna Hyaiw F = Xg(F) =0
([Xm,Xr] =0), amo ycaosue sxeusarenmuo momy, wmo {F,H} = 0.

2. HesbiposnaeHHaa cko6ka. CuMMIeKTHYecKad CTPYKTY-
pa. Eciu crobra Ilyaccona ABnfsieTcd HEBBIPOHIEHHOW, TO el 0JHO3HAY-
HO cOIOCTaBjifieTcA 3aMKHYyTas HeBbIposkJeHHasa 2-¢opma. leiicTBUTENDL-
HO, maa jao6oit rnagkoit ¢dyuxuuu F omepanua Xp = {F,-} aBiasercs
nudbepennupoBanieM U 3aJaeT HEKOTOPBIH KacaTenbHbI BekTop Ha M.
Bce racarennible BEKTOPBI MO#HO MPEACTABUTEL B TakoM Buje. Onpeneanm
2-bopMy w? Mo dopmyite

w*(Xe, Xr) = {F.G}.

N3 axcuom 1° —4° caegyet, uTo oHa GunuHeiiHa, KOCOCUMMETPHYHA, HEBhI-
posiieHa U 3aMKHYyTa. dTa 2-GhopMa Ha3bIBAETCH CUMNACKIMUYECKOL CIMpYK-
mypoii, a MHOr000pasue M — cumnaexmuueckum mrozoobpasuen. B obmem
ciyuae dpopMa w? umeet Bua Y, wijdw; A dxj, toe ||lwijl| = [|J¥]| 7L, B Ka-
HounueckoM caydae (13) w? = 3 dp; A dg;. K Takomy BULYy Mo Teopeme
lap6y [3] npuBoANTCA NOKaNbHO BCAKAA CHMIUIEKTHYECKAA CTPYKTYpa.

O6paTHO, HeBbIpoMjeHHasA (opMma w? NO3BONAET YCTAHOBUTL M30-
MopusM KacareibHoro T, M W KoKacaTelbHOro MPOCTPAHCTB: BEKTODPY
¢ € T,M craButca B cooTBeTcTBHE 1-hopma wgl(n) = w¥(n, &) € T M,
rae n € T;M. llyers I: TjM — T, M — obpaTtHoe oToGpaseHnne. Jlerko
IPOBepUTh, UTo ckoOra Ilyaccona aByx ¢yuruuit F, G, 3agaunasa dpopmy-
noit {F,G} = w*(IdG,IdF) yposnersopser ycnoBuam 1° — 4° u ycioBuio
HEBLIPOH IEHHOCTH.
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3. CumnierTuuyeckoe ciaoeHue. 0606ieHue TeopeMbl [ap-
6y. Ecau crobka IlyaccoHa ABnfgeTcAa BBIPO#AEHHOI, TO MyacCOHOBO MHO-
roo6pasue ((pasoBoe MPOCTPAHCTBO) paccianBaeTCA HA CHMILIEKTHYECKHE
ciou (JIMCTHI), OrpaHUYeHNe IyacCOHOBON CTPYKTYPHI HA KOTODBIE YiKe He-
BBIPOAEHO. JTHU CIOU HpeACTaBAAIOT co6Goil o6muil ypoBeHb BceX IeH-
TpalbHbIX (YHKIUN M A1A HUX crnpaBeaauBa Teopema [lap6y. Takum o6-
pa3oM, Ha CUMILIEKTHUYECKOM clloe Mbl BHOBb BO3BpalllaeMcf K CUTyaluu
CTAHAAPTHOI KaHOHMUYECKOH (CHMILIEKTHYECKON) raMHIbTOHOBONH MeXaHH-
ku. OgHaKo, IJ1A NPUIOMEHUI CBeJleHHe K TaKoil cucTeMe He Bcerjia GLIBaeT
Heo0XOJUMBIM, TaK Kak BeleT K MOTepe, HaNpuMmep, airebpaundyHocTu mud-
¢ epeHUATbLHBIX YPAaBHEHUI U OTPAaHHYEeHHOCTH NPUMeHeHUd reoMeTpHYec-
RUX MeTOHOB HCCleI0BaHUA.

Panrom myaccoHoBoit cTPYKTYpbl B Touke € M Ha3pIBaeTCA paHT
CTPYKTYPHOTO TeH30pa B 3Toil Touke (0ueBHIHO, UTO OH YeTeH). Kak npaBu-
70, MO PAHTOM IIYacCOHOBO#H CTPYKTYPhl MOHUMAIOT MaKCHUMAaNbHLIN paHT,
KOTOPBIl OHAa MMeeT B HEKOTOpoOil Touke x € M. JlnA cUMNIEKRTHYECKHX
MHOrooGpasuil paHr MyacCOHOBOI CTPYKTYPSHI B 0601 TOUKe OCTOAHEH U
MaKCHMaJeH.

Cthopmynupyem obiyto Teopemy lapGy A NpoU3BOIBHBIX (BO3MOMK-
HO BBIPOK/IEHHBIX ) [IyaCCOHOBBIX MHOroo6pasuil. JokasaTeancTBO 3TOM Teo-
pemsbl BocxoauT k Jlu [38] u Hap6y, ¢ Goree ¢popManbHBIMU paccy K IeHHAMH
MOKHO 03HaKOMHUTheA Mo pabore [45] (cM. Takke [25]).

Teopema. [ycmv (M,{-,-}) — nyacconoeo mnozo06pasue pasmepHoc-
mun u e mowke ¥ € M panz ckobku {-,-} 10KaAbHO NOCMOAHEH U pa-
sen 2r. Toeda cywecmeyem aokaabHaa cucmema (KAHOHUYECKUZ) KOOPOU-
HAM L1y 3 LpsYlyeve sYrs Z1ye -~ 3 Zn—2r, 8 KOMOpOU ckobru Illyaccona ume-
tom sud

{zi, x5} = {ys, 5} = {=is 2} = {yir 2} = {zn, 2} = 0,
{zi y;} = dij,
2del1 <i,j<r, 1<kI<n—2r.

B YRazaHHbBIX KOOpAMHaTax CUMILJIEKTUYECKUl JucT 3ajaeTcqa ypab-
HEHUAMM z; = c;, (¢; = const), a CUMIIEKTUYECKAsA CTPYKTypa Ha HeM
aagaeTca Gopmoii w = dx; A dy;. Eciin B 1106001 0OKpecTHOCTH TOYKH & PaHT
He ABJIAETCA JOKAalbHO INMOCTOAHHBIM, TO TeopeMa Hapﬁy yie He ABJIAeT-
cA crnpapeanuBoil. OgHO U3 o6obmenuit TeopeMsl Jlapby A18 TPOU3BOILHOM

Toukd noxydeno A. Beiincreitnom [45]. HopmanbHbie ¢OpMBI IIyaccOHOBBIX
cTpyKTYp BOMM3U Takoil ocoboii Touku x € M obcyxaaorea B [2, 45].
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4. IIyaccoHoBbl nogMHoroo6pasua. OrpaHnueHre cKoGKU.

Onpeneaenue 2. lycrs (M, {-,-}n), (N,{:,-}n) — myacconoBsl muoro-
o6pasus. Orobpamenue f: M — N HasbIBaeTCA NYACCOHOBbLM, €CIU

{F(f(2)),G(f(2)}m = {F,G}n(f(2)) (17)

s mo6six gyurui F,G: N — R (T. e. oToGpasmenne coxpansieT CKOORY
Myaccona).

Nycts N C M — moamMuoroo6pasue B MyacCOHOBOM MHOT00Gpasui.
Ha N wmomuo onpegeauts ckobry {-,-}n ¢yuruuit F,G: N — R no dop-
MyJe

{F.G}y = {F,G} e (18)

rje B NpaBoii YacTU CTOUT orpanuyenue ckoOku Ilyaccona gByx dhyHKIuUi
F, G, apasomuxca riagkuMu npogomkenuaMu ¢pyuxuuii F', G na o6beM-
Toliiee MHOrooGpasue M.

Onpepnenenvie 3. Ilogmuoroo6pasue N Ha3bIBACTCH NYACCOHOBbIM, €CIU
ckobKa {-, -}y He 3aBUCHT OT crnoco0a npopommenusa ¢yuxnuit F' u G.

IIpu atom otoGpasmenue BnoxeHus r: N — M ABnfeTcA myaccoHo-
BBIM.

Onpeneaenue 4. Ilyacconosa crpyrrypa {-,-}n Ha MHoroo6pasuun N, B
o01eM cinydae coiepssaljag KOHCTAHTBI, GUKCHPYIOIINE 3TO MOJMHOI0006-
pasue B M, HasbIiBaeTcA ozpanuyenuem Ha N ckoOku {-,-}.

IlyaccoHoBOCTEL NOAMHOr006pasua N rapanTupyer ais {-, -}y BbINOI-
HeHHe ToxmecTBa Hrobu. B cayuae, eciu crobra {-, -}y — HeBbIposIeHa,
COOTBETCTBYIOMIEe TOJMHOr006pasie Ha3bIBa€TCA HEBBIPOKAEHHBIM (CHM-
IIEKTUYECKHM).

Hecnoxuo npoBepuThb, YTO NOBepXHOCTH ypoBHA GyHrumnit Kasumu-
pa 3ajaloT MyaccoHOBO MOAMHOT00Gpasne, KOTOpoe ABIACTCA HEBBIPOH IEH-
HBIM, €CH PacCMOTPETh UX OOmuUil peryiafApHbI ypoBeHb. YTOGBI dyule
[OHAITH YCTPOHCTBO APYTUX IYyacCOHOBBIX NMOAMHOro00pasuil, chopMyin-
pyeM HpocThble yTBep#JeHNU A, J0Ka3aHHbIe, HAPUMeED, B [25].

IIpegnoskenvie 1. Fcau N — nyacconoso nodmuozoobpasue, mo 04 6CAKOL
dynryuu F: M — R, eexmoproe nose Xp = {-, F'}|y xacaemca N.

Ilpennokenue 2. Ecau N sadano 6 sude N = {x € M, f;(x) = 0}, mo dan
scarotll gynkuyuu F: M — R evinoaneno {fi, F'}|y =0 (8 wacmuocmu, dan
koopounamuvix Gynkyuil {fi,x;}|y =0).
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C Touku 3peHus AuHaMUKHU, pyHruuu Kasumupa npeactaBiagioT coboi
nepBble HHTErpaibl, CyLecTBYIOUNe y raMIIbTOHOBOI cucTeMsl (16) npu
n100b1x pyHRIUAX ['amuabTona H. B obumiem ciydae myaccoHOBBI IOJJMHOIO-
o6pasusA MpeacTaBIAIOT coGoil CHCTEMY UHBAPUAHIMHbLL COOMHOULeHUL TH-
HaMudecKoii cuctembl (16), Takse He 3aBHUCANIYIO OT BHIGOpPA TaMHIbLTO-
HuaHa. CUMMeTpUH, COOTBETCTBYIOIUE 3TUM (PYHKIUAM, COAeprKaTCA MOJ-
HOCTBIO B IIyacCOHOBOIH CTPYKTYpe.

Camo o6o6uieHne KiacCUYeCcKoil raMIIbTOHOBOI cuctemsl (8) Ha ciay-
yail BRIPOKJAEHHOTO CTPYKTYPHOT'0 TEeH30pa, ¢ TUHAMUYECKOH TOUKH 3peHuA
HKBHBATEHTHO PACCMOTPEHUIO CUCTeM, MpeJicTaBleHe KOTOPhIX B KAaHOHU-
YeCKOM BHJe He 0YeBHIHO 3apaHee, HO BO3ZMOKHO (IOKATbHO —3TO ClelcT-
Bue Teopemsl JapGy) Ha obumem ypoBHe ¢yuruuii Razumupa win cymect-
BYIOI[UX Y JAHHOI CHUCTEMbI NHBAPDUAHTHLIX COOTHOLIEHUI, ONPeAedAIOMnX
HeBBbIPOsKIeHHOE MyacCoOHOBO MoAMHorooGpasue.

5. IIpumepbl HekaHoHuYeckuXx cko6or Ilyaccona. CueTemsbl
¢ rupocKomnuyeckumu cuiaMu. IlycTb Ha KacaTelbHOM pacclOeHUH
TM = (q,q) 3amana narpadieBa JUHAMHUYECKaf CHCTEMa C JlarpaHiua-
HoM L, cofep:kalumM 4dieHbl, JUHeilHbIe M0 CKOPOCTAM

L:T-l—(f(q),i])-i-V(q), (19)

T(q, q) — monomuTelbHO ONpe/ieleHHas KBapaTUYHasA o ¢ hopMa KUHe-
Tnveckoil sHepruu, V(g) — norenuunan. Jluneiinsie unens B (19) moryr
BOBHHMKATL JMG0 IPU HANHYNKM B CHCTEME THPOCKONMYECKUX CHI THUNA CH-
nu1 Jlopenua, feficTByOIEH Ha 3apsl B MATHUTHOM [ofe, TM60 B MpoOlecce
MOHU:KEHNA TopAnKa o Paycy B cucTeMax, coiepanux IHKINYeCKHe Ko-

opAHHATHI [24].
af;  0fi
IBa-popma I' = E 91 _ 9fi dg; Ndq; = E gijdg; A dg; nasbiBa-
—~ \ d¢; g
1<)
ercA Gopmoil rupocronnyeckux cui. OHa onpefeieHa Ha KOHQUTYpaLHOH-
HoM npoctpancTBe M = {q} u ABnsetca samrHyToit. [lo nemme [lyankape,
JoKanbHO 3Ta opMa ABIAETCA TOYHOH, UTO MOKeT ObITh He BBIMOIHEHO
riobanbuo. B atoM cnyuae narpanmuan (19) He ABnAeTcA raoGanbHo ompe-
JeJeHHbIM Ha KacaTeabHOM paccioeHnu (TouHee, oguu-dopma Y. fi(q) dg;
i

B garpammxuade (19) ne ompenenena rioGanbuo). Ecau nepeiitu ¢ nomo-
mbio npeobpasoBaHud JlemaHnapa oT Jarpan:keBa ¢popManu3dMa K TaMHIb-
TOHOBY, TO IONYUYeHHBbI!l TakuM o6pa3oM raMuiIbTOHUAH TaK#ie He OyJer
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omnpefeieH rno6albHO HAa KOKacaTelbHOM paccioeHuu (KpoMe cilydas, Kor-
aa ¢opma I' Touna I' = dA). Yro6bl coXxpaHUTL OJHO3HAYHOCTL raMHIb-
TOHHAHA, MOKHO BBINOJHUTEL IpeoGpasoBanue Jemanapa 6e3 yuera B (19)
AUHENHHBIX MO § UieHOB. ITO MPUBEJET K raMUILTOHOBOHN cHUCTeMe ¢ TIo-
GanbHO ONMpeaeNeHHbIM TaMUILTOHHAHOM (KOTOPBI MONE3HO UMETh JUIfl TO-
IOJOrMYECKUX HUCCIeJOBaHU B «ueaomy [24]), 04HAKO K CUMILIEKTHYECKOi
crpykrype w? = 3 dg; A dg; n06aBUTCH JONOIHUTENbHBIH (rUpoCKonnyec-

kuit) wren I' =" g;;dq; A dg;. B crobre Ilyaccona Tam:e HOABATCA JO-

NOJHATeNbHbIe caaraemble {¢;,q;} = 0, {q¢,p;} = 07, {pi,pi} = &ij ().
Briarouenne rupockKonuyecKkux 4ieHoB B ckoOky IlyaccoHa 6nuio mpeplio-
#eHo Cypbo [44]. B pa6ote [24] usnomeHHble coobpameHna NpUMeHEHbBI K
ypaBHenusaM Kupxrocga, 4To MO3BONMIO ABHO BHIENUTHL TioGalbHbIE B-
¢ertor (Tuna «mMoHonoind Juparar) npu npusefenuu no Paycy ypaBHeHUid
aBuskeHuA Ha chepy Ilyaccona.

6. Crob6ra JIu—Ilyaccona. [Ipyroii BaHbIil NpuMep IyaccOHOBOI

CTPYKTYPHI cBA3aH ¢ anre6pamu Jlu. Ilycthb cfj — CTPYKTYpHbIE KOHCTaH-
Tbl anre6psl & B Oasuce {vq, ..., vp}. Crobra Ju—Iyaccona ([38], T. 3,
ri. 25, §115, popmyana (75)) napst dyuruuit F, H, 3ajanHbpIX Ha HEKOTOPOM
(npyrom) nuHeitHoMm mpocTpaHcTBe V' ¢ KoopauHaTtamMu & = (L1, ... , Tp) U
6asncom {w!, ..., w"} onpenensercsa Gpopmyoii
- OF OH
i,j=

rue Jij(m) = E cfjmk — JMHEHBIH N0 X} CTPYKTYPHBIN TeH30p. Bee He-
k
06Xx0IMMbIe TOJeCTBa A CTPYKTYPHOrO TeH30pa MO#HO NOIYyUYUTh U3
CBOMCTB CTPYKTYPHBIX KOHCTAHT anre6psnl Jlu:
k
Jio
1 m ) m 1 my
2. E (Cimcjk + Ckmc,,:j + ijcki) =0.
m

ko
l.cij——c

Bonee unBapuantHoe omucanue cTpykTypbl Ju-Ilyaccona menaerca
caeqyromumM o6pasoM. A mo6Goro BekTOopHOro mpoctpaHcTBa V u raaf-
roit pyuxuuu F: V — R, nudpdepennuan dF(x) B moboit Touke & € V
ABIAETCA 31eMeHTOM JBOHCTBEHHOr0 BEKTOPHOI'0 mpocTpaHcTBa V¥, cocto-
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Amero u3 MuHeliHbIX ¢yHKIIHOHANOB Ha V. [lo onpenenenuto

(dF(2), y) = lim L& +eY) — F(@)

e—0 € ’

s moGoro y € V, a onepanus (-,+) ecTb eCTeCTBEHHOe cCapuBaHue Mpo-
cTpaHcTBa V U [BOHCTBEHHOrO K Hemy IpocTpaHcTBa V*. YuuTbiBaa 3To,
MOMKHO OTOKJECTBUTDH JHMHEHHOe NpOCTPaHCTBO V, yuacTBylollee B HC-
xoHoit KoHeTpykiuu ckobok Jlu-Ilyaccona ¢ ABoiiCTBEHHBIM MPOCTPAHCT-
BoM g* & aarebpe Jlu g, npuuem {w!,... ,w"} — nBoiicTBeHHbIH Gazuc K
{v1,... ,v,}. Auddepennuan dF (x) moboit pyuxuun F: g* — R (ompene-
JeHHO}l Ha AyalbHOM HPOCTPAHCTBE) ABIAETCH IEMEHTOM IPOCTPAHCTBA
(¢*)* ~ g. Crobra Jlu-Ilyaccona B uHBapuaHTHOIl hopMe UMeeT BUJ

{F,H}(z) = (z,[dF (z),dH(z)]), =¢cg, (21)

rae [+, ] — cxoOka JIu Ha camoit anre6pe g.

CuMmiiekTHYecKkoe ciaoenne qig ckobku Ju-Ilyaccona Ha OBOWCTBEH-
HOM TIpocTpaHcTBe g* K anreGpe Jlu uMeeT 0coGeHHO 3aMevaTelbHYIO WH-
TeplpeTalunio B TepMUHAX MpeAcTaBIeHN A, IBOHCTBEHHOr0 K NpUCOeHHeH-
HOMY npejcTaBieHuio rpynnsl Ju g Ha aare6pe Jlu g (cm. [2, 25]).

IIyers & — rpynna Jlu ¢ anre6poit JIu g. Ilo onpemenenuio rompu-
COeIMHEeHHBIM JeificTBHeM 3lieMeHTa rpynnel | € & HasbiBaeTcA JUHEHHoe
oToGpasmenne Ad]: g* — ¢g* NBOHCTBEHHOTO MPOCTPAHCTBA, YIOBIETBOPA-
Iollee yCIoBIIO

(Ad] w, w) = (w, Ad;-1 w) (22)

s Beex w € g*, w € g, a Ad; — npucoepuHenHoe neicTBHe 3leMeHTa [
Ha g.

Ecnu oTommecTBUTH KacaTelbHOoe mpocTpaHcTBo T'g*|,, w € g* ¢ ca-
MUM MPOCTPAHCTBOM g* (aHAIOTUYHO cAeNaTh U A g,) TO MOMHO NONYYNUTh
UHPUHUTEe3UMabHbIe 06pasyolie KoNpucoeJUHeHHOro AeHcTBUA audpde-
peHnupoBanueM paBeHcTBa (22)

(ady w, w) = —(w,ad, w) = (w, [v, w]),

roe v,w € ¢, w € g*. [laa npucoegmHeHHOro npeacTtabieHud ad, v =
= [w, v].

Kompucoenuuennoe fefictBue n ckobra Jlu-Ilyaccona caszanbl cneny-
IOUIMM 3aMedaTedbHbIM YTBEPHIEHUEM, J0Ka3aTelbCTBO KOTOPOr0 MOMHO
Haiitu B [2, 25, 28].
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Teopema 1. Tycmvs & — ceasnaa epynna Ju ¢ ronpucoeduHeHHbLM Npeo-
cmasaenuen Ady na g*. Tozda opoumot npedcmasaenusn Ady 6 mounocmu
€o8nadawm co CA0AMU CUMNACKIMULECKO20 CA0CHUA, UHOYUUPOBAHHO20 CKOO-
rotl Ju—Iyaccona na g*.

B yactHOCTH, OPOUTEI KONIPHUCOEAMHEHHOTO Npe/CTaBleHNA rpynner &
ABIAIOTCA YeTHOMEPHBIMY NoAMHOroo6pa3usamu B g*. Kpome Toro, ana kam-
moro ajeMenTa g € G KompucoeauHennoe orobpaskenue Ad* g apnserca my-
accoHoBbIM (coxpaHseT cko6Kry IlyaccoHa) 1 ocTaBifAeT HAa MeCTe CIOU HTOTO
cnoenus. B cnyuae, ecnu pa3aMepHOCTh OpOUTHI KONPHCOEJUHEHHOT0 Mpe-
CTaBJIeHUA He ABIfAeTCA MaKCUMalbHON, TO OHA HA3bIBAETCA CUHIYJIAPHOM.
Mosno nokazaTh, UTO Takue opOUTHI ABAAIOTCA NMyacCOHOBLIMH MHOT000-
pasufAMU — CUHTYIAPHBIMHU CUMIIEKTUYECKUMU JTUCTaMU.
3AMEYAHHE 1. Ilpu peayknuu Ha op6UTY KompHcOeIUHEHHOT'0 HpejAcTaBICHUA
BO3HIKaeT HEeBLIPOKJeHHasg cKoGKa, MOPOKJaomas COOTBETCTBYIOMYIO 3aMK-
HYTYIO HeBBIpOiIeHHYIO 2-popmy. Irta dopma Geina (HezaBucumo ot C.JIn)
OTKpbITa BepesuHpIM M mucnoab3oBadack KupumnoBeiM, Koctantom u Cypro B
CBAI3M ¢ TeopHell NpeACTaBIeHUII U reoMeTpPUYeCKHMM KBaHToBaHHeM. Tepmuu
«robra Jlu-Ilyaccona» BBemen A.BeiincreiinoMm (KOTOpbIi BBex Takme Tep-
MHH «byHENNA Kasumupay, BooGuie roBops, HCTOPUYECKHU Majo OIpaBIaHHBII.
Kasumup (H.B. G. Casimir), BBIMOTHABIINI AHCCEPTANMIO NOA PYKOBOACTBOM
II. pendecta (P. Ehrenfest), ucnoanzoBan 3To MOHATHE MPU KBAHTOBAHUU ypPaB-
HeHuil Ditaepa ceoGoguoro Bonuka [34]. C.JIu HaspiBal 3TH QYHKIHH OTMEIeHHbI-
mu (ausgezeichnete Funktionen) [38].

YpaBuenus IN'amunbTona aiaa cTpykTyps! JIu-Ilyaccona
i‘i = {xi, H} (23)

B NOKOMIIOHEHTHOM 3allUCH UMEIOT BU/
. k.. OH
&; = E CijTh s (24)
o ox?
d

YpaBHenus (24) MoxHo 3anucaTb B 6ojlee MHBaDUAHTHOM BH[E
¢ =adgy(z), zeg’, (25)

rae adg, (£ € g) — omepaTop KOTpPHCOEMHEHHOT0 Mpe/CTaBleH A anre6phl
Ju g: adg: g* — g*.

7. IIpunoskenua K MexaHuke. OkasbiBaeTcA, UTO pAJ 3a7ady Mexa-
HUKH, HATIPUMeEp, ypaBHeHU, U3yyaeMble B KIaCCHYeCKON JUHAMUKE TBep-
J0TO Tella, fUHAMUKEe BHXpeil, MOTYT ObITh 3amucadbl B BHe ypaBHeHUl
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FamunbToHa Ha myaccoHoBOM MHOroo6pasui co ckob6roit Jlu-Ilyaccona (20).
OTauuueM 3THUX ypaBHEHU 0T KAHOHMYeCKOil (G OpMBI 3alUCH, KaK NPABUIIO,
ABAAETCA UX NPOCTOTA U alre6panyHOCTb.

OcraHoBuMcA Gonee noapo6HO Ha ckobrax IlyaccoHa, Bo3HUKaONUX B
AUHaMKKe TBepJoro Tela.

IIpu BrIGOpe nepeMeHHBIX IJIA ONUCAHUA JABUKEHUA TBEPAOro Teja Bo-
KpYT HENOJABHMKHON TOYKU, B KOTOPBIX YPaBHEHNUA [BUKEHUA UMEIOT Hau-
Gonee npocToii Bug, ewe J. Jitnep (1758 r.) npemiozsiml HCIOIb30BATh NPO-
eKIIUN KMHETUUYEeCKOTO MOMEHTa TBEepJIOro Tella Ha 0CU, CBA3AHHOHN ¢ TeloM
CUCTEeMbI KOOpJAUHAT. YpaBHeHUA Jiinepa, oMUCLIBalOIINe BpalleHle TBep-
moro Tena no uHepuuu (I — TeH30p MHEPIUH)

M=Mx AM,

(26)
A= I_l = diag(al,a2,a3), M = (Ml, Mz, Mg),

MOryT ObITh 3amucaHbl Kak ypaBHeHusa [amMmuiabToHa co ckoGkroit Jln—
IMyaccona, noposieHHOil CTPYKTYPHBIMU KOHCTAHTAMHU aire6psl so(3):

{Mi,Mj} = _EijkMk (27)

u dyurnueit amunsrona H = (AM, M) /2.
CroOxa (27) aBnAeTca BbIPOMJEHHOI U obnanaer gyHnkuueit Kasumn-
pa — HHTEerpajioM MOMEHTa:

M? = M? + M2 4+ M2.

HenyneBoit ypoBeHb 3Toit GYyHKIUM 3a0aeT CUMIUIEKTUYECKHH THCT —
ABYMepHYIO cdepy, IpU PeIyKUUU HA Hero ckobGra (27) cTaHOBHTCH HEBbI-
POKIEHHOH — ee paHr paBeH ABYM (LeHTpP cdepbl ABIACTCA CUHTYIAPHON
HyJIbMepHoit op6uToii). Koopaunatamu lap6y B 9TOM ciydae ABISETCH CUC-
TeMa UHINHAPUYIECKHX KOOpAUHAT [25].

3aganue ramuibToHnana H B Bune

H =

(AM, M) = 5(Iw,w),

DO | —
DO —

omnpejenfieT NeBOMHBAPHUAHTHYIO PUMaHOBY MeTpHRy Ha rpymme Ju SO(3).
Omnepatopsl A: g — g*, u obpaTHslii emy A~! = I': g* — g ABAAIOTCA NO-
JOMUTENbLHO ONpe/IeIeHHBIMU U 3a/1aI0T MIePeX0/] OT YTIOBLIX CKOPOCTEil w K
KOMIIOHEHTaM KuHeTHn4Yeckoro momenta M. YpaBuenus (25) npeactaBisioT
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co6oil ypaBHEHHUA TeoJie3uUecKUuX Ha rpymmne Jlu, cHabxeHHON JeBOUHBAPH-
aHTHOIl puMaHoBOil MeTpuKoil. CBA3L Mem/Iy YpaBHEHUAMU TeoIe3UUeCKUX
U ypaBHeHMAMHU Jiinepa IHHAMHKN TBepHOro Tena obcy:xaaeTca B [3], rie
TaKe AaeTCA ompejeleHue YIVIOBOH CKOPOCTH (KMHETHYECKOr0 MOMEHTA)
B Telle M MPOCTPAHCTBE, Kak 31eMeHTOoB aire6p JIu, MoayueHHbIX mepeHece-
HUEM U3 KacaTelbHOTO MPOCTPAHCTBA B HEKOTOPOH Touke rpynmbl & mpu
TIOMOIITH, COOTBETCTBEHHO, JEBLIX U TPaBLIX CABUTOB. JIeBOWHBAapUAHTHOCTE
($OopMBI KHHETHYECKOH HEepruu TBEpAOTo Tela TPU 3TOM 00yCIoBIeHa TeM,
YTO OHA ONpefeNfgeTcsa BEKTOPOM YIIIOBOH CKOPOCTH B Telle U HE 3aBUCUT
OT PAacIolOKeHUs Tena B MPOCTPAHCTBE.

Passusas ugeio ditnepa, C. Ilyaccon (1810 r.) BoiBen Gonee o6iuiue ypas-
HEHHUs, ONUCLIBAIONINE JBUKEHNEe TAMKEIOro TBEPAOro Tela B OJHOPOJHOM
HoJe TAMECTH BOKPYT HEMOIBUAHON TOYKH, UCMOAL3YA, HAPALY € KOMIIO-
HEHTaMll BeKTOpa KUHETHMYECKOTO0 MOMEHTa, MPOEKINM eIMHUYHOr0 OpTa
BepTHRAIN ¥ = (7y1,7Y2,73) HA Te He OCH.

OxasbiBaeTcs, yTo ypaBHenusa diinepa—Ilyaccona (a Tawme ypaBHe-
aua Kupxroda, onuceiBaioine [BUzeHHE OTHOPOAHOTO TBEPIOro Tela B
HjeaibHOil Ge3BHXPEBON JKUAKOCTH [0 WHepUUHU) B HepeMeHHbIX (M, <)
MOr'yT GbIThL MpeACTaBleHbl KaKk TraMHILTOHOBBI YPaBHEHUA €O CKOOKOMH
Ju—TIlyaccona, onpegensieMoil KOMMYTallMOHHBIMU COOTHONIEHUSIMM:

{M;, M;} = —eijuMy, {Mi,v;} = —cijevn, {77} =0 (28)

U raMuibToHuanoMm H = %(AM, M)+ P(r,y),rne A =I"1 I — tensop

uHepuuu, P — Bec Tena, 7 — pajinyc-BEKTOpP LEHTpPa MacC B CUCTEMe,
CBA3AHHON C TEIOM.

JTH KOMMYTAIMOHHBIE COOTHOIIEHUA OTBevaloT anrebpe e(3), ABnsdiO-
melicA NOLympAMOil cyMMoii anreGpbl BpameHuit so(3) u TpexmepHoil ai-
re6pel Tpancaanuit R%. Ata anre6pa He ABNAeTcA MOMTYNpPOCTOit i 06aagaeT
abeieBbIM HealoM, olpejelseMbiM nepeMeHHbIMU ;. [lepeMenHbie Tuna
(M,~) B MexaHHKe Ha3bIBAIOT MHOIJA KBa3UKOOPIMHATAMH.

JIBuskeHnA Tena ¢ MOJOCTAMHU, MMEIOMMMH KUJKOEe BHXpeBoe Ha-
MoMHeHNe, MOKHO TaKKe ONHMcaTh Kak TaMHILTOHOBY CHCTeMY Ha al-
rebpe so(4), ABaALOIelicA NpPAMONA cyMMoOl JByX ainre6p BpalleHuii:
s0(4) = 50(3) ® so(3). llpu srom, ogun 3r3eMIIAp s0(3) oOTBeYaeT KUHETHU-
YeCKOMY MOMEHTY Telna, a8 BTOpoii — BeKTopy 3aBuxpenHoctu (cM. [8, 30]).
YpaBHeHUA IBUKEHHA B 3TOM ciydae 6b11u nonyuens! A. [Iyankape [42], ko-
TOPBIN MOYTHU B COBPEMEHHOI opMe OTMETHI UX CBA3b ¢ anrebpoii so(4).
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JIpyrue npumepbl raMUJIbTOHOBBIX YpPaBHEHUH, HEKOTOpble U3 KOTOPBIX
UMeloT $pusnvyecroe 060CHOBaHUe, IPUBEAEHbl B KHUTaX [8, 30].
3AMEYAHHUE 2. OwrasepiBaercs, 9TO B Buie (25) MOryT GBITH TaKsKe 3alHCaHbI
TUIpOAMHAMUYeCKIe ypaBHeHUu A Jiinepa uaealbHoi (HecKUMaeMoi U HeBA3KOM)
mugroctu. B aTOM ciryuae B kauecTBe $a30BOro IpocTpaHCTBa BRICTYIaeT rpymmna
nuddeomophr3MoB 061aCTH TEUEHHUs, COXPAHAIOMNX 3IeMeHT o6bema [1, 3].

3AMEYAHHME 3. B ruapoaunamMuke KaHoHMYeCKUe KOODJUHATLI Ha CUMILIEKTHYec-
KOM JIHCTe HasblBaloTeA mepeMeHHbMU Kiebma [39]. Ecan ux BBefjeHNe 10KaIbHO
BO3MOzHO 10 TeopeMe JlapGy, To rio6anbHoe olpefeleHUe clelaTh He Tak Ipoc-
TO, @ MHOTJa U HeBO3MOKHO. JT0 06yCJOBJI€HO TOMOIOrHeil CHMINIEKTHYECKOTo
aucTa.

B nocnegHee BpeMA KpoMme IUHEHHBIX OGCyIalOTCA Tarke KBal-
patuuHbie ckoOku Ilyaccona. Comep:aTelbHbI NpUMep CYIIECTBOBAHUA
KBaJIpATUUHBIX KOMMYTAIMOHHLIX COOTHOIIEHU, BOSHUKININI U3 aHamu3a
ypaBHenuit {ura—baxcTtepa, 6b11 yrasan E. K. CknaauasiM. OH pacemoTpen
anarebpy cro6Gor Ilyaccona, mopoimeHHYIO ClIeJyIOIUMH COOTHOIIEHUAMHU
Memay obpasywomumu So, Sq, Sg, Sy [26]:

< {80sSot = 205,555y, = {Sa,Sp} = 25055, (29)
rue
‘—)Jag :Ja—Jg, Ja,Jg,J,y e R

(smech u ganee <> 06o3HAYAET MUKINYECKUE MEPECTAHOBKY MHICKCOB.)
Crobka, 3anaBaemMas coOTHoIeHUAMU (29), ABAAETCA BLIPOHACHHOIA.
Ona oGaagaet pyurnuamu Kasumupa

Fy=82+S5+82, Fp=53+JuSL+J3S;+J,82.  (30)

Boaee caomubrit npumep kBagpaTuuHoii anre6psl cko6ok Ilyaccona 6b1a
ykasaH B pabote [11]. IIpu sTom meskay obpasyiomumu A, B, C, D umeiorcs
clefyIole KOMMY TallUOHHbIe COOTHOUIEHUSA

{A,B}=-AB, {B,C} =0, {A,C} = -AC,

(B,D} = —BD, {A.D}=-2BC, {C.D}=-cD. OV

Crobka (31) tarke aBnserca BoipokaeHHoil. Ke nenrpanbupivu ¢yHruus-
MU ABIAIOTCA

F = AD - BC, F,=B/C. (32)



Crobku Jupara 8 zeomempuu u meraHuke 121

KBagpatuunsie ckobku Ilyaccona BO3HHKAIOT Takie B MHOI'OMEDHBIX
nHTerpupyembix nenouxax Toasl u Bonbreppa u pacemorpenst B kaure [10].

8. IIpouieaypsl orpannyeHnd U ckob6ka Jupaka. B n. 1 6b11a pac-
CMOTpPeHa BO3MOKHOCTh OrpaHHYeHUs [yaccOHOBOI cTpykTypsl (M, J) Ha
HeKoTopoe nogMHoroo6pasue N, C M 3amaHHOIl, HanpuMep, COBMECTHBIM
ypoBueM dyuruuit f;(x) = ¢;, ¢; = const, i = 1,...,s. Okazanocb, 4T0 111
3TOT0 OHO JOJHHO GBITH MYaCCOHOBBIM, TO €CTh A Mo6oil pyuruun F(x)
JOJAHO GBITh BBIMONHEHO

{fi(w),F(m)}‘NC: 0, i=1,...,s. (33)

TeomeTpuuecknii cMbich yciaoBus (33) COCTOUT B TOM, YTO BCe FaMHIb-
TOHOBBI BEKTOPHbIE MOMA KacaioTe N, 1 0ITOMY KOPPEKTHO Ha HETO Orpa-
HUYHBAIOTCA.

PaccMoTpuM B HEKOTOPOM CMbICIe MPOTHBOIONOKHYIO CHTYALHIO,
Korga mas QyHKUMi f;, ompeleNAOWNX MOAMHOroo6pasme N, mMarpuua
| fi;ll = ||{fz,f]}|| HEBBLIPOiIeHA

det | f51] # 0. (34)

Ecau muoroo6pasue M fABIAeTCH CUMILIEKTUIECKUM, TO ycioBue (34),
BBHINIOJHEHHOE Ha BeeM [V, ABNAETCA He0OXOJUMbBIM U I0CTATOYHBIM YCIOBH-
€M ero CUMIUIEKTHUYHOCTU. 3JaMKHYTas (opMa, 3ajaroniad Ha HeM CUMILIEK-
TUYECKYIO CTPYKTYPY, MOLYydYaeTcsa U3 MCXOLHOH w (3agaHHoil Ha Bcem M
IpH NOMOIIH OOLIYHOI ollepallid orpaHUuYeHUd w|NE [2, 28]. IIpuBenenuasn
Jajee Mpoleqypa MOKeT paccMaTpUBaThbcA Kak 0000IeHHe olepaluy orpa-
HUUYEHUS CUMIUIeKTHYecKOl ¢hopmbl. [Ipu sTom dyHRIUM f;, 3agatoinne no-
MHOroo6pasus, B cMbicie ycioBus (34) MakcUMalbHO HEKOMMY TUPYIOT.

B sTOoM ciyvae npousBoIbHOE raMUIBTOHOBO BeKTOpHOe nose Ha M f10-
MycKaeT eIMHCTBEHHYIO IPOEKIHUIO Ha KacaTelbHOe IPOCTPAHCTBO K MOJ-
MHoroo6pasuio V.. Bo3HUKalolllee mpu 3TOM BEKTOpHOe Mole Tak:Ke fB-
JAAETCA TaMUILTOHOBHIM OTHOCHUTEILHO HOBOMH MyacCOHOBOH CTPYKTYPhI —
&; = {x;, H} p, onpeneasemoii no ¢popmyie

{g,h}p = {g,h} + Y _{g. fi}cii{h. fi}, (35)

ij

rae [leill = [1{fi, £ I
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CroOxra (35) nasviBaerca ckoOkoil Jupaka [13, 36] u MomeT paccmat-
puBarbea Bo BceM dazoBoM npoctpanctse M (B cuabHoM cwmeicie mo -
paKy), Tak Kak 3aMedaTelbHbIM 06pa3oM yAOBIETBOPAET HA HEM TOK-
nectBy flko6u (a He Tonbko Ha N.). OHa KOPPEKTHO ONpejeieHa TaKKe
IpU YCIOBUHM BBIPOKAEHHOCTH MEPBOHAYANBLHON MyacCOHOBOH CTPYKTYpPbI
na M. ®yukuuu f;(2) ABIAIOTCA LeHTpalIbHBIMU JiA cKo6kU (35). B BbI-
PO IEHHOM Clyuyae OHU MOMONHAIOT yiKe cyllecTBYIONUi Habop HeHTpalb-
HeIX QyHENMWi. B cTpykType Hupaka 3Tu QyHKIUM HAXOAATCA B UHBOIIO-
wmn {fi, fi}p = 0.

Mycts L(f) — nuHeiiHas oGonodka BeKTOpHBIX noneil Xy = {z, fi}
uepes L(f), a HM — mnpocTpaHCTBO TaMHIbTOHOBBIX IHojeil. Ycio-
Bie (34) osmauaeT, 4UTO Bce moifd Xy, TpaHcBepcalbHbI K KacaTelLHOMY
paccioenuio TN, u HeszaBucumbl. Taxum oGpasom, ompejeneHo paccioe-
aue HM = TN, ® L(f), nosBoasoouee 0poekTHPOBaTh BeKTopHOe mone X g
na TN, Brons L(f). B cumnnextuueckom cayuae nona Xg u Xy — X5,
rie XZ = {z, H}p opTOroHanbHbl OTHOCUTENLHO CUMILIEKTHYECKOl dop-
mbl: w(X g, XH—Xg) =0,T.e. Xg npeacTaBifeT cob0il KOCOOPTOrOHab-
Hyto npoeknuio noisa X g Ha T N.. l'amMunabToHOBO nose X y coBnagaet ¢ X}_}
Ha N, Tor[a u TONbKO TOra, koraa X g kacaeTcA HoAMHoroo6pasus. B atom
cnyuae GyHRIuu f;, onpefensionue N., 3a0al0T cucmemy UHEAPUAHTIHbLE
COOmHOWeHUT TaMUIbTOHOBA MOTOKa X .
3AMEYAHEE 4. Tlone X5 Momer GITh Tamske MOLyYeHO 63 ABHOLO BbIUMCICHHS
cro6ku (35), MeTogoM HeompejeleHHbIX MHOmuTenell Jlarpanma [13]. lasa sToro
paccMOTpUM raMmujbTOHUaAH

H* :H(m)—f-z)\i(fi —¢i), (36)

i
conapatomuii ¢ H(x) Ha N.. Ycnosusa kacanusa noasa X g+ noamuoroo6pasus N,
HIPUHUMAIOT BUJ

k

B cuny (34) cucrema (37) momyckaeT eIMHCTBEHHOE pellleHHe OTHOCUTEIbHO Ai ().
Hecrnoskuo mpoBepuTh Tarske, uto noas Xy« X5 cosmagaor na N,.

3AMEYAHUE 5. MeToa HeollpeJelleHHBIX MHOKHUTeell, YKa3aHHLIH B IpeAbIAYIIeM
3aMe4yaHUH, 03BOJIseT KOHCTPYKTHBHO MOIYIUTh CUCTEMY MHBApHAaHTHBIX COOT-
HOIIeHUH B JUHAMH4ecKHX npo6iaemax. [las sToro Heo6xoAuMoO 3aJaTh NEPBOHA-
yalabHYI0 $OpMY 0OHOT0 U3 IpeArnolaraeMbIX HHBapUaHTHBIX COCTOAHUI ¢ Heolpe-
JeleHHBIMH K03 UIIeHTaMU, a 3aTeM NPOoAenaTh Heckoabko mwaros (36), (37) o
TeX 10, I0Ka cHcTeMa HHBapUaHTHBIX COOTHOIIEHNI He 6yeT OAHO3HAYHO paspe-
MIYMa OTHOCHTEAbLHO HeollpeeleHHbIX K03¢h GUIIMeHTOB U MHo:kHuTeReit Ar. Takoit
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HoCIe0BaTelbHbIA MeTOA, He YUMTHIBAIONMHA, OJHAKO, TaMUIBTOHOBOH (OPMBI
yPaBHeHHi IBUA€EHNUA, ObLI, 10 CYIIeCTBY, HCIOAb30BaH Kilaccukamy (YamibIrus,
CrernoB, JIADYHOB) IpH MOMCKEe MHBaPHAaHTHBIX COOTHOLIEHMI H YaCTHBIX pelle-
HUIT B AMHaMIKe TBepioro Tera [5].

9. Pegyunua Jupaka. Tark kar anda mona X}_} paHT MmyaccoHOBOIt
s
2
pedykyus mepBOHavYalbHONH raMuiabToHOBOH cucteMbl X . C anreGpaudec-

KO TOUKH 3peHMA, PelylUHPOBaHHAA CTPYKTYpa, BO3MOMKHO, MpHOGpeTaeT
JOTOJHUTENbHbIE IPOGHO-palfoHalbHbIE claraeMblie, onpenensembie (op-
mynoit (35).

B kypcax raMuibTOHOBOH MeXaHUKM OGBIYHO paccMaTpPUBAIOT PELyK-
LMIO TaMUIbTOHOBO} cucTeMbl, o6iafaioneil 0NOIHUTENbHBIME ePBbIMH
unrerpanaMu. Eciu aTu nuTerpansl MuHEHHLI M0 UMIyJIbcaM, TO IpOLECC
PeAYKIHMH CBOIUTCA K HCKIIOUEHHIO IUKINIECKOI KOOPAUHATHI U BOCXOAUT
k 3. Paycy. CooTBeTcTByIOIINE HHTErpaNbl HOCAT HA3BaHUE LNUKINIECKUX
WM HeTepoBcKUX. X cymecTBOBaHMe, Kak IPaBUIO, CBA38HO ¢ ABHBLIMU
CHMMETPHAMHI ANHAMHUYECKOH cucTeMbl. AnreGpanyuecKuil aHaior peayk-
uuy Payca, cBA3aHHBII ¢ MOHUAEHMEM paHTa IIyacCcOHOBOIl CTPYKTYpBI U3-
nosket B [10]. lnA HeAuHEHHBIX 0 HMIYIbCAM MHTErpaioB (COOTBETCTBYIO-
1[Me CUMMeTPHH Ha3bIBAIOTCH «CKPBITHIMIY) MpOLece MOHIKEHUA MOpAIKa
0GBIYHO KOHCTPYKTHUBHO He BBINOTHHM.

Meton Jupaka ¥ cOOTBeTCTBYyIOLaA peJyKUUA OTHOCATCA K JUHAa-
MHUYECKHM cHcTeMaM, o6ajaouMy HHBAPUaHTHBIMU COOTHOLIEHUAMU —
KaK [paBUiIO, HeluHeitHpIMU. OHM MOI'YT M3HAUalbHO CYIIECTBOBATh Y 3a-
AaHHOH raMHIbTOHOBON CHCTEMBI, 8 TaKike MOJydaThcA B pe3ylbTaTe Bbl-
MONHEHHA HEKOTOPBIX MPeelbHBIX MePexXo/IoB.

Pacemorpum npouepypy peaykuun Jupaka B Gonee obuieit dpopme.

Oycrb det||fi;]| = 0. Torna HM # TN, & L(f), To ecTb KacaTelb-
HOe npocTpaHeTBO K N, 1 nois Xy, He NOPOKAAIOT Gasuc B NIPOCTPAHCTBE
BerTopHbIX noselt u L(f) N TN, # &, T. e. yacThb BEKTOPHBIX MoJeil Kaca-
etca N,.

TlonxogAmuM BeIGOPpOM (YHKIMIT fl(a:) B Kamjaoii Touke N, mMaTpwu-
ua || fi;|| MoseT GbITh NpUBeleHA K BULY

cTpyKTYpSbI (35) ynan Ha £ egunui, To 6yJeM rOBOPUTH, YTO [IPOU3BeAEHA

1 2k
if 010

Sl = . 38

Il = |1 (39)
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Jomycrum, uro paur ||fi;ll, 4,5 = 1+ 1,...,1 + 2k paBen 2k. Tor-
Ja BO3MOMHO KOPPEKTHO ONpelelnTh MPOEKIUI0 raMWibToHOBa noisa Xpg
Ha noaMHorooGpaswe Nf = {x: fi(x = ¢, i = L+ 1,...,1 + 2k}.
Mpu stom HM = L*(f) ® TN}, roe L*(f) — nuneiinag oGonouxa mo-
aeft Xy ¢ =1+ 1,...,1 + 2k na N}. Ilonyuennoe B pesyabTaTe Ipo-
eI BeKTopHoe mone Xj;, fABIAONeecAd aMUILTOHOBBIM OTHOCHTEIb-

HO croGKH (35) Ha N, UMeeT WHBOIIOTHBHBIN HabOp HMHTErpaloB ABHHe-

aua Fi(x) = fi(x) i =1,...,l. C ucnonp3oBanneM 3TOro MeToAa BO3-
Ng

MO Ha PeAyKUHA Mo cuMMeTpuaAM (peaykunsa Payca), onucannas B [10].
Omucannan ofmasa KOHCTPYKLHUA A BBIpOseHHOH MaTpuust ||f;;l|

Goina Tarske uaBecTHa Jupary [36]. UrHopupys TpagnuuOHHBIH MaTema-

TUYeCKHUil popManusm (Hampumep, He UcHoib3yd Teopemy Dpobenuyca),

OH Jokasal HHTerpupyemocTb moireit Xz ¢ = 1,...,l Ha N}. OyHK-
uua fr(x), ¢ = 1,...,] dupak HasbiBal BeldYMHAMH NEPBOro poja,
a fi(g) i=1+1,...,l + 2k — BenuuuHaMu BTOPOTO poja, NpUAaBafd UM

pas3nuyHblil pu3nUecKuil cMbICI.

3AMEYAHHUE 6. IlpuBeaeHHasa cxema peQyKIMHd MO;KeT ObITh MCIIOJIb30BaHa B
TEOpUU HEKOMMYTAaTUBHOI0 MHTerpupoBanus. IIpeanonosumM, 4To raMuibTOHO-
Ba cHCTeMa Ha CHMILIEKTHYecKoM MHoroo6pasuu (M?", w) momyckaeT MHBapH-
aHTHOe NogMHOrooGpaswue, 3amaBaemoe n + k dyuxnuavu N, = {z | fi(z) = ¢,
i=1,...,n+k} {fi(z), H}|NE = 0, rakumu, uto rank ||{f;, f;}|| = 2k. Pas-
6uBaA (YHKIMM Ha [Ba COOTBETCTBYIOMUX KJacca W orpaHMuYuBaa no Jupary
cucreMy Ha 2n — 2k-MepHoe cHMMILIGKTHYecKoe MHorobpasue N, NOIy4YHM ra-
MHJIBTOHOBY CHCTEMYy, 00J1aJalomyio n — k MHBOIIOTUBHBEIMHU IIepPBLIMU HHTErpa-
namu. OHa y#ze ABIAETCA MHTerpupyemoii mo JIuyBuamo B 06LIYHOM CMbICIe, a
TPaeKkTOPHUY ABIAIOTCA KBAa3UIEPUOJUIeCKUMH 00MOTKaMU 7 — k-MepHBIX TODOB.

3AMEYAHME 7. B o6mem ciydae 1 raMHUIBTOHOBOM cucTtembl Ha M ™, oGramaro-
el THBOMIOTUBHLIM HaGopOM MHTErpaioB

{fi(z), H} =0, i=1,...,s,

orpanuyenue noid Xy Ha MOBEpPXHOCTh YPOBHA 3TUX UHTerpaaoB N, onpeaenseT
BEKTOPHOE I10JIe, He ABIfAIoNMeecA raMIIbTOHOBBIM 10 OTHOMIEHUIO KaKoki-1160 IIy-
ACCOHOBOM CTPYKTYpbl Ha N, (B 4aCTHOCTH, OTHOCUTEIbLHO CTPYKTYDhI [lupaka).
[IpumepoM MoOMKeT CIYKUTh HEBbIPOMKIEHHAA BIIOJNHE MHTerpupyeMasd raMUIbTo-
HOBa CHCT€Ma B LIeCTHMepHOM ()a30BOM IpocTpaHCTBe. Ee MOTOK Ha TpexMepHOM
MHBapHaHTHOM MHOroo6pa3uu He fIBAAeTCA raMHJIbTOHOBBIM OTHOCHTEIBHO JIO-
0ol mMyaccoHOBOH CTPYKTYPhI Ha HEM.
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10. TpaHcBepcaldbHafa CTPYKTYypPa U CUHIYJApPHbIe op6uThl. Co-
riacHo o6o6menuio Teopemsl Japby [45] myacconoBo MHorooGpasue BGIN3U
a1060il Toukn 9 € M ponyckaer pasnosenne M =~ S x N — Ha cum-
NNeKTHYeCKHUI nTucT S ¥ TpaHCBepcalhHOe K HeMY JlonoilHeHHe N, KOTopoe
3afaeTcA Kak MHoroo6pasue ypoBHA ¢YHRUUN f;(x) = ¢; ¢ HEBBIPOMEH-
Hoil matpuueit ||{f, f;}||. O6a muoroo6Gpasus S u N nyaccoHoBbl; Ha S
IIyaccOHOBA (CHMILIEKTHYECKas) CTPYKTYPa HOLYyYaeTcA OObIYHBIM Or PAHH-
YeHHeM HCXOOHOI cKoOKM, a Ha N — MokeT ObITh IOJdydYeHa Mo Gopmyie
Nlupaka (35). ToBopaT, uTo Ha N onpejielieHa MPaHceepcaLbHAS TyACCOHOBA
cTpyKTYpa [2, 45].

B6auau peryaspHoit Toukn g € M depes zy IPOXOAUT CHMILIEKTH-
Yeckuii nuct S MakcumalbHON pasmepHocTu, a crobGra Ilyaccona ma N
TOJeCTBEHHO paBHa Hyi0. HeTpuBnannHaa myaccoHoBa cTpyKkTypa Ha N
BO3HMKaeT BOJU3Y CUHTYJAAPHON TOUKM g € M, yepe3 KOTOPYIO MPOXOJUT
CUMIIeKTHYEeCKUIl TUCT MeHbllell pa3MepHOCTH. B aToM ciyuae Touka g
fIBAfeTcA TaKHe 0coboit TOUKOi MyaccoHOBOI CTPYKTYphI Ha NV, I'le ee paHr
nagaeT 10 HYJA.

TpancBepcaibHas IyaccOHOBAa CTPYKTypa UCIoNb3oBaHa B pabote [41]
ISl U3y4YeHUA corjacoBaHHOH CKOOKU B Henodkax ToApl Ha MOIYNPOCTBIX
anre6pax B,. Bo3Hukaiommas B 3ToM ciydae cKoOKa, MoNyueHHad U3 KBaj-
paTHUHOil, oKazanach JpoGHO-paloOHANTBHOMN.

Bonpoc o Bo3MoOHOCTH HpUBeJeHUA TPaHCBePCATbHOI IyaccOHOBO
CTPYKTYPBI K HaubGonee MpocToMy BUAY BGIM3U 0c06G0il TOYKK (B 4aCTHOC-
TH JIMHeapusauusa) paccMarpuBaica B pabotax [46, 35]). B [46] npuBexens:
NpUMephI HeTHHeapU3yeMbIX IYaCCOHOBLIX CTPYKTYDP BOMU3U CHHTYIAPHBIX
op6ut anre6per Ju. B [41] yrasaubr ycnoBusa Ha anre6py JIu u ee cuHry-
AfApHble OopOUTHI, IPU KOTOPHIX TpaHCBepcalbHaA MyacCOHOBa CTPYKTYypa
MOeT ObITh IpUBeJeHa K HEOJHOPOJHOMY KBagpaTHYHOMY BHUIY.

11. BoIposeHHble JarpaH;kuaHbl U raMUILTOHOB hopMaausM
co cBA3AMM. BBefieHne paccMoTpeHHBIX AuddepeHnatbHO-TeoMeTpruyec-
KHMX KOHCTPYKLUil B JUHAMUKY MO#eT ObITh MOTHBHPOBAHO Npo6IeMoil Te-
pexoja oT JarpaHena ¢hopMalnu3Ma K raMUILTOHOBY B clyuae BhIPOKJIeH-
HOCTH JIarpaHkuaHa 1o cKkopocTAM. FIMeHHo, U3 3Toil I0CTAHOBKM UCXOMUI
II. Tupak, pasBuBas 0600LICHHYIO TaMUILTOHOBY MEXaHUKY JIA Leleil mo-
ciemytomero kpantoBanus [13, 44].
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Hy(ZTb 3dajaHa JlarpaH:meBa cucremMa

4 (L) _ oL _, _
7 (3(},‘) aqi_O, i=1,...,n, (39)

¢ BBIPOsKIEHHOM M0 cKopocTAM (yHKIuel Jlarpan:xa, T. e.

det =0. (40)

‘ PL
04;04;

B sTom ciayuae ypaBuenus (39) He mMoryT GbITh pa3pelieHbl OTHOCH-
TeJbHO CTApIINX NPOU3BOIHBIX, @ CTaN0 GbITh, BONIPOC O HAXOMAEHUU pe-
MIeHUH TP NPOU3BOJLHLIX HAYalbHBIX YCIOBUAX He ABIAETCH BIOIHE KOp-
pexTHBIM. OKa3bIBaeTcA, UTO 60Jiee eCTECTBEHHBIM ABIAETCA pacCMOTpEHUe
cucteMbl (39) B KaHOHMYeCKHUX MepeMeHHbIX. Penent nx BBefenusd, 0606ma-
fomuii npeoGpasoBanue Jlekannpa B HEBBHIPOMAEHHOM CIydae, Takme ObLI
npepiaoser JIuparoM.

Ecau 06p19yHBIM 06pa3oM BBECTH KAHOHUYECKHE UMILYJIbChI

_ 0L

= ol =1, 41
p’L 8q~l7 1 9 777/, ( )

To BeaedcrBue (40) npu obpamennu (41) MOMHO BBIPa3UTDH JHLIL YacThb
cropocTeil

Qi:vi(paqaplw"aQS)a i:S+1v"'7n' (42)

OcTaBmnecs ypaBHeHHA 3aJal0T COOTHOLUIEHUA MEXKIY P, ¢, ONpeaefalonie
nogMHorooGpasue

NZ{p,quj(p,q):O, j:17"'737} (43)

(mepBuuHble cBsAzu 1m0 Jupary).
Oyurnua 'aMuiabToHa

H=pi-L (44)

npu yuere (42) u (43) 3aBUCHT TOJIBKO OT KOOpPJAMHAT U UMIynbeoB [44]. C
YU€TOM TOT0, YTO Bapuauuu dp u dq MOAIMHAIOTCA yeaoBUIO (43) 1 monb3y-
Aich BapUAIHOHHBIM MPUHIUTIOM ['aMHUIbTOHA, yPAaBHEHNS NBHEHHUSA MOHHO
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npeacraBuThL B BUAE

. 3(,0] G = 0p;
pi= 8‘1@ Z J a 3]% + Z )\] 8]71
7

:1,...,n, j:l,...,s.

(45)

HeonpeneneHnuble MHOMUTENN A; HaXOAATCH M3 YCIOBUA cCOXpaHEeHHA
cBAaseil (43) moTokoM cucteMsr (45):

¢i=1{ei HY + ) Aifei 0} =0, j=1,....s. (46)
j

Mpaesie yactu (45) MoryT GbITh Golee MPOCTO 3aMMCAHBI C UCIOIb30-
BaHueM cko6ru Jlupakra

pi =1{pi,H}p, ¢ ={aq H}. (47)

B zaBucUMOCTHM OT 3amaHHOTO JarpaHuaHa L mpu pelleHUU ypaBHe-
Huit (46) MOryT BCTPETUTbCA pa3iUHbIe CUTYAIIH.

1) Cucrema (45), (46) HecoBMecTHA B 11060ii Touke Ga3oBoro npocTpa-
ctBa (p, q). B aToM cayuae ypaBHenua (45) He HOMYCKAIOT pelICHIA
IpH NPOU3BOALHBIX HAYANLHBLIX YCIOBUAX. B KauecTBe IpuMepa Mos-
HO pPaccMOTpeTh CUCTeMY ¢ Jarpanauanom L = q.

2) Cuctema (46) nmeer emunctBenHoe pemenne (det||{g;, ¢} # 0)
(ZocTaTOYHO €JMHCTBEHHOCTH Ha HoAMHoroo6pasuu N). Ilpu sTom
nogMHOroo6pasus N fIBAfETCA MyacCOHOBBIM OTHOCHTEILHO CKOOKH
Ilupaxa, a cucrema (45) ramuabronosa & = {x, H}p ¢ pyuruueii I'a-
MuabTOHa (44). 1A BeAroii HavanbHoil Toukn Ha N cuctema (47) xo-
nyckaet peutenue p(t), q(t), npudem q(t) yAOBIETBOPAET TaKk ke ypas-
HenuaM Jlarpanxa (39).

3) Cucrema (46) momyckaeT 6eCKOHeYHO MHOrO pemeHHit Ag(p,q). 1o
BoaMosHO aumb mpu ycaosuu det ||{y;, ¢;}|| =0. B mannom cuy-
Yae, TAMIILTOHOBO OMHCAHHE BEKTOPHOTO MOJA, ONMpPeeNfeMoe CHc-
TemMoil (39) Ha coBMecTHOH NOBepXHOCTH YPOBHA (43) HeBO3MO-
Ho. Cpezau cBaseil HeoGxogumo BeiGpathb @;(x), i =1,..., 2k, nua
KOTOpBIX MaTpuua ckoGok IlyaccoHa HeBbIpO#/eHa, a K03 dUIIHEH-
ol N(p, q) i =1, ..., 2k, onpegensiiorea oaHosHauyno. OcTanbHble
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ceasu @;(x) j = 2k, ..., s OyAyT ABIATLCA HHTerpalaMu JBHLe-
HHUSA TONYYUBLIETOCA MO/, 3HAUSHUA KOTOPHIX OJHO3HAUHO HAXOJAT-
cA u3 cucremsbl (41). Pemenus nonydvenHoii cuctemsl p(t), ¢(t), npu
nozcranoBke ¢(t) TaKke yIOBIETBOPAIOT HCXOAHOI arpaHs;keBoii cuc-
Teme (39).

4) Cucrema (46) HempoTHBOpeuYMBa Ha HEKOTOPOM MOJMHOr000pasuu
MeHblileil pa3MepHOCTH, YyeM Ha MHorooGpasuu (43). B sTom ciyuae
MOABIAIOTCA TONOMHUTENbHbIe CBA3Y (BTOpUYHbIe cBA3U 1o Jupary).
PacecmarpuBas yxie moaHblil Habop cBA3eil, IPUXOAUM K OJHON U3 CH-
Tyauuii 2) unun 3). B ¢BA3M ¢ TeM, YTO BTOPUUHBIE CBA3M MOABIAIOTCA
KaK YCJIOBHA paspelmuMocTH cucTeMbl (46), OHU He MPUBEAYT K JO-
MONHUTENLHBIM HEONMPeNeleHHbIM MHOMUTENAM A; U HE CKa3bIBAIOTCA
Ha ypaBHeHHAX ABHkenus (45).

12. 'onoHoMHBIe cBA3U. CpaBHeHHE ¢ KjIaccHUecKHUM ONUCaHU-
eM. OnucaHHad Bblllle OIpoleAypa OTANYAETCA 0T KIACCUUECROI0 raMUIbTO-
HoBa dopMaiu3Ma [Jf CUCTEMbI C TOJOHOMHBIMH CBA3AMU B U3GBITOUHBIX
nepemvennbix [4]. Ilokazsem, uTo 06e 3TH KOHCTPYKUUH HPUBOIAT K OXHUM
U TeM ke ypaBHEHUAM JABUKEHUA NJA NO3NINOHHBIX nepeMeHHBIX. BeiGop
TOTO WM WHOTO OMMCAaHUA Pa3NUYUHBIX 3a4au ompeenfeTcA, Kak MpaBHIo,
AOTIOMHUTENABHBIMU COOGpaeHuAMH.

PacemMoTpuM narpaH:eBy cucTteMmy B R3

L=:¢g®-Ul(q) (48)

D[ =

co cBA3bio f(g) = 0 (Bce pesynbTaThl MOryT GbITh IepeHeceHbI Ha CIIy-
vait R 1 HeCKOILKUX CBf3eil).
YpaBHenus aBuseHus (48) MomHO npeicTaBUTh B Gopme

oU .\ of

=2 _\& (49)
dq dq

B ruaccuyeckoii cxeme M3GBITOYHOr0 ramMuiIbTOHOBA (opmanusma [4] cuc-

rema (49) onucbiBaercA ypaBHeHMAMH ['aMunbToHa

, OH OH

p:_a_q’ q:% (50)
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!

¢ ramunbTonuanom H = %(p xn)? +U(q), e n = —~

|/l

HBIIl BeKTOp HOopManu K noBepxHocTu f(g) = 0. @yuruua f(q) Asadercs

nepBbIM HHTerpanoMm ypasuenuil {f, H} = 0. KaHoHWYecKHe UMIYIbCHI P

He KacaloTcA nopepxHocTd f(g), TeM He MeHee CKOPOCTH, ONpejelfieMble

cootnowenuamu (50) ¢ = p — (p, n)n, HanpasieHsl no kacareibHoi. Jud-

tepennupoBanuem ¢ ypasruenus (50) MoryT GbITh HpuBefeHbl K Buay (49).

BrinoanuM Tenephb npeo6pasoBanue Jlemanapa K KaHOHHUYECKUM Tepe-
MeHHBLIM P, g 6e3 y4yeTa CBA3U

— eJUHUY-

H=-p*+U(q). (51)

HeiictBya mo mertoxy [lupara, mononnum cBfsb f(g) = 0, ycioBuem ee
COXpaHeHUsA

=t = str.0) = (0. 5) <o

,H.TIH prHP{I_II/Iﬁ f,g Bcerjga BBIINNOJHEHO
_(of 9f

Yrobe1 n3besaTh BbIuNCIeHUA cko6kYU Jlupaka, BeKTOpHOe I0Jle Ha Mo-
BepxHocTU f = 0, g = 0 HaiileM ¢ NOMOIbIO HEONPEIENeHHBIX MHOMKUTE-
aei p, v

., OH of 0g _ af
q—+ap +,uap +V6p —p—l—uaq,
. 0H of g ou of

“aq "og "oq~ “og 'ag VP

(52)

of
0qi0q;
U3 ycioBuit paBeHCTBa HyilO MPOU3BOIHBIX f,& BIOAb pemenuii (52)
naxoguM v = 0. Ilonarasa p = A, Haxoanm, uro cucrema (52) Takse IKBU-
BaneHTHa (49).
Taxum o6pasoM, B KiIaccHyecKoM BapHaHTe raMIIbLTOHOBa GopManus-
Ma cKoORa ocTaeTcA KaHOHMYeCKoll n MeHsercA ¢yHruusa [amuinbrona. B
noaxofe [lupaka, Ha0GOPOT, MeHAETCA CKOOKA, TAK YTO CBfI3M CTAHOBATCA

rneB:‘
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pyusuuavMu Kasumupa, a raMUIbTOHMAH ocTaeTcs MpeHUM (Ge3 yuera
CBA3H).

13. Junamuka MajabIX Macc. B mpeasigymem pasieie Oblia Io-
KasaHa BO3MOHOCTh NpPUMeHeHUA Tponeayphl [lupaka nna onucaHud jia-
rpaHKeBbIX (MM raMIIbTOHOBBIX) JUHAMUYECKUX CUCTEM C MONOHOMHBIMHI
cBaAzAMU. C ¢pu3HYecKOl TOYKH 3PEHUA CHCTEMBI CO CBA3AMU MOTYT pac-
cMaTpHuBaThcA KaK IpejielbHble 3aJa4uu And cBoOogHbIX cucTeM. Pasanunsie
cnoco0bl 3aJaHUA NpeAelbHBIX IEPEXOJOB CBA3AHEI C PAa3IMYHBIMU cIOcoba-
MU peasusayuu ceaseil [4].

Tak roloHoMHaA MexaHHKa MOAyYaeTcA MPU HajlemalleM Hepexoje
B MOTeHIHWaNnbHONH (DYHKIUU, HETOJOHOMHAaA MeXaHUKa — B CUJIaX BA3KO-
ro tpenus (pyuruusa Penes). Mexanura [lupaka na ¢usmyeckom ypoBHe
MOeT ObITh MHTEpIpeTHpPOBAHA KAaK MeXaHHKa MallbIX Macc, Korja mpe-
JeNbHBIH epeXo/l NIPOUCXOAUT B KMHETUUECKO SHEPTUU — HEKOTOpBIE U3
HHEPIMOHHBIX XapaKTepUCTUK cTpeMATcA K Hym 0. [Ipy s3ToM oH He 3aTpa-
rUBaeT IOTeHIHada U B 3TOM CMbIciie MexaHuKka Jlupaka ABafeTca MeXxaHu-
Koit Manbix Macc. Bonee mogpo6Hoe obcysennie cogep:;uted B m. 16, 17,
37echb MBI OTrPaHUYNMCA OJHIUM HPHIMEPOM.

PaccmoTpuM cucTtemy ABYX yacTHIl B TPEXMEPHOM INPOCTPAHCTBE C
dynrnueit Jlarpanxa

L=5(q@+¢ed3) + (Alg2), d2) — Ular, @2)- (53)

DO | =

ypaBHeHI/IH ABUMEHNA UMEIOT BUI

= -U
=5
Q1 - (54)
edo = B(g2) X G2 — 0 B =rot A.

Ecan macca BTopoii yacTuipl cTpeMuTtes k Hyaio (€ — 0), To pyHRUMA
Jlarpan:;a okasbIBaeTCA BHIPOMIEHHON MO (2, 8 B YpaBHEHUAX NBUMEHUA
npomnajgaeT yckopenue (. YpaBHeuua (54) npu € = ( paspemuMbl JHIIb
Py YCIOBHU

ool0) = (Bla. 32 ) <o (53)
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oL
OHpe,[[eJIHH KaHOHN4YeCKHue UMIYJIbCbl P =

0q

p1=4q1, p2 = Ag2), (56)

MNoJay4uM, 4YTO YCJIOBUA pa3peminMOCTH OTHOCHTEJIbHO q.g OKBUBaJCHTHBLI
CBA3AM:

Sp(pa q) = P2; — Ai(QZ)v 1= 17273' (57)

q)yHRLII/IH l'amunbTOHA He 3aBHCUT OT p2:

H =39+ Ulas, @), (58)

a ypaBHEHHUA NBUMEHUA C HEOIIpeJeJI€EHHbIMHW MHOKUTEINAMUA IIDUMYT BUJ

. .U
qg1 =P1, P1= _8_q27
59
g OU L 04 (59)
q2 = A, P2 = aq 7 3(1
YcnoBre coxpaHeHHAl CBA3H MOKEeT ObITh IpeNCTaBIeHO B BUIE
oUu
B XA———=0. 60
(a2) x A= 5 (60)

YcnoBue ero paspemuMocTH (BTopuuHas cBA3b) coBmagaeT ¢ (55). B
obmeM ciydae marpuua ||{y;, ¢;}|| HeBbIpoKIeHA, MOTOMY € NOMOLIbIO
ckobkun Jupara (54) na moBepxHocTu ypoBHA ¢; = 04 = 0,...,3 no-
JAyYUM HeNpOTUBOPEYMBbIE YPABHEHUf IBUEHNA, JOMyCKAIOI[He eIUHCT-
Bennoe pemenue p(t), q(t). (¢(t) ynoBrerBopsier Tarie ypaBueHuio (54)
npu ¢ = 0).
3AMEUAHUE 8. VYpasuenus (60) [omyckaloT [OpOM3BOI B  ONpeeleHUH
XA: X = X+ f(p, q)B(g2), KoTOpBIil TeM He MeHee He CKAa3bIBAETCHA HA BeK-

TopHoM moine (59), onpefeneHHOM Ha MOBEPXHOCTU YPOBHA cBAzel ¢;(p, q) = 0,
i=0,...,3.

Ecnn maruuTHoe moje NOCTOAHHO

B =rot A = const,
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1 3HEPruA B3aMMOJEHCTBUA 3aBHCUT JHUIIL OT B3aMMHOTO PACCTOAHHUA
r = |q1 — q2|, To ypaBrenusd (54) npu ¢ = ( HONyCKAIOT raMHIbTOHOBO OIH-
caHle ¢ HeBBIPOMAeHHOU CKOOKOIL.

Bribepem ocb OZ Bponb noas, us (54) maxomum z1(t) = z2(t) =
= at + b, a,b = const. [Ipoeknusa IBUMEHUA YACTHUI[ HA MIOCKOCTL XY
ONHCLIBAETCA YPaBHEHUAMU

. _9U(s) . _ _9U(s)
Th=—5— N=-"a
ox1 ayl 3—\/(53 _m)2+( — )2 (61)
g U)o 10U(s) 1= @2)” + (1 = y2)*
2 = 8y2 yz—B 94

YpaBuenus (61) raMHIbTOHOBBI OTHOCHTENBHO cKOoOKH Ilyaccona

{xla pz‘} = {yh py} =1,
{y2a 372} = B’

C (I)S/HKHI/IGI/I FaMI/IﬂbTOHa
pz py L b pz 1 py yl'

3AMEYAHHE 9. [lepexos oT raMuiIbTOHOBOI CHCTEMBI CO CBA3AMHU K DKBHBAaleHT-
HO# (BBIPO:&/IEHHON) TarpaH;«eBON CUCTeMe BO3MOMEH B ClIyuae paspelHnMOCTH
CHCTEMBI

qi = 3pz + ; )\J 3p,

fl(paq):()v izla"'7n7j217"'757

(62)

OTHOCHTEIbHO HeU3BeCTHBIX P, A. [Ipu aToM byHKuuaA Jlarpans;#a HaxoauTcsA 06bIY-
HbIM NpeoGpasoBanueM Jlemanapa — L = pq— H. HecioHo N1poBepUTh, YTO Iis
yKa3aHHOTO MpUMepa ABYX YacTHIl 3TO Mpeobpa3oBaHue MPUBOAUT K UCXOTHOMY
narpammuany (53). B o6mem cayuae cucrema (62) He nomyckaeT peueHus (aHa-
JOCUYHO CIYyYal HEroJOHOMHBIX CHCTEM, He AOMYCKAIOUKUX raMUIbTOHOBA Ipej-
CTaBIEeHUA).

14. TomoJdHUTeJbHbIE BO3MOKHOCTH.
1. lIpuBenemM crmenunanabHblil cayvail penyknuu /lupaka, ucnoidb3oBaH-
ublii Mosepom [22, 40] qna nonydeHUs HOBBIX MHTErPUPYEMBIX CIydaeB U3
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yae usBecTHbix. Crobra Jupara (35) Bosunkaet y Mosepa caMoCTOATEIbHO
u ccoliky Ha Jdupara y Hero HerT.

lonyctum, uyto cBfsu (62) MoryT GbITh pasbUTHI HA [BE TPYIIbI
fi(@), - fu(®), g1(2), ..., gk(x), Tar utO f1(2), ..., fr(*) n ramuabTo-
auad H(x) BXogAT B MHBOMIOTHBHLI Habop ¢pyHKUMI Ha MHOroo6pasuu G.
Hecnoxuo npoBeputh, uTo mobad ¢yHkuna ud G Takke ABIAETCA UHTET-
pajioM ABUKEHUA A BEKTOPHOT'O MONA, MONYUYEHHOT0 U3 UCXOTHOTO C MOMO-
mbio penykuuu Jupaka. ITH UHTerpanbl HAXOAATCA B UHBOIIONUU TaK:Ke
U OTHOCHTeNbHO cKoOku Jupara (35).

Takum ob6pazoM GbLIO MOAy4eHO n-MepHoe ofobmenue (Ha S™) Kiaac-
cuueckoll uHTerpupyemoit 3agaun Heiimana us uHTerpupyeMmoro noroka B
eBRINAOBOM npoctpanctse E™ [22, 40].

2. Pegykuusa no cuMMeTpHAM Tak:#e Mo#eT ObITh HHTEPIPETUPOBaHA
B TepMuHax peaykuuu Jupaka. [leficTBuTenbHO, IycTh HAM yJaloch IpPoO-
HHTETrpUpoBaTh BEKTOPHbIE MONA, COOTBETCTBYIOUINE NEPBLIM MHTerpajlaM

CUCTEMBbI .
Xi:{maFi}7 i=1,...,k

KOTOpBIe JUIA NMPOCTOTHI GyleM cuMTaTh HHBomoOTHBHBIMU {Fj, F;} = 0.
KoopauHaThl BIOIL COOTBETCTBYIONIMX MOTOKOB 0003HaYUM T;. BbiOupasn
B KavecTBe cBAsell dyuruun Fi(z), ..., Fi(z), mi(x), ..., e(x), ¢ nomo-
mbio ckoOku [[MpaKa MooyuuM peaylupoBaHHYIO cucTeMy (paHr KOTOpoii
ynan Ha 2k) B TOUHOCTU SKBUBANEHTHYIO NPHBEIEHHOl cHCTeMe PU CTaH-
DapTHOW pefyKUHUH 0 CHMMeTPHUAM (pelyKuuu mo MoMeHTY cM. [10]).

15. IIpeneinbHble Mepexoabl B o61ieM ciydae. PaccMoTpuM royo-
HOMHYIO cucTeMy ¢ dyHknueit Jlarpanmsa
. 6Q2 .
e = Lold,q, 5 1\4,49,%,¢),
Le = Lo(4:4,Q) + 5~ +¢L1(q, ¢, Qs €) (63)
rae ¢ — Manbiii napamerp. Ilpn ¢ = 0 monyuaercs BbIpOAeHHAA 10

cuctema. Cnenya §9 ria. 1 monyuum cBA3W M raMIUIBTOHOBBI ypaBHEHHA
nBusenus. Ileppuunoil cBA3bIO GyAeT CIyHUTH

p=9L| _
aQ e=0
BTOpI/I‘{HaH CBfI3b MMOJyYdaeTcA N3 yClIOBHA COBMECTHOCTH
0H,
P Hy)=—-—"+=0 64
{ 9 0} 8Q ’ ( )

rae Ho(p,q,Q) = pq — Lo |g-p -
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Oycrs @ = f(p,q) — pemenue ypaBHenusa (64). 1o gaeT Bo3-
MOMHOCThL BTOPUYHYIO CBA3L NPEICTABUTL B BUAe ypaBHenua ¥ =
=Q - f(q,p) =0, npuuem {P, ¥} = -1 #0.

Hcnonssyem dbopmy ypaBHeHHil ¢ HeompeJeleHHbIM MHOMmUTeNEM. ['a-
mvunstonnad H asuserca cymmoit Hy+ AP+ u(Q — f), a koaddunueHTs: A, y
OMIHO3HAYHO HAXOAATCA U3 YCIOBUA COBMECTHOCTH

{P,H} ={P,Ho} — p=0,
{Q_.va} :_{vaO}_)\:().

Takum obpasom,

/1/:_68—1205 )‘:{Hﬂ,f}

YPaBHeHI/IH l'amunbToHa co cBA3AMU NpuMyT BU[J

_ _0Hy _ 9H,
P="9¢" op (65)
P:07 Q:f7

rae Ho(p, q) = Ho(p, 4. Q) lo=5 -

O6ocHoBaHHOCTL MexaHUKHU Jlupaka BbITeKaeT U3 CIEAYIONNX paccy k-
neuuit. Ecnu ¢yuruuio Famuiabrona monuoit cuctemsl (¢ # () 0603HAYHUTE
yepes H, To

2
H= Hﬂ(paq) + [2)_6 +5H1(p7q7Q’€)'

CooTBeTcTRYWOIIME KAHOHNYECKIE YpaBHEHUA OyoyT

o _O0Hy oMy . 9H, OH,
p= Oq gaq’ a= Op +€6p’ (66)
5_ _OHo _ 0Hy 5 _P
P = 70 € 90’ Q= =
Pemennem (66) caysat ¢opmanbHbie pAgbI
p=po(t) +epi(t)+-+-, q=qo(t) +eq(t)+ -, (67)

P:€P1(t)+"'7 Q:f(pO(t)vlb(t))+€Q1(t)+"'7
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rae po(l), go(t) ynoBaerBopsaioT ypaBHeHusaM (65). dTu pAgbl He Bcerpa
cxopaTea. Ho B cnydae, ecnd Uid HaYalbHBIX NaHHBIX BBINOJHEHO YCJIO-
Bue 0H, /0@ = 0, onpefeasioliee BTOPUIHYIO CBA3b, ypaBHeHnus (66) mepe-
CTaIOT GbITh CUHTYNAPHLIMHE, PALLI Gy Iy T CXOAUTbCA, 4 BMECTO UMITyjabca P

. 0H,
clefyeT B3ATh HOBYIO nepeMenHyio P/e. Cinyuail, Korpa ycioBue 90 =0
BBINOJIHEHO TOMIeCTBeHHO, ABnseTcA ocobeiM. (Ilpu satom P sABaserca uu-
Terpaiom cuctemsl npu € = (). YpaBuenus (67) oHMCBIBAIOT B 3TOM Cliydae

pettene s P/e 1 (), KoTopble He y0BIeTBOPAOT (65), U BooOLle KAKUM-
au60 raMUIbTOHOBBIM ypaBHEHUAM (NP 3TOM, Kak IPaBHIIO %—Ig = 0).
dTa cuTyanus COOTBETCTBYeT TaK Ha3blBaeMbIM OrpaHHYEHHBIM 3ajadam
THIIa OTpaHNYEHHON 3afauil Tpex Tel B HeGeCHON MeXaHHKe.

PaccmoTpum ABe 3ajauy IMHAMUKH TBEPAOro Tela, B KOTOPLIX MPOH3-
BOJUTCH Mpe/lelbHbIH epexo] B MHEPIUOHHbIX XapaKTePUCTUKAX TBEPIO-
ro Tejia AByMA pasiM4HbBIMU crocobami. B ogHoM ciydae oH SKBHBaleHTEH
HaJIOKeHHIO cBA3eil B (Ha30BOM NPOCTPAHCTBE U JaeT BO3MOKHOCTb UCIIOIb-
3oBaTh npouenypy lupara. Ilpu 3Tom Kak IepBoHaualbHasA cKOOKa, Tak U
ckoOka Jlupaka, fIBIAIOTCA BBIPOMAEHHBIMU. B apyrom — mnomyuaromasn-
cA TpefieibHAA CUCTeMa He MOKeT OBbITh IOJIy4deHa IPU MOMOLIN HpoLemry-
pol [upaka u anpuopu sBIAETCA HeraMUIbTOHOBOI. OHa HOCUT Ha3BaHHe
orpaHIYeHHOI 3aja4l INHAMUKH TBepJoro Teia (o aHATOTHU ¢ HeGeCHOI
MexaHuKoi1) U 6blna BBegeHa B [20].

16. IIpeneanHble Nepexoasl B ypaBHeHUAX Jitaepa—Ilyaccona.
YpaBHeHUA ABHEHHUA TBePIOro Tella ¢ HENOABHAHOI TOUKOIl B Jarpamske-
BOM BI /e MO#HO 3anucaTh B Bufe ypaBHennii [lyankape ua rpynne SO(3)
(em. [10])

doL _ oL oL
ddw o Ty <V (68)
;Y:’YX“U

JarpaH;kuaH 3ajJaud B clyyae 0CeCMMMETPUUYHOr'0 TBEpJOro Tena MOMKHO
npeAcTaBUTh B ¢dopMe
1

L= §(Wf+w§+€w§)—$’h—z’%, (69)

rle € XapaKkTepusyeT OTHOIIEHUE MOMEHTOB MHEPIUH O0CeCUMMETPUUHOrO
TeHsopa unepuuu, (x,0, z) — KoopauHaTel Hentpa macc. llpu € — 0 (o6oc-
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HOBAaHUE BO3MOMHOCTH NPUAATh MEXaHUYECKMH CMBICH ITOMY IpeaeabHO-
My mepexoay cM. B [21]) oObrunbiii nepexon ot ypasueuuit Ilyanrape (68)
k ypasuenuam Ilyankape—Ueraesa ¢ nomolnbio npeoGpasoBanus Jemanipa
TepAeT CMBICI U N0IyJyaeTcs «IepBUYHAaAy CBA3D

My =9L|  —y
Ows le=0
Beenem ¢yuunuio I'amuiabToHa, BblpaseHHYIO uepes M; = a—L,
M _ (?L awl
2= (?w2
H :wlg—al:; +wzg—f2 - L= %(Ml2 + M32) + 2y3 + o1

IIpu atom crobra Ilyaccona onpegensierca ainre6poit e(3). llonaras H* =
= H + AMj3, noiy4nM ycJioBHe COBMECTHOCTH

Ms = {Ms,H*} = —xv, =0 (70)

U BTOPUYHYIO cBA3b Y2 = 0.
Onpenenum HoBbeiil ramuabToHuan H* = H + AM3 + pys. U3 ycnoBus
COBMECTHOCTHU CBA3eil

Mz ={Ms,H} =0, 4= {y,H}=0,

noryunm A = Myvys/v1, ¢ = 0 (xak ormeuanoch B §9 ri. 1, Bropuunas
CBfi3b HE CKa3bIBAETCH Ha yPAaBHEHUAX IBIeHUdA). MoHO cocTaBUTh ypas-
HEHUA IBUKEHHS, NOAb3yAch ckob6koil [Jupara, BelunciaeHHOI 1o (opmy-
ae (35) u ramunbTonnanom H

{M,M>}p = M2 {My,M3}p = —2M5, {Ms,Ms3}p =2M;,

7’
{Mla’yl}D = 07 {Mla'yZ}D = 2’737 {M1573}D = 07
{M2,m1}p = —3, {M2,v2}p =0, {M2,v3}p =71,
{Ms3,v1}p =0, {M3,v2}p = 271, {Ms,y3}p =0,

{’Yiv’yj}D = 07
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W, 3alUCLIBAfA ypaBHEHUA JABUeHUA Ha anrebpe e(3) ¢ ¢yuruueii Ta-
MunbToHa H. B o6oux ciyvasx MOAyduM CHCTEMY

o M Moy o 273
My = —=——, My=-Mi5 +72—m2, (72)
Y1 = —y3 Mo, Y3 = —v1 Mo,

uMerolleil, KpoMe UHTerpajia SHepruu U cBA3eil, reoMeTpUUYeCKUll HHTerpail
U UHTerpai miomaneit

v +v =1, Mmn=C. (73)

U3 (73) BoiTeraet, 9T0 1 = sinf, v3 = cosf u nostomy § = —Ms. Beipa-
waa My = C /v, nonyunm ypaBHeHHe i 0:
. CZ .
§ = —=5—cosf +zcost — zsinb, (74)
sin” ¢
KOTOpO€e MOKHO 3alKCaTh B JarpaHeBoil (raMUIbTOHOBOI) GopMe ¢ 0QHOM
CTENeHbIO CBOOOMIbI:

5:—8—V, V:—C2 — xsinf — zcosb. (75)
00 2sin? 4
Cucrema (75) sKBUBaleHTHA MPUBEIEHHON cHcTeMe A CPepuuecKoro Ma-
ATHUKA B ocecUMMeTpuuHoM moie U = —zsinf — z cos #. KauecTBennnii
ananus peutenud (74) cogepxurea B [21], rae paso6pannas 3aga4ya U pegyk-
uua Jlupaka paccMaTpUBAIOTCA B KAHOHUYECKHUX MEpeMEeHHbBIX.

IIpu = = 0 B (70) 3agaua Jupaxa umeeT GecKoHeUHOe MHOKECTBO pe-
meHuit (A npousBonbHo). B aToMm ciyuae M3 — nepBblit HHTerpail, H03TOMY
penykuuda Tupara goisHa ObITh 3aMeHeHa pefyKkiueil no cummeTpusam. O1-
HAKO, €Cii NPOU3BECTH NpeleNbHbIil Mepexo] HemocpeACTBEHHO B JarpaH-
#eBoil popme (68), NpeANONOKUB, YTO

L= 2w} +w} +ewd) —em — 27, (76)

u ¢ — 0, monyuum ypaBHEHUS «02paHuieHHol 3adaiu JuHamuku meepdo-
20 meaay. Pusnyeckuil cMbICa MpeJeNbHOr0 Mepexojia U reoMeTpuyecKan
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MHTepIpeTauua BUKEHHA B 3TOil 3agade obcympaorea B [14, 20].

w1 = waws + 272,

6?2 = —Wiw3 — 271, (77)
w3 = —72,

¥=9xXw.

Ypasuenus (77) npu z = 0 ucciegoBans B [20], rie MeToJoM pacuielIeHus
cemapaTpHc [oKasaHa UX HEHHTErPHPYeMOCThb, B [9] HpuBeeHbl KapTHHKY
€TOXaCTHUECKOro OBEeJeHUA.

17. Cryuail BbIpO3KJeHHOro raMujIbTOHHaHa. Y7Ke HeOJHOKpAaTHO
oT™Mevanoch, 4To MexaHuky Jlupaka MomHO WCMOAL30BAThH Il raMUILTO-
HOBa ONMUCAHMA BBIPOHIEHHLIX TarpaH#eBbIX cucTeM. PaccMOoTpuM, B HeKo-
TOPOM CMBICIIE, B3BAUMHYIO 3a[ja4y O JarpaH#KeBOM ONMCAHUA BbIPOHKIEHHON
raMUJIbTOHOBOH CHUCTEMBI.

IIycts gnsi raMuUIbTOHOBOH CHCTEMbI HAa KOKACATEIbHOM paccioe-
uun T*M,

. oOH . OH
=9l 5= 01 78
4=75, P 94 (78)
$yurnua 'aMunbToHa BLIPOAICHA 10 UMIYJIbLCaM, T. €.
0’H
det || ——1|| . 79
‘3;01‘3173' (79)

Ipu kaxux ycnoBuax cuctema (78) Jomyckaer JarpaHkeBo ONKcCaHUe,
a 3aKoH ABKeHHA ¢(f) MOeT GbITh MOIyYeH NPH MOMOLIM BaPUALMOHHOI0
npuHIMIa?

OTBeT Ha 3TOT BONPOC cOfiepKUTCeA B paboTax [17]. U3noxum ocHOBHbIE
pesyabTaThl, cnenya [4].

Jlns mepexoga K 0606MIEHHBIM KOOPANHATAM U CKOPOCTAM HEOGX0ANMO
paspeluTh nepBoe U3 ypaBHeHuii (78) oTHOCHTENbHO MMIYIheoB. B cury
ypaBHeHus (79) 9T0 BO3MOKHO JNHUIIb MPU TONOJHUTENbHBIX YCIOBUAX (CBA-
3.IX)

3AMEYAHUE 10. VYpasueunsa (80) ABAAIOTCA CHEACTBUEM TOr0, 4YTO (YyHE-

OH
uuu filq, (?_q npyu 3aJaHHOM raMuibToHuaHe H oGpamaioTcA TOMIeCTBEHHO

B HYJb.
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Bommonusa npeobpasoBanud Jlexkanapa
L=pqg—-H(p,q) . (81)
p,q4—4q,q

nonyyum ¢pyHrnuio Jlarpanmxa, onpeeneHHyo Ha mogMHorooopasuu B T M,
BbICEKaeMOM ypaBHeHUAME cBfseit (80).

Teopema ([4]). Dyuryuu (q(t),p(l)): [t1,t2] — T*M ssasomcs pe-
wenuem 2amMuabmonoeoll cucmemvi (78) mozda u moavko moz2da, Kozda
nyme q(t): [t1,t2] = M ssasemcea sxcmpemasvio GyHkuUoOHAAA

to
SZ/M%mﬁ
t1

6 KAGCCe KPUBHLT € 3AKPENAeHHBLMU KOHUAMU, YO0B8ACME0PAIWUT YPAGHEHU-
# (80).
YpaBHeHHAl [BHEHUA MOTYT ObITH IOXYYeHbI METOLOM MHOMUTENed

3
Jarpanka. Bapeupysa pynruuio £ =L — > A;f; 1o g u A, Haxoaum

=1
E
d (9L _ 9L _ d (OL\_OL _ (dOfi\_y 0fi] _
dt (aq) g t(@i;) dq ;[)"(dt&}) Alaq]_o' )
d (9% 83
Ilas unterpupyemsix (roioHomubix) ceaseit gi(q) =0,i=1,, ..., k,

ypPaBHEHUsl KOTOPBIX TaKMKe MOMHO TpeacTaBuTh B ¢opme fi(q,q) =

=gilq) = af’ q =0, cucrema (82) MpUBOAUTCA K BHLY
0L OL 0
T i Z S flap =0, (83)
rme p; = )\z
Ypasuenua (83) B ciyuae HeuHTerpupyembix ceaseil fi(qg, q) = 0

cOBNajlaeT ¢ KJaccHyecKUM ypaBHeHHeM Payca HeroloHoMHOI MeXaHHKHU.
OHu MoryT GBITH MONYYEHBI U3 yCIOBUA HAalIbHOCTH CBA3€H U NMPUHIUIA
Nanamb6epa—Jlarpan:ka. OfHaKO 0JIA HEMHTErPUPYEMBIX CBA3eil UX Helab3f
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BBIBECTU U3 BapuUalMOHHOTO mpuHnuna Jlarpanxa. IToT pakT JaBHO U3Bec-
TeH B HETOJIOHOMHOI MexaHuke [27]. O6cy:aeHNe CBA3AHHBIX ¢ 9TOit Tpobie-
MOii BOIIPOCOB cofiep#UTCcA, HanpuMmep, B [18, 10]. C Touku 3peHud peanisa-
MU cBf3eil ypaBHeHuA (83) MOryT GbITD IOy YeHbl U3 CBOGOLHO CHCTEMBI,
HaxoAfAlleicA MO TeiicTBUEM JUHEHHBIX 110 CKOPOCTAM ANCCUNATHUBHBIX CUI
(BABKOE TPEHHE) ¢ MOMOMIbIO MPeIebHOTO Mepexoia, MpUu KOTOPOM Ko3ddu-
MHEeHTHI BA3KOCTH B JUcCUNATUBHOI GyHKuNN Penea ycTpemasoTea &k Gec-
KOHEUHOCTH HEKOTODPBIM COTJIACOBAHHLIM (aHU30TPOMHLIM) 06pasoM. JTOT
dart 6b11 oTMeueH eme Rapateogopu [33], 1 B HeKOTOPOM cMbIcie gaeT 06-
OCHOBaHNe KOPPEKTHOCTH ONUCAHKA IPU IOMOIK ypaBHenuil (83) nunamu-
YeCKUX CHUCTEM, B KOTOPBIX NPUCYTCTBYIOT KaueHUA 6e3 NIpOoCKalb3bIBAHUA
(UMEeHHO TaKHe CHCTEMbBI U PACCMATPUBAIOTCA B HETOJOHOMHON MeXaHHKe).

dusnyeckuil cMbicn ypaBHeHnit (82) Gbln nposcHeH B pabortax [17] u
npuBel K BAKOHOMHON MOJeNUu MeXaHUKU C HEeHMHTErPUPYEMbIMH CBA3AMH.
JIBuskenust, onucoiBaemble (82), ABIAIOTCA HPEAEIbHBIMHE [UIfl Jar PAHKEBBIX
cHucTeM, HHEPIUOHHBIE (MacCOBbIe) XapaKTePUCTUKH KOTOPBIX (B hopMe Ku-
HETHYECKOI SHEPrun) YCTPEMIAIOTCA K 6ECKOHEUHOCTH TaK#ie COrlacoBaH-
HbIM aHU30TPONHLIM o6pa3oM. Takrasa peanusanua Bo3MoOKHa IPU paccMoT-
peHuu cHucTeM, IBIKYIHUXCA B UAealbHOi :kuakoctu. Hampumep, eciu B
ypaBHenusax Kupxrocga, onuchiBalomux ABUEHUE TAMEIO0 TBEPJOro Te-
na B GearpannvHoM ofbeMe HiealbHOIl HecxnMaeMoil xugroctu [31], npu-
COoe[JMHEHHbIE MacChl U MOMEHTHI (06YCIOBIEHHbIE MHEPIMOHHOCTHIO KU [-
KOCTH) YCTPEMHUTEL K GECKOHEUHOCTH HEKOTOPBIM ONpe/ielleHHbBIM 06pa3oMm,
TO MORHO TIONYYUTb yPABHEHUA MIOCKOrO JBUMREHUA MIACTUHKU, JIA KO-
TOpOYl BBHINONHAETCHA HEHMHTErpUpyeMas CBA3b, COCTOAIIAA B TOM, UTO IpPO-
€RIUN CKOPOCTHU LEHTPa Macc Ha OCh, NEPIEHJURYIAPHYIO K IJIAcTHHKE,
paBHAeTcA HYNIO. B HeroloHOMHOIl NOCTaHOBKe aHAIOrMYHAA 3ajada Ho-
CUT HasBaHHe KoHbka Yannbiruna [32]. Ilpu omguHakoBoil cBA3H pelleHHA
BAKOHOMHBIX (82) M HEroJIOHOMHBLIX YpaBHEHHil OTAMYAIOTCA APYT OT ApY-
ra. Ecan B HeronoHoMHOM cily4dae cpeJHAA BBICOTa [IOCTOAHHA, a IBUKEHUE
IPOUCXOAUT MO LHKIOUJE, TO B BAKOHOMHOM clyuae Ioiayuaerca Goiee pe-
aqnCcTHYeCKOE ONUCaHue MajeHud IAaCTUHRY B RUAKOCTU. [l Hero noutu
BCe JBUKEHUA CTPEMATCA K pABHOMEPHOMY MaJeHUIo MIAcTUHKU MHPOKOH
cTtopoHoii Brepen. [Ipu s3ToM yacToTa ManbiX KojeGaHUi MIACTUHKN OTHO-
CHTENBHO 3TOT0 YCTOWUMBOrO MOJOKEHUA paBHOBecHA BoadpacTtaer [19].

B neroTopbIx yueGHuKax, Hanpumep, B [23] He gmelaeTcA pa3nuuuA
Me#/1y BAKOHOMHBIMH M HEroJOHOMHBLIMM yPaBHEHUAMH U 3aJayul o maje-
HUHU Tel B KUAKOCTU U3YUAIOTCA B HETOJIOHOMHOM MOCTaHOBKe (HampuMmep,
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nafeHye KPyrioro Jucka). ITU pe3yabTaThl BPAM M UMEIOT 3HAUYEHHe I
MeXaHUKU.

B ruure [12] BooGue kiaccuveckue 3agadd HErOJIOHOMHON MeXaHHKH
0 KayeHUM pasbuparloTcA ¢ MCMOJb30BAaHUEM BaKOHOMHBIX YpaBHEHHil, Ko-
TOpble aBTOp HAUBHO TMOCTYIUPYET, UCXOAA W3 BapUAlMOHHOTO TPUHIIUMA
Jlarpana. EcTecTBeHHO, UTO 3TU pe3ydbTaThl TaK¥e He UMEIOT MeXaHU-
yeckoro cojgepmanuf. CleayeT ofHaKO OTMETUTD, UTO II0 CPABHEHHIO C He-
T'0JOHOMHO! MeXaHUKOI, KOJIMYEeCTBO COJePRaTelbHbIX IIPUMEPOB U3 BaKo-
HOMHOU MeXaHUKH oueHb Maid. OTMeTHUM HeKOTopble Mpo6ieMbl, KOTOpbIe
OrpaHu4YMBalOT IPUMEHUMOCTDL ypaBHeHHil (82).

Jlnsa ypaBuenuii (82) B ciyvae HEroJIOHOMHBIX CBfA3eil HalU4Ke AOIOJ-

: (iafi fi

HUTEJIDbHBIX CllaraeMbIX E )\1 — ) IpuBOAUT K TOMY, 4TO OJA

&\t ag ~ aq
UX pelleHUs MOMHMO HavalbHbIX moioskenuil u ckopocreil g(0) u ¢(0)
(yMOBIETBOPAIOMNX YCIOBUAM CBAI3N) HEOOXONMMO TaKke 3aiaBaTh Ha-
valbHble 3HAYEHHA MHOMHUTeNel Jlarpanma. PU3HUYeCKUi ¢MbICT 9THX Ha-
YalbHBIX TAHHBIX, CBASAHHBINA ¢ Pa3NUUHBLIMU CMOCOGAMH peanusaluy CBA-
3eii o6cyspaercd B [17]. B o6wmem ciydae 3To IPUBOAUT K TOMY, YTO pelie-
HHA ypaBHeHHil (82) He yAOBNETBOPAIOT NPUHIUNY A6TEPMUHHPOBAHHOCTH,
a caM TOJIXOJ CONEPUT CRPBIThIE (HeHAGMIOaeMble) MapaMeTphl.

Ina maTypalbHOH BBIPOIEHHON TaMHUALTOHOBOH CHCTEMBI PAacCMOT-
puM Golee MOAPOGHO CBASL peleHHWH ¢ NPUHIUNOM AeTepPMHHHDOBAH-
HOCTH, COTIA4CHO KOTOPOMY [BHeHHe ¢(t) BO Bce MOMEHTHI BpeMeHH
t € (—00,+00) MOMHOCTEIO ONMpeaenAeTcA HaYaIbHBIMU MonokeHUAMHU ¢(0)
u cropoctaMu ¢(0).

IIyctn 1

H = 5(p,A(g)p) +U(q), (84)

rie A — n X n Marpuna, gia kKortopoii det A = (. YcioBua paspeurumoc-
tu (80) B 3TOM ciiyyae JMHEHHBI 0 CKOPOCTAM

fi(Q7i1):(ai(q)a‘.1):07 i=1...k (85)

3gech a;(q) — coGcTBeHHbIe BeKTOPhI A(g), COOTBETCTBYIOLINE HYIEBBIM
cobeTBeHHBIM 3HauYeHuAM. IlpoctpanctBo 1* M, npu sTOoM paccianBaeTca
Ha runepnaockoctu I'g(q), ana kamgoit Toukn koTopeix p € I'y(g) oTobpa-
AeHne

4=—5-=A(g)p (86)

NPUBOAMUT K OJHOH U TOH e CKOPOCTH §.
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IIpennoxkenue ([4]). Jaa ecex navaavmuix ycaosut g = q(0), g =
= q(0) = Apo, ydosaemsopawuiur ypasnenuan (85), dsuicenue q(t, go, Po)
He sasucum om sviGopa umnyavca py € I'g (Go) mozda u moavko moeda,
ko2da ceasu (83) unmezpupyemo.

CrefoBaTelbHO raMHILTOHOBa cicTeMa (84), mnA KoTopoil ypaBHe-
HUA (85) HeMHTerpUpyeMsl, He NOAYUHAETCA NPUHLUIY NeTepPMUHHDPOBAH-
Hoctu. O6o6IeHne IPUHINIA JeTePMUHIPOBAHHOCTH [I/Ifl BAKOHOMHBIX CHC-
TeM cofepHuTes B [17].

PaccMoTpuM pAX MPOCTBIX MNPUMEPOB CHUCTEM C BBIPOHEHHBIM ra-
MHILTOHHAHOM.

18. IIprmepsl.
a. l'amuavmonos gopmasusm co ceasamu. PaccMoTpum 3agauy o OBH-
#eHny yacTHibl B R®T! 1o moBepxHocTu cdepsl S™, 3a1aHHOl ypaBHeHHEM

fl@=a’+a’+ - +¢>—R*=0 (87)

Oyurnua Jlarpanmxa B U30LITOUHLIX NEPEMEHHBIX MOMKET ObIThH Mpea-
cTaBieHa B popMme

L=3¢-U(g) (88)

Ilepeiinem kK raMUIBTOHOBY opManu3My B U3OLITOUHBIX IEpPEMEHHBIX.
BBeneMm raHOHMYecCKHe UMIYJIbLChI MO GhoOpMyIie

oL af
=%\ _ 4 g 89
9q "4 q (89)
Heonpenenennsiit MHOMUTeNb JlarpaHsa A HaiiieM U3 YCIOBUA CBA-

u (87): A=

. Oyurnua 'aMuirbTOHa UMEET BU/JT

q

Jerko BuIeTh, YTO BEKTOP HOpPMaNbHBII K moBepxHocTH (87), ABiIAeTCA

(p,q@)
q’

coO6CTBEHHBIM BEKTOpPOM C HYJIeBbIM coO0CTBEHHBIM 3HaueHueM,

OpiOp;
nostoMy GyHknuA 'aMHILTOHA BLIpOMIeHA.
I[.TIH KaHOHHNYEeCKHUuX ypaBHeHI/II7I ABUMEHUA

_om . __om
~ Op’ p=- dq
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¢ dyurnueit (90) cnpaBeIIMBO TOAECTBO

(‘b q) =0. (92)

B cuny unrerpupyemoctu cBasu (92) mis peleHus ypaBHeHUil 1BU-
aeHus (91) NoAUMHAIOTCA NPUHLUNY AeTEePMUHUPOBAHHOCTU (CM. MpeIo-
sieHNe), U He 3aBUCAT OT BeJIMYUHBI IPOEKLUN HAYAILHOTO MMILyIbca Ha
HOpMailb K moBepxHoctd (87). ITOT mpuMep Jnerko o6o61aeTcA Ha MPOU3-
BOJILHOE YUCIO T'OJOHOMHLIX CBA3EH.

b. CucTeMbl, monyuyatomuecs NMPU TFaMUILTOHU3AIMN TPOU3BONbHO
cuctembl JuddepeHuraibHbIX ypaBHeHuit no merony Juysuwisa (KoTopyio
TaKKe 4acTo UCHoNb3yeT Jupak — HEKOTOpPbIe aBTOPBI [Jazke HPUINCHIBAIOT
ee [Jupary) Takske OKa3bIBAIOTCA BBIPOKIEHHBIMU.

HeficTBUTENBHO, TPOU3BONbHAA CUCTEMA

& =v(z) (93)

= — ) = —— 4
rae
H = (v(z), y). (95)
0*H | _
B stom ciayuae || ——=—| = 0, caezoBarennno, cucrema (95) oxassbl-
dyi0y;

BaeTCA NPUMEepPOM raMIILTOHOBOI CUCTEMEI, He [JOIycKalomleil JarpanxeBo
omucaHue.

ABTophl BeIpamaloT 6narogapHocth B.B.KosnoBy u B.II. IlaBnoBy 3a
noJie3Hble KOHCYJIbTalUY NpU HanucaHUU paGoThI.
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