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A theory of superconductivity is presented, based on the fact
that the interaction between electrons resulting from virtual
exchange of phonons is attractive when the energy difference
between the electrons states involved is less than the phonon
energy, #w. It is favorable to form a superconducting phase when
this attractive interaction dominates the repulsive screened
Coulomb interaction. The normal phase is described by the Bloch
individual-particle model. The ground state of a superconductor,
formed from a linear combination of normal state configurations
in which electrons are virtually excited in pairs of opposite spin
and momentum, is lower in energy than the normal state by
amount proportional to an average (%w)? consistent with the
isotope effect. A mutually orthogonal set of excited states in

one-to-one correspondence with those of the normal phase is
obtained by specifying occupation of certain Bloch states and by
using the rest to form a linear combination of virtual pair con-
figurations. The theory yields a second-order phase transition and
a Meissner effect in the form suggested by Pippard. Calculated
values of specific heats and penetration depths and their temper-
ature variation are in good agreement with experiment. There is
an energy gap for individual-particle excitations which decreases
from about 3.5kT, at T=0°K to zero at T,. Tables of matrix
elements of single-particle operators between the excited-state
superconducting wave functions, useful for perturbation expan-
sions and calculations of transition probabilities, are given.

I. INTRODUCTION

HE main facts which a theory of superconductivity

must explain are (1) a second-order phase
transition at the critical temperature, 7', (2) an elec-
tronic specific heat varying as exp(—7To/T) near
T=0°K and other evidence for an energy gap for
individual particle-like excitations, (3) the Meissner-
Ochsenfeld effect (B=0), (4) effects associated with
infinite conductivity (E=0), and (5) the dependence
of T, on isotopic mass, Twi/M =const. We present
here a theory which accounts for all of these, and in
addition gives good quantitative agreement for specific
heats and penetration depths and their variation with
temperature when evaluated from experimentally
determined parameters of the theory.

When superconductivity was discovered by Onnes?
(1911), and for many years afterwards, it was thought
to consist simply of a vanishing of all electrical re-
sistance below the transition temperature. A major
advance was the discovery of the Meissner effect?
(1933), which showed that a superconductor is a perfect
diamagnet; magnetic flux is excluded from all but a
thin penetration region near the surface. Not very long
afterwards (1935), London and London® proposed a
phenomenological theory of the electromagnetic prop-
erties in which the diamagnetic aspects were assumed
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basic. F. London* suggested a quantum-theoretic
approach to a theory in which it was assumed that
there is somehow a coherence or rigidity in the super-
conducting state such that the wave functions are not
modified very much when a magnetic field is applied.
The concept of coherence has been emphasized by
Pippard,® who, on the basis of experiments on pene-
tration phenomena, proposed a nonlocal modification
of the London equations in which a coherence distance,
%, 1s introduced. One of the authors®? pointed out that
an energy-gap model would most likely lead to the
Pippard version, and we have found this to be true of
the present theory. Our theory of the diamagnetic
aspects thus follows along the general lines suggested
by London and by Pippard.”

The Sommerfeld-Bloch individual-particle model
(1928) gives a fairly good description of normal metals,
but fails to account for superconductivity. In this
theory, it is assumed that in first approximation one
may neglect correlations between the positions of the
electrons and assume that each electron moves inde-
pendently in some sort of self-consistent field deter-
mined by the other conduction electrons and the ions.
Wave functions of the metal as a whole are designated
by occupation of Bloch individual-particle states of
energy e(k) defined by wave vector k and spin ¢; in
the ground state all levels with energies below the
Fermi energy, &8r, are occupied; those above are
unoccupied. Left out of the Bloch model are correlations
between electrons brought about by Coulomb forces
and interactions between electrons and lattice vibrations
(or phonons).
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Most of the relatively large energy associated with
correlation effects occurs in both normal and super-
conducting phases and cancels out in the difference.
One of the problems in constructing a satisfactory
microscopic theory of superconductivity has been to
isolate that part of the interaction which is responsible
for the transition. Heisenberg® and Koppe® proposed a
theory based on long-wavelength components of the
Coulomb interaction, which were presumed to give
fluctuations in electron density described roughly by
wave packets localizing a small fraction of the electrons
on lattices moving in different directions. A great
break-through occurred with the discovery of the iso-
tope effect,’® which strongly indicated, as had been
suggested independently by Frohlich,'* that electron-
phonon interactions are primarily responsible for
superconductivity.

Early theories based on electron-phonon interactions
have not been successful. Fréhlich’s theory, which
makes use of a perturbation-theoretic approach, does
give the correct isotopic mass dependence for H,, the
critical field at 7=0°K, but does not yield a phase
with superconducting properties and further, the energy
difference between what is supposed to correspond to
normal and superconducting phases is far too large.
A variational approach by one of the authors'? ran into
similar difficulties. Both theories are based primarily
on the self-energy of the electrons in the phonon field
rather than on the true interaction between electrons,
although it was recognized that the latter might be
important.’

The electron-phonon interaction gives a scattering
from a Bloch state defined by the wave vector k to
k’=k-+x by absorption or emission of a phonon of
wave vector x. It is this interaction which is responsible
for thermal scattering. Its contribution to the energy
can be estimated by making a canonical transformation
which eliminates the linear electron-phonon interaction
terms from the Hamiltonian. In second order, there is
one term which gives a renormalization of the phonon
frequencies, and another, H,, which gives a true inter-
action between electrons, independent of the vibrational
amplitudes. A transformation of this sort was given
first by Frohlich* in a formulation in which Coulomb
interactions between electrons were disregarded. In a
later treatment, Nakajima'® showed how such inter-
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actions could be included. Particularly for the long-
wavelength part of the interaction, it is important to
take into account the screening of the Coulomb field of
any one electron by other conduction electrons. Such
effects are included in a more complete analysis by
Bardeen and Pines,'® based on the Bohm-Pines collec-
tive model, in which plasma modes are introduced for
long wavelengths.

We shall call the interaction, H,, between electrons
resulting from the electron-phonon interaction the
“phonon interaction.” This interaction is attractive
when the energy difference, Ae, between the electron
states involved is less than 7w. Diagonal or self-energy
terms of H, give an energy of order of —N(8r) (fw)?,
where N (&) is the density of states per unit energy at
the Fermi surface. The theories of Frohlich and Bardeen
mentioned above were based largely on this part of the
energy. The observed energy differences between super-
conducting and normal states at I'=0°K are much
smaller, of the order of —N(8r)(kT.)? or about 103
ev/atom. The present theory, based on the off-diagonal
elements of H; and the screened Coulomb interaction,
gives energies of the correct order of magnitude. While
the self-energy terms do depend to some extent on the
distribution of electrons in k space, it is now believed
that this part of the energy is substantially the same in
the normal and superconducting phases. The self-energy
terms are also nearly the same for all of the various
excited normal state configurations which make up the
superconducting wave functions.

In a preliminary communication,’” we gave as a
criterion for the occurrence of a superconducting phase
that for transitions such that Ae<fw, the attractive
H, dominate the repulsive short-range screened Cou-
lomb interaction between electrons, so as to give a net
attraction. We showed how an attractive interaction of
this sort can give rise to a cooperative many-particle
state which is lower in energy than the normal state by
an amount proportional to (%w)?, consistent with the
isotope effect. We have since extended the theory to
higher temperatures, have shown that it gives both a
second-order transition and a Meissner effect, and have
calculated specific heats and penetration depths.

In the theory, the normal state is described by the
Bloch individual-particle model. The ground-state wave
function of a superconductor is formed by taking a
linear combination of many low-lying normal state
configurations in which the Bloch states are virtually
occupied in pairs of opposite spin and momentum. If
the state k¢ is occupied in any configuration, —k{ is
also occupied. The average excitation energy of the
virtual pairs above the Fermi sea is of the order of 2T..
Excited states of the superconductor are formed by
specifying occupation of certain Bloch states and by
using all of the rest to form a linear combination of

16 J, Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955).
17 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957).
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virtual pair configurations. There is thus a one-to-one
correspondence between excited states of the normal
and superconducting phases. The theory yields an
energy gap for excitation of individual electrons from
the superconducting ground state of about the observed
order of magnitude.

The most important contribution to the interaction
energy is given by short- rather than long-wavelength
phonons. Our wave functions for the suerconducting
phase give a coherence of short-wavelength components
of the density matrix which extend over large distances
in real space, so as to take maximum advantage of the
attractive part of the interaction. The coherence
distance, of the order of Pippard’s &, can be estimated
from uncertainty principle arguments.>” If intervals of
the order of Ak~ (kT ./ Er)kr~10* cm* are important
in k space, wave functions in real space must extend
over distances of at least Ax~1/Ak~10"* cm. The
fraction of the total number of electrons which have
energies within 27, of the Fermi surface, so that they
can interact effectively, is approximately £7'./ § p~107%
The number of these in an interaction region of volume
(Ax)? is of the order of 102X (1074)3X10~*=108. Thus
our wave functions must describe coherence of large
numbers of electrons.!®

In the absence of a satisfactory microscopic theory,
there has been considerable development of phenome-
nological theories for both thermal and electromagnetic
properties. Of the various two-fluid models used to
describe the thermal properties, the first and best known
is that of Gorter and Casimir,*® which yields a parabolic
critical field curve and an electronic specific heat
varying as 7% In this, as well as in subsequent theories
of thermal properties, it is assumed that all of the
entropy of the electrons comes from excitations of
individual particles from the ground state. In recent
years, there has been considerable experimental evi-
dence® for an energy gap for such excitations, decreasing
from ~3kT. at T=0°K to zero at I'=T,. Two-fluid
models which yield an energy gap and an exponential
specific heat curve at low temperatures have been
discussed by Ginsburg® and by Bernardes.?? Koppe’s

18 Qur picture differs from that of Schafroth, Butler, and
Blatt, Helv. Phys. Acta 30, 93 (1957), who suggest that pseudo-
molecules of pairs of electrons of opposite spin are formed. They
show if the size of the pseudomolecules is less than the average
distance between them, and if other conditions are fulfilled, the
system has properties similar to that of a charged Bose-Einstein
gas, including a Meissner effect and a critical temperature of
condensation. Our pairs are not localized in this sense, and our
transition is not analogous to a Bose-Einstein condensation.

B C. J. Gorter and H. B. G. Casimir, Physik. Z. 35, 963 (1934);
Z. techn. Physik 15, 539 (1934).

2 For discussions of evidence for an energy gap, see Blevins,
Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955); Corak,
Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 656 (1956) ;
W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 (1956);
R. E. Glover and M. Tinkham, Phys. Rev. 104, 844 (1956), and
to be published.

2'W. L. Ginsburg, Fortschr. Physik 1, 101 (1953); also see
reference 7.

22 N. Bernardes, Phys. Rev. 107, 354 (1957).
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theory may also be interpreted in terms of an energy-
gap model.” Our theory yields an energy gap and specific
heat curve consistent with the experimental observa-
tions.

The best known of the phenomenological theories for
the electromagnetic properties is that of F. and H.
London.? With an appropriate choice of gauge for the
vector potential, A, the London equation for the
superconducting current density, j, may be written

—cAj=A. (1.1)
The London penetration depth is given by:
A2=Ac%/ 4. 1.2)

F. London has pointed out that (1.1) would follow from
quantum theory if the superconducting wave functions
are so rigid that they are not modified at all by the
application of a magnetic field. For an electron density
n/cm?, this approach gives A=m/ne?.

On the basis of empirical evidence, Pippard® has
proposed a modification of the London equation in
which the current density at a point is given by an
integral of the vector potential over a region surround-
ing the point:

dr’, (1.3)

3 RIR-A(X)]eFio
= [RRAO

4mwcA o Rt

where R=r—1’. The “coherence distance,” &, is of the
order of 10~* ¢cm in a pure metal. For a very slowly
varying A, the Pippard expression reduces to the
London form (1.1).

The present theory indicates that the Meissner effect
is intimately related to the existence of an energy gap,
and we are led to a theory similar to, although not quite
the same as, that proposed by Pippard. Our theoretical
values for &, are close to those derived empirically by
Pippard. We find that while the integrand is relatively
independent of temperature, the coefficient in front of
the integral (in effect A) varies with T in such a way
as to account for the temperature variation of pene-
tration depth.

Our theory also accounts in a qualitative way for
those aspects of superconductivity associated with
infinite conductivity and a persistent current flowing in
a ring. When there is a net current flow, the paired
states (kitkol) have a net momentum k;+k,=gq, where
q is the same for all virtual pairs. For each value of g,
there is a metastable state with a minimum in free
energy and a unique current density. Scattering of
individual electrons will not change the value of g
common to virtual pair states, and so can only produce
fluctuations about the current determined by q. Nearly
all fluctuations will increase the free energy; only those
which involve a majority of the electrons so as to change

2 An excellent account may be found in F. London, Superfluids
(John Wiley and Sons, Inc., New York, 1954), Vol. 1.
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the common q can decrease the free energy. These
latter are presumably extremely rare, so that the
metastable current carrying state can persist indefi-
nitely .

It has long been recognized that there is a law of
corresponding states for superconductors. The various
properties can be expressed approximatly in terms of a
small number of parameters. If the ratio of the elec-
tronic specific heat at T to that of the normal state at
T., C,(T)/C.(T.), is plotted on a reduced temperature
scale, t=T/T,, most superconductors fall on nearly the
same curve. There are two parameters involved: (1)
the density of states in energy at the Fermi surface,
N(8r), determined from C,(T)=+T and (2) one which
depends on the phonon interaction, which can be esti-
mated from T.. A consequence of the similarity law is
that ¥T 2/ VH¢* (where V,, is the molar volume and
H, the critical field at T=0°K) is approximately the
same for most superconductors.

A third parameter, the average velocity, 2o, of
electrons at the Fermi surface,

vo="11|98/0k| r (1.4)

is required for penetration phenomena. As pointed out
by Faber and Pippard,? this parameter is most con-
veniently determined from measurements of the anoma-
lous skin effect in normal metals in the high-frequency
limit. The expression, as given by Chambers?® for the
current density when the electric field varies over a
mean free path, /, may be written in the form:

_ ezN(é’F)vofR[R- A(r') e Bl
B 2 R*

in (r) d‘T,.

(1.5)

The coefficient N(8r)vo has been determined empiri-
cally for tin and aluminum.

Pippard based his Eq. (1.3) on Chambers’ expression.
London’s coefficient, A, for T=0°K may be expressed
in the form:

A1=22N (8F)ve. (1.6)
Faber and Pippard suggest that if & is written:
to=ahvo/kT,, 1.7

the dimensionless constant ¢ has approximately the

24 Blatt, Butler, and Schafroth, Phys. Rev. 100, 481 (1955)
have introduced the concept of a “correlation length,” roughly
the distance over which the momenta of a pair of particles are
correlated. M. R. Schafroth, Phys. Rev. 100, 502 (1955), has
argued that there is a true Meissner effect only if the correlation
length is effectively infinite. In our theory, the correlation length
(not to be confused with Pippard’s coherence distance, &) is
most reasonably interpreted as the distance over which the
momentum of virtual pairs is the same. We believe that in this
sense, the correlation length is effectively infinite. The value of
q is exactly zero everywhere in a simply connected body in an
external field. When there is current flow, as in a torus, thereis a
unique distribution of q values for minimum free energy.

25T, E. Faber and A. B. Pippard, Proc. Roy. Soc. (London)
A231, 53 (1955).

26 See A. P. Pippard, Advances in Electronics (Academic Press,
Inc., New York, 1954), Vol. 6, p. 1.
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same value for all superconductors and they find it
equal to about 0.15 for Sn and AL*

Our theory is based on a rather idealized model in
which anisotropic effects are neglected. It contains
three parameters, two corresponding to N(8r) and v,
and one dependent on the electron-phonon interaction
which determines 7'.. The model appears to fit the law
of corresponding states about as well as real metals do
(~109%, for most properties). We find a relation corre-
sponding to (1.7) with ¢=0.18. It thus appears that
superconducting properties are not dependent on the
details of the band structure but only upon the gross
features.

Section IT is concerned with the nature of the ground
state and the energy of excited states near I'=0°K,
Sec. IIT with excited states and thermal properties,
Sec. IV with calculation of matrix elements for appli-
cation to perturbation theory expansions and transition
probabilities and Sec. V with electrodynamic and
penetration phenomenon. Some of the computational
details are given in Appendices.

We give a fairly complete account of the equilibrium
properties of our model, but nothing on transport or
boundary effects. Starting from matrix elements of
single-particle scattering operators as given in Sec. IV,
it should not be difficult to determine transport proper-
ties in the superconducting state from the corresponding
properties of the normal state.

II. THE GROUND STATE

The interaction which produces the energy difference
between the normal and superconducting phases in our
theory arises from the virtual exchange of phonons and
the screened Coulomb repulsion between electrons.
Other interactions, such as those giving rise to the
single-particle self-energies, are thought to be essentially
the same in both states, their effects thus cancelling in
the energy difference. The problem is therefore one of
calculating the ground state and excited states of a
dense system of fermions interacting via two-body
potentials.

The Hamiltonian for the fermion system is most
conveniently expressed in terms of creation and
annihilation operators, based on the renormalized
Bloch states specified by wave vector k and spin o,
which satisfy the usual Fermi commutation relations:

(2.1)
(2.2)

[Cka,ck’v'*]—{-:akk’amy’,

[cxo,Cxror 1+=0.
The single-particle number operator #y, is defined as
Nke=Cko" Cko- (2.3)

The Hamiltonian for the electrons may be expressed in

27 From analysis of data on transmission of microwave and far
infrared radiation through superconducting films of tin and lead,
Glover and Tinkham (reference 20) find ¢=0.27.
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the form
H= Y anw+t+ 2 |ex| (1—nx0)+Hoout:s 2.
KSEF k<kp kKool K

| ol MO, e ), 0)el)
(ex— €x)?— (Frew)?

=H,+H;,

(2.4)

where ey is the Bloch energy measured relative to the
Fermi energy, 8r. We denote by k>kr states above
the Fermi surface, by k<kpr those below. The fourth
term on the right of (2.4) is H», the phonon interaction,
which comes from virtual exchange of phonons between
the electrons. The matrix element for phonon-electron
interaction, M, calculated for the zero-point amplitude
of the lattice vibrations, is related to the v, introduced
by Bardeen and Pines'® by

[M,‘|2= l”xP(qx.?)Av: l'v,(lz(ﬁ/Zw,‘).

Since | M,|? varies with isotopic mass in the same way
that wc does, the ratio |M,|?/Aw, is independent of
isotopic mass. We consider only the off-diagonal inter-
action terms of H,, assuming that the diagonal terms
are taken into account by appropriate renormalization
of the Bloch energies, €. The third term is the screened
Coulomb interaction.

Following Bardeen and Pines,'® the phonons are
assumed to be decoupled from the electrons by a
renormalization procedure and their frequencies are
taken to be unaltered by the transition to the super-
conducting state. While this assumption is not strictly
valid, the shift in self-energy can be taken into account
after we have solved for the electronic part of the wave
function. This separation is possible because the pho-
nons depend only upon the average electron distribution
in momentum space and the wave function for electrons
at any temperature is formed from configurations with
essentially the same distribution of particles. The
Bloch energies are also assumed to be constant; how-
ever, their shift with temperature could be treated as
in the phonon case.

The form of the phonon interaction shows that it is
attractive (negative) for excitation energies |ex— €jrs|
< iws. Opposed to this is the repulsive Coulomb inter-
action, which may be expressed in a form similar to Ho.
For free electrons in a system of unit volume the
interaction in momentum space is 4me?/x?. In the Bohm-
Pines theory, the long-wavelength components are
expressed in the form of plasma oscillations, so that
can be no smaller than minimum value ., usually
slightly less than the radius of the Fermi surface, kp.
One could also take screening into account by a Fermi-
Thomas method, in which case x* would be replaced by
k*-x;%, where k, depends on the electron density. Our
criterion for superconductivity is that the attractive
phonon interaction dominate the Coulomb interaction

(2.5)
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for those matrix elements which are of importance in
the superconducting wave function:

<0.

M,[* 4me
—VE<-2l | (2.6)

+—
g 2y
The most important transitions are those for which
| ex— €pu| ~ET KLHhiw,. A detailed discussion of the
criterion (2.6) has been given by Pines,2® who shows
that it accounts in a reasonable way for the empirical
rules of Matthias® for the occurrence of superconduc-
tivity. Numerically, the criterion is not much different
from one given earlier by Frohlich, based on a different
principle.

To obtain the ground state function, we observe that
the interaction Hamiltonian connects a large number of
nearly degenerate occupation number configurations
with each other via nonzero matrix elements. If the
matrix elements were all negative in sign, one could
obtain a state with low energy by forming a linear
combination of the basis functions with expansion
coefficients of the same sign. The magnitude of the
interaction energy obtained in this manner would be
approximately given by the number of configurations
which connect to a given typical configuration times an
average matrix element. This was demonstrated by one
of the authors® by solving a problem in which two
electrons with zero total momentum interact via con-
stant negative matrix elements in a small shell above
the Fermi surface. It was shown that the ground state
of this system is separated from the continuum by a
volume independent energy. This type of coherent
mixing of Bloch states produces a state with qualita-
tively different properties from the original states.

In the actual problem, the interaction which takes a
pair from (kio,keos) to (kioyks'ss) contains the
operators,

o*(ky',02)c (ka,02)c* (ki s01)¢ (ky00). 2.7
Conservation of momentum requires that
k1+k2=k1,+k2/. (2.8)

Because of Fermi-Dirac statistics, matrix elements of
(2.7) between arbitrary many electron configurations
alternate in sign so that if the configurations occur in
the ground state with roughly equal weight, the net
interaction energy would be small. We can, however,
produce a coherent low state by choosing a subset of
configurations between which the matrix elements are
negative. Such a subset can be formed by those con-
figurations in which the Bloch states are occupied in
pairs, (kioy,keos); that is, if one member of the pair is
occupied in any configuration in the subset, the other
is also. Since the interaction conserves momentum, a

28 D, Pines (to be published).

2 B. Matthias, Progress in Low Temperature Physics (North-
Holland Publishing Company, Amsterdam, 1957), Vol. 2.

% 1., N. Cooper, Phys. Rev. 104, 1189 (1956).



1180

maximum number of matrix elements will be obtained
if all pairs have the same net momentum, k;+k,=gq.
It is further desirable to take pairs of opposite spin,
because exchange terms reduce the interaction for
parallel spins. The best choice for ¢ for the ground state
pairing is q=0, (kt, —k{).

We start then by considering a reduced problem in
which we include only configurations in which the states
are occupied in pairs such that if k¢ is occupied so is
—k{. A pair is designated by the wave vector k,
independent of spin. Creation and annihilation opera-
tors for pairs may be defined in terms of the single-
particle operators as follows:

(2.9)
(2.10)

These operators satisfy the commutation relations

bx=c_xicxkt,

by* =GkT*C_k&*-

[bk,bk'*]_-“—‘ (1 — Nkt —n_kl)ékk:, (211)
[by,bx ]-=0, (2.12)
[bk,bklj+=2bkbk'(1 _6kk’), (213)

where 7k, is given by (2.3). While the commutation
relation (2.12) is the same as for bosons, the commu-
tators (2.11) and (2.13) are distinctly different from
those for Bose particles. The factors (1—mnxt—n_xy)
and (1—&xx) arise from the effect of the exclusion
principle on the single particles.

That part of the Hamiltonian which connects pairs
with zero net momentum may be derived from the
Hamiltonian (2.4) and expressed in terms of the &’s.
Measuring the energy relative to the Fermi sea, we
obtain:

Hred=2 Z Gkbk*bk+2 Z |€kibkbk*

k>krp k<kr
- Z ka’bk’*bk-
kk’

(2.14)

We have defined the interaction terms with a negative
sign so that Vi will be predominantly positive for a
superconductor. There are many other terms in the
complete interaction which connect pairs with total
momentum q>£0. These have little effect on the energy,
and can be treated as a perturbation. Although the
interaction terms kept in H;.q may appear to have a
negligible weight, it is this part which contributes
overwhelmingly to the interaction energy.

We have used a Hartree-like method to determine
the expansion coefficients, which appears to give an
excellent approximation, and may, indeed, even be
correct in the limit of a large number of particles.®
(See Appendix A.)

3 Since (2.14) is quadratic in the ’s, one might hope to get an
exact solution for the ground state by an appropriate redefinition
of the single-particle states, as can be done for either Fermi-Dirac
or Einstein-Bose statistics. Our pairs obey neither of these, and
no such simple solution appears possible.
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Excited states are treated in much the same way as
the ground state. One must distinguish between singly
excited particles, in which one and only one of a pair
(kt, —k{) is occupied, and excited or “real” pair states.
We treat singly excited particles in the Bloch scheme,
as in the normal metal. They contribute a negligible
amount to the interaction energy directly, but reduce
the amount of phase space available for real and virtual
pairs. Thus the interaction portion of H:.q is modified
by deleting from the sums over k and k’ all singly
occupied states, and the remainder is used to determine
the interaction energy associated with the pairs.

One might expect to get some interaction energy
from singly occupied states by associating them in
various_jpairs with q%0. However, an appreciable
energy is obtained only if a finite fraction of the pairs
have the same ¢, and this will not be true for randomly
excited particles. States with a net current flow can be
obtained by taking a pairing (kit,ks}), with ki+k.=q,
and q the same for all virtual pairs.

The most general wave function satisfying the
pairing condition (kt, —k{) is of the form

. Zk Dh(kye - k) FFC -1 (k) - -1(k)--), (2.15)

where the sum extends over all distinct pair configura-
tions. To construct our ground state function we make
a Hartree-like approximation in which the probability
that a specific configuration of pairs occurs in the wave
function is given by a product of occupancy proba-
bilities for the individual pair states. If for the moment
we relax the requirement that the wave function
describes a system with a fixed number of particles,
then a function having this Hartree-like property is

U =TIL (1= ) - hucdbic® 1, (2.16)

where ®, is the vacuum. It follows from (2.16) that the
probability of the # states k;- - -k, being occupied is
h(ky)---h(k,), and since % is unrestricted we see that
¥ is closely related to the intermediate coupling
approximation.

For any specified wave vector k', it is convenient to
decompose ¥ into two components, in one of which, ¢y,
the pair state designated by k’ is certainly occupied
and the other, ¢o, for which it is empty:

¥ =hptor+ (1 —he)ieo. (2.17)

The coefficient %y is the probability that state k' is
occupied and the ¢’s are the normalized functions:

o1=bi*po=bw* TI [(1—hw)i+hdbi*]D,.

k(z=k’)

(2.18)

In the limit of a large system, the weights of states
with different total numbers of pairs in ¥ will be sharply
peaked about the average number, N, which will be
dependent on the choice of the #’s. We take for our
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ground state function, ¥y, the projection of ¥ onto the
space of exactly N pairs.®? This function may also be
decomposed as in (2.17), but since o1 and @xo now
have the same number of pairs, ¢n; is not equal to
by *ono. To decompose ¥y, we suppose that k space is
divided into elements, Ak, with 91, available states of
which in a typical configuration my are occupied by
pairs. The s are restricted so that the total number
of pairs is specified:

Z mx=N= Z (mk)Av-

all Ak all Ak

(2.19)

The total weight of a given distribution of my’s in ¥ is

IMye! P
W(m)= 11 Tneme(1— hy) Y™ (2.20)
all Ak #25) (D — 1my,) !

and the total weight of functions with specified NV is
Wa= 2 W(m), (2.21)

(Zmg=N)

where the sum is over-all distributions of the my’s
subject to the conditions (2.19).

The decomposition of ¥y into a part in which a
specified pair state k' is occupied and one where it is
not can be carried out by calculating from ¥y the total
weight, W, w, corresponding to k' occupied with the
restriction 3 mi=N. When k’ is occupied, there are
9l —1 other states in the cell over which the remaining
myw—1 particles can be distributed and this cell will
contribute a factor

(s — 1) Vg™’ (1 — Jpgr) Tt =
(e — 1) N (I — m5er) |

(2.22)

to the weight for a given distribution of my’s. It follows
that

My’
Wy w= Z *“‘W(mk)=hleN.

(Emp=N) Py

(2.23)

The last equality holds except for terms which vanish
in the limit of a large system because the state vector
¥ gives a probability (#m /M )a= ki that a given state
in Ak’ is occupied. Now the weights for different
numbers of pairs in ¥ are strongly peaked about the
most probable number N and therefore the average
over distributions with exactly N pairs is essentially
equal to the average over all distributions. Since all
terms in the wave function come in with a positive
sign, it follows that the normalized ¥y may be decom-
posed in the form

Yy= hk’%¢N1+ (1 _hk’)%(PNO,

where ¢x1and ¢yo are normalized functions.
For purposes of calculating matrix elements and

(2.24)

# Tt is easily seen that ¥y has zero total spin, corresponding to
a singlet state.
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interaction energies, a further decomposition into states
in which occupancy of two pair states, k and K/, is
specified is often convenient. Thus we may write:

V=tV onut+[h(1—F) Fonot[A—DF Pova
+LA =R (1—H) T oxo, (2.25)
where the first index gives the occupancy of k and the

second of Kk’. It follows from the definition of the
functions that

be*bron10= eNor. (2.26)
Thus the diagonal matrix element of by*by is
(U | b *bic | W) =i (1 — B i (L — Baer) 2. (2.27)

Ground-State Energy

If the wave function (2.24) is used as a variational
approximation to the true ground-state function, the
ground-state energy relative to the energy of the Fermi
sea is given by

Wo= (Yo,Hrea¥0), (2.28)

where ¥, is the N-pair function ¥y, for the ground
state. The Bloch energies, ex, are measured with respect
to the Fermi energy and
—Viw= (=K, K't|Hr| —ki, kt)

+ &1, =K Hrkt, —ki).  (2.29)
The decomposition (2.23) leads to the Bloch energy
contribution to W, of the form

Wxe=2 Y ehx+2 2. |ex| (1—hy),

k>kF k<kr

(2.30)

where “KE” stands for kinetic energy. The matrix
elements of the interaction term in H,eq are given by
(2.27) and the interaction energy is

Wi=— 2 Viwl[h(1=h)he (1—hy) T},

k,k/

(2.31)

and therefore

Wo=Wxke+Wr=2 % exxt2 2 |ex| (1—hy)
E>kr k<kp
- Zk, Viw[e(1= k)b (1 —hye) T2 (2.32)
kK

By minimizing W, with respect to kg, we are led to
an integral equation determining the distribution
function:

(1~ hk)]%_ 2w Viw[ e (1 —=hwe) Tt
1—2h '

(2.33)

26;;

We shall neglect anisotropic effects and assume for
simplicity that the matrix element Vi can be replaced
by a constant average matrix element,

V=(Viw)n, (2.34)

for pairs making transitions in the region — fiw<e<#w
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and by zero outside this region, where w is the average
phonon frequency. This cutoff corresponds to forming
our wave function from states in the region where the
interaction is expected to be attractive and not mixing
in states outside this region. The average is primarily
one over directions of k and Kk’ since the interaction is
insensitive to the excitation energy for those transitions
of importance in describing the superconducing phase.
The average may also be viewed as choosing % to be a
function of energy alone, thus neglecting the details of
band structure. The laws of similarity indicate this to
be a reasonable assumption and the good agreement of
our theory with a wide class of superconductors supports
this view.

Introduction of the average matrix element into
(2.33) leads to

1 €x
hk=—[1—-—————————], (2.35)
2 (€k2+602)%
and
D (1) = (2.36)
e(l—nyx) |*= , .
2(61;2—'-602)%
where )
€= |74 Zkl[hk»(l—hkl)]’, (237)

the sum extending over states within the range |ex]
< hw. If (2.36) and (2.37) are combined, one obtains a
condition on €:

1 1
—_ (2.38)
V % 2(ek2+602)5

Replacing the sum by an integral and recalling that
V=0 for |ex| > #w, we may replace this condition by

1 ho de
= f - (2.39)
NOYV o (e+e))?
Solving for ¢, we obtain
er—‘hw/sinh[ ] (2.40)
NV

where N(0) is the density of Bloch states of one spin
per unit energy at the Fermi surface.

The ground state energy is obtained by combining
the expressions for %y and e, (2.35), (2.36), and (2.37),
with (2.32). We find

2

[ 2] €0
Wo=4N(0)f eh(e)de——
0 14

2

= (0)f [ (e2+eo2)*]d§_%’

where we have used the fact that [1—h(—e€)]=%(e),
that is, the distribution function is symmetric in elec-
trons and holes with respect to the Fermi surface.

(2.41)
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Using the relations (2.40), we find that the difference
in energy between the superconducting and normal
states at the absolute zero becomes

reevor{i-[e () T 2005
(2.42)

If there is a net negative interaction on the average,
no matter how weak, there exists a coherent state which
is lower in energy than the normal state. Thus our
criterion for superconductivity is that V>0, as given
in (2.6).

For excitations which are small compared to %w, the
phonon interaction is essentially independent of isotopic
mass and therefore the total mass dependence of W,
comes from (%iw)?, in agreement with the isotope effect.
Empirically, W, is of the order of N(0)(kT.)? and in
general kT, is much less than %w. According to (2.42),
this will occur if N(0)V <1, that is, the weak coupling
limit.

It should be noted that the ground state energy can-
not be obtained in any finite-order perturbation theory.
In the strong-coupling limit, (2.42) gives the correct
result, —N(0)(%w)?V, for the average interaction
approximation and it is possible that our solution is
accurate in the statistical limit over the entire range
of coupling. (See Appendix A.)

In the weak-coupling limit, the energy becomes

2
Wo=—2N(0) (f1s)? exp[— 7)7] (2.43)

which may be expressed in terms of the number of
electrons, 7., in pairs virtually excited above the Fermi
surface as

Wo=—4n2/N(0), (2.44)

where

=2N (0)%w exp[-— ———1——] (2.45)

NV

In this form, the cooperative nature of the ground
state is evident. Using the empirical order of magnitude
relation between W, and k7., we might estimate

ET o~ exp[— ~1—] (2.46)

NO)V

In the next chapter we shall see that the explicit
calculation of 27T, from the free energy as a function of
temperature leads to nearly this result.

Energy gap at T=0°K

An important feature of the reduced Hamiltonian is
that there are no excitations from the ground state,
analogous to single-particle excitations of the Bloch
theory, with vanishing excitation energy. This is easily
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seen by considering a function

Voxe={ II [(1—A)i+hdb* 1} iy ¥cw* Do, (2.47)

k=k’, k'’

which is orthogonal to the ground state function and
corresponds to breaking up a pair in K/, the spin-up
member going to k’’4. The projection of ¥y, onto the
space with N pairs is also orthogonal to ¥, The
decomposition of Wy.x. is the same as that of ¥, except
that —k’} and k'’4 are definitely known to be occupied
and k't and —k”} are unoccupied. This leads to the
excitation energy

Wi — Wo= e (1— o)+ exrr (1 — 2o
42V 2 [he(1— b)) P{ [l (1~ hosr) ]
k
+[ A (1= ) J1},

the decrease in interaction energy arising from the fact
that pairs cannot make transitions into or out of pair
states k’ and k' in the excited function because these
states are occupied by single particles. Combining
(2.35), (2.36), and (2.37) with (2.48), we find

(2.48)

€k'2 €Kt

2 1 1
W, o= Wo=—r 'raf( - )
Ev  Eyr Ew  Eyr

=Ek/+EkN, (249)

where
Ek= (Ek2+ 602)%. (250)

When ex—0, then Ex—¢ and (2.49) shows that the
minimum excitation energy is 2e. These single-particle-
like excitations have the new dispersion law (2.50)
which goes over to the normal law when ex>>eo.

To obtain a complete set of excitations, we must
include excited state pair functions generated by

LA —Ri)¥bi*— M,

which by construction are orthogonal to the ground
state pair functions generated by

[(1—=hw) A2 *]. (2.52)

The decomposition of an excited state with an excited
pair in k’ and a ground pair in k would be

\Pk’zthk(l—hk’)]%ﬂall_ I:hkhk’]%‘ﬁlo
“H:(l—hk)(l—hk')]%soox-[(1—hk)hk']%¢00, (2-53)

where the functions ¢ are normalized and the second

script denotes the occupancy of k’. Taking the expec-

tation value of H..q with respect to (2.53), we find the
energy to form an excited pair in state k' is:

Wk! - Wo= Zek: (1 - th')
+4V Zk[hk(l—hk)hkr(l—hk:)]’*=2Ek' (254:)

Again the minimum energy required to form an exci-
tation is 2¢o and an energy gap of width 2e, appears in

(2.51)
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the excitation spectrum in a natural way. It follows
that in general the energy difference between two states,
1 and 2, is given by the difference in the sums of the
excited-particle energies,

Wi—We=31Ey—> 2 Ey, (2.55)

and it is unnecessary to distinguish between single
particles and two members of an excited pair in calcu-
lating the sums.

Collective excitations corresponding to long-range
density fluctuations are suppressed by the subsidiary
condition on the wave function resulting from the
collective description of the electron-ion interaction.®
The effect of the terms neglected in the Hamiltonian,
H—H.,q=H', can be estimated by a perturbation
expansion of H’ in eigenfunctions of Hreq. This expan-
sion is carried out to second order in Appendix A and
it is concluded that H’ will contribute little to the
condensation energy. The shift in the zero-point energy
of the lattice associated with the transition at the
absolute zero is estimated in Appendix B and it is
shown that this effect contributes a small correction to
Wo. The electron self-energy shift has not been calcu-
lated at the present time; however, it is also believed
that the correction is small.

III. EXCITED STATES

An excited state of the system will be formed by
specifying the set of states, §, which are occupied by
single particles and the set of states, ®, occupied by
excited pairs. The rest of the states, G, will be available
for occupation by ground pairs. The term “single-
particle” occupation means that either k¢ or —ky is
occupied by an electron, but not both. “Excited pair”
and “ground pair” occupation refers to pairs which are
in functions generated by operators of the form (2.51)
and (2.52) respectively. Wave functions with different
distributions of single particles and excited pairs are
orthogonal to each other and the totality of such
functions constitutes a complete set of excited states
which are in one-to-one correspondence with the
Bloch-type excitations in the normal metal.

The energy of the excited states will be evaluated by
using the reduced Hamiltonian plus the Bloch energy
for single particles:

H,= Y enwet X |ex|(1—nx,)

k>kF,o k<kF,o
— 2 Viwb*by,
k,k’/

(3.1)

where the second term gives the Bloch energy of the
holes and the energies €, are measured relative to the
Fermi energy. Since H; contains only terms for transi-
tions by ground pairs and excited pairs, the single
particles contribute only to the Bloch energy and hence
they are treated as in the Bloch scheme.

The equilibrium condition of the system at a specified
temperature will be determined by minimizing the free
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energy with respect to the distribution function for
excited particles, f, and ground pairs, 4.

It turns out that % is a function of temperature and
therefore excited and ground pairs are not necessarily
orthogonal to each other at different temperatures,
although the excited states form a complete orthonormal
set at each temperature. The most probable distribution

of single particles also varies with temperature and -

thus the great majority of states contributing to the
free energy at different temperatures will be orthogonal
in any event. The situation is similar to taking the
lattice constant temperature dependent as a result of
thermal expansion. This freedom in choosing % allows
us to work in that representation which minimizes the
free energy at the specified temperature.

A typical excited state wave function can be written
as the projection of

Wexc= H [(l_hk)%_*_hk%bk*] H [(l_hkl)%bk'*
k(g) K'(®)

—ht] T cqery*®o,
k()

(3.2)

onto the space with IV pairs, where G, @, and § specify
the states occupied by ground pairs, excited pairs, and
single particles respectively and ¢ )* denotes either
k"¢ or —k”} is included in the product. For any $peci-
fied k, this function can be decomposed into a portion
with k occupied and a portion with k unoccupied. The
decompositions for the three cases in which k is in the
sets G, @, and 8§ are

Ground :

U=htoi(-+ 1)+ 1 —hw)ioo(- - -0k -+), (3.3)
Excited:

U= 1—l)tor(- - 1y ) —hdgo(- - -Ox-++), (3.4)
Single in k¢:

‘I’z(;kT*ﬂao("'Ok"‘), (35)

where the ¢’s are normalized functions with 1y repre-
senting pair state k& being occupied and Ox unoccupied.
To determine the distribution functions, we need the

free energy
F=W-TS, (3.6)

where W is the energy calculated by an ensemble
average over the wave functions of the form (3.2) and
S is the entropy.

To enumerate the systems in the ensemble we divide
k-space into cells Ak containing 9y pair states as before.
Let there be Sy single particles and Py excited pairs in
Ak, with the rest of the 9k states being occupied by
ground pairs. The probability that either kt or —k{
is occupied by a single particle is sx=Sx/My, while the
probability for an excited pair in state k is px=Py/9MNx
and therefore the probability for a ground pair is
(1—sx—px). Above the Fermi surface, 2<% and s
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and p refer to excited electrons; below the Fermi
surface, £>% and s and p refer to holes.

The diagonal element of #y, follows immediately
from (3.3), (3.4), and (3.5). Including the factor giving
fractional number of configurations for which each
decomposition applies, we have

W nxe|¥) = (1/2) st pr(1— )

+ (A —=sx—pu)he, e>0; 3.7)
W1 —=no [¥) = (1/2) st P '
+(1—se—p)(1—hy), e<O0.

Upon using (3.7) and the fact that 1—7Ay(—e) =hi(e),
the Bloch energy contribution to W,

(‘/’l kz 5k”ka+k<zk I ekl (1—1’51“) I\b);

>Skro

(3.8)
becomes

WKE={.: [ €x| Cowt2pu+2(1— se—2p) b (| ex] )], (3.9)

where we have carried out the spin sum.

To calculate the matrix elements of the pair inter-
action operator Y Viwbiw*bx, we assume that Vi
varies continuously with k and k’ so that Vy may be
considered to be the same for all transitions from states
in Ak to states in Ak’. Let k and k’ represent two
specified wave vectors in Ak and Ak’. To obtain non-
vanishing matrix elements for by *by, these states must
be occupied by either excited (—) or ground (+4) pairs,
giving the four possibilities + 4+, — —, + —, — +
for k and K/, respectively. For any one of these cases,
a typical wave function may be decomposed into com-
ponents in which the pair occupancy of k and k' is
specified :

Yy w=anrn(c1g Ly -+)
Fagpeno(c - 1g - Ogre-+)
401001 (- O - L+ +)
+a00¢00(. Y 0 PRI PR .), (3_1())
where the ¢’s are normalized functions. Table I gives

the values of the o’s for the different cases along with
the fractional number of configurations for which they

apply.

The diagonal elements of bx*by are given by aioao;
in each case. If we sum these, weighted according to the
probability they occur in the ensemble, we obtain

[e(1—mk A=E) (A —s—p)(1—5'—p)
+pp'—(A—s—p)p'—p(1—5"—p")}
=[rA—mK 1—-1)]
X{(1—s=2p)(1—5"—2p)}. (3.11)
Introducing these matrix elements into the ensemble
average of the interaction Hamiltonian, we find

Wr=— % Viwlh(1= ) e (1— i) T

k,k’
X{(I*Sk—2ﬁk)(1—'5kr*2pk/)}. (312)
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TasBLE I. Coefficients for the decomposition of ¥ according to Eq. (3.10).

Wave function

k k’ Fractional No. of cases a1 al aol a0
+ + A=s—p)(1—=s"—-p") [hi' Tt [h(1—A") 1 CA-hmnrT [A=mA-k)T]
- - p’ [A=nA-r)] —[A-nAT —[h(1—k")]t Chn' 1t
+ - (1—s—p)p' [r(1—0)T —[hh'J [A-nA-r)] —[A-RK}E
- + p(1=5"—p") [A-nrT [A-H(A-r) T —[an' It —[r(—r)J
It should be noted that the Bloch energy (3.9) and of the form
the interaction energy (3.12) depend on (s42p) or the he=3%[1— (ex/Ex) ], (3.19)
total occupancy probability. The energy does not and
depend upon the relative probability for single-particle [he(1—hy) J=1e/Ey. (3.20)

and excited-pair occupation. Thus one may use a
distribution function f which gives the over-all prob-
ability of occupancy, where

sk=2fx(1— fu),

= 1id, (3.14)

which follows from the fact that sy is the probability
that either k¢ is occupied and —k{ is empty or the
reverse and py is the probability that both k¢ and —k{
are occupied. The free energy can be minimized directly
with respect to Ak, px, and sy without introducing fi
and one indeed finds that (3.13) and (3.14) hold.

Since the excited particles are specified independ-
ently for each system in the ensemble, the usual
expression for the entropy in terms of f may be used:

—TS=2kT Tl fio Infurt (1= fi) M1 — fio)}. (3.15)

(3.13)
and

Minimization of the Free Energy

If the expressions (3.13) and (3.14) are introduced
into (3.9) and (3.12), the free energy becomes

F=2 %‘ekl[fk_*‘(l_sz)hk(leki)]
- kzk Viw[he(1 =l e (1= hier) Tt
X{(1=2f)(1—2/x)}—TS. (3.16)
When we minimize F with respect to &y, we find that
Zek—z./_j, Vi [ (1—h) (1 —2f)
(1—2hy)

X— " 0, (3.17)
(e (1—hs) 2

or
[Ax(1—hy) P Vi [hw (1—=he) H(1—2f1)
1—2hy K 2ex

. (3.18)

where the energy ey is measured relative to the Fermi
energy and ex<O0 for £ {kp. Assuming as before that
the interaction can be replaced by a constant average
matrix element —V, defined by (2.34) for |ex| <#w
and by zero outside this region, it follows that %y is again

The energy Ex, a positive definite quantity, is defined as
Ek=+(€k2+€02)%, (321)

0=V Lwlhe(1—h) PA-2f).  (3.22)

It will turn out that 2¢, is the magnitude of the energy
gap in the single-particle density of states and therefore
the distribution of ground pairs is determined by the
magnitude of the gap at that temperature.

When we minimize F with respect to fx, we find that

2ex(1—273)+4 T View [l (1= R ) (1= i) T8
X (1=2fx)+2kT In(fi/ (1— f)) =0,
and using (3.19) through (3.22), we find that

where

(3.23)

—1n<fk/(1—fk>>=ﬁ[eEi+3]=aEk, (3.24)

k k

where 8=1/kT and Ey is a positive quantity. The
solution for f is

Jx=

= f(Ey). (3.25)

|

Thus the single particles and excited pairs describe a
set of independent fermions with the modified dispersion
law (3.21). For 2> kr, fx specifies electron occupation
while for 2<kp, fx specifies hole occupation. These
electrons and holes are identified with the normal
component of the two-fluid model.

When €,—0%, then Ex—e¢, for the electron and when
ex—0, then E,—e¢ for the hole or the corresponding
electron energy——eo. Thus the new density of states
has an energy gap of magnitude 2¢, centered about the
Fermi energy. The modified density of states is given by

dN(E) dN(e) de E
— = —=N(O———,
dE  de dE (B2— e?)}

(3.26)

which is singular at the edges of the gap, E=e,. The
total number of states is of course unaltered by the
interaction.

If the distribution functions (3.19) and (3.25) are
introduced, the condition determining the energy gap
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Fi1c. 1. Ratio of the energy gap for single-particle-like
excitations to the gap at 7=0°K »s temperature.

(3.22) becomes (dividing by eo)

1 - ko de
— = | ——— tanh[3B(e+eD)t], (3.27
Vo f o [18(e+e)t], (3.27)

where we have replaced the sum by an integral and used
the fact that the distribution functions are symmetric
in holes and electrons with respect to the Fermi energy.
The transition temperature, T, is defined as the bound-
ary of the region beyond which there is no real, positive
o which satisfies (3.27). Above T therefore, =0 and
f(Ex) becomes f(ex), so that the metal returns to the
normal state. Below T, the solution of (3.27), €30,
minimizes the free energy and we have the supercon-
ducting phase. Thus (3.26) can be used to determine
the critical temperature and we find

1 e de
S f & tanh(38.9), (3.28)
N(O)V 0 €
or 1
BT, =1.14%0 ex [— -——] (3.29)
L™ voyv

as long as kT <Kfw, which corresponds to the weak-
coupling case discussed in Sec. II. The transition
temperature is proportional to 7w, which is consistent
with the isotope effect. The small magnitude of T
compared to the Debye temperature is presumably due
to the cancellation of the phonon interaction and the
screened Coulomb interaction for transitions of im-
portance in describing the superconducting state, and
the resulting effect of the exponential.

The transition temperature is a strong function of
the -electron concentration since the density of states
enters exponentially. It should be possible to make
estimates of the change in transition temperature with
pressure, alloying, etc., from (3.29).

A plot of the energy gap as a function of temperature
is given in Fig. 1. The ratio of the energy gap at 7=0°K
to kT is given by combining (2.36) and (3.28):

2e0/kT=3.50. (3.30)

From the law of corresponding states, this ratio is
predicted to be the same for all superconductors. Near
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T., the gap may be expressed as
«=3.2kT[1—(T/T.)7T,

which has the form suggested by Buckingham.®

It can be seen from the distribution functions that
our theory goes over into the Bloch scheme above the
transition temperature. As T—7T,, Ey—|ex|, and ky
vanishes for 2> kr and is unity for k<kp. According
to (3.4) the excited-pair function specifies complete
electron occupancy for £>kr and complete hole occu-
pancy for £<kp in this case. Thus, in the normal state,
the ground pairs vanish above the Fermi surface and
form the Fermi sea below, while the single particles and
excited pairs combine to describe excited electrons for
k> Fkr and excited holes for k<kp.

(3.31)

Critical Field and Specific Heat

The critical field for a bulk specimen of unit volume
is given by

H?/8r=F,—F, (3.32)
where F, is the free energy of the normal state:
F,,=—-4N(0)ka delog(14-ef¢)

0
=—LrN(0)(RT)%. (3.33)

With the aid of (3.25) the entropy in the supercon-
ducting state, (3.15) may be expressed as
TS=4kT 3. [In(1+e#F%)+BEx fi .
k>kF

Replacing the sum by an integral and performing a
partial integration, we find

(3.34)

TS=4N(0) f wde[—;—-i-E]f(ﬂE), (3.35)

where the upper limit has been extended to infinity
because f(BE) decreases rapidly for Be>1. If (3.34)
and (3.16) are combined with the distribution functions
(3.19) and (3.25), the free energy becomes

F,=—4N(0) f “de f(BE)

hw € 602
+2N(0)f de[e———]—-—-—,
0 El V

which with the aid of (3.27) may be expressed as

) 24 ¢
F,=—2N(0) f del - ]f(ﬁE)

(3.36)

—N(O)(ﬁw)”[ [ 1+(;—2)T—1 t (3.37}

3 M. J. Buckingham, Phys. Rev. 101, 1431 (1956).
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The critical field is given by combining (3.31), (3.32),
and (3.37):

B v (ﬁw)“’{ [1+ (%)T— 1 }—?N(O) (R T)?

x{ 1—p fo wde[262;€°2] 7(8E) } (3.38)

A plot of the critical field as a function of (T/T)? is
given in Fig. 2. The curve agrees fairly well with the
1—(T/T.)? law of the Gorter-Casimir two-fluid model,*
the maximum deviation being about four percent.
There is good experimental support for a similar
deviation in vanadium, thallium, indium, and tin ; how-
ever, our deviation appears to be somewhat too large to
fit the experimental results.
The critical field at 7=0 is

Ho=[4rN (0) Jteo(0) =1.75[4x N (0) AT, (3.39)

where 2¢0(0) is the energy gap at T'=0 and the density
of Bloch states N(0) is taken for a system of unit
volume.

A law of corresponding states follows from (3.39) and
may be expressed as :

yT 3/ H=%w[kT ./ (0) *=0.170, (3.40)

where the electronic specific heat in the normal state
is given by

Con=7T (ergs/°C cm?), (3.41)
and

y=3%w2N (0)42. (3.42)

The Gorter-Casimir model gives the value of 0.159 for
the ratio (3.40). The scatter of experimental data is
too great to choose one value over the other at the
present time.

Near T'=0, the gap is practically independent of
temperature and large compared to k7', and hence for

10
8
2
()
Hy 6|
- (/T
4t Theory
2F
| 1 1 1 1 1 1 1 1 1
() A 2 3 4 5 .6 g 8 9 1.0

(/7%

F1c. 2. Ratio of the critical field to its value at T=0°K us
(T/T.)? The upper curve is the 1—(7/T.)? law of the Gorter-
Casimir theory and the lower curve is the law predicted by the
theory in the weak-coupling limit. Experimental values generally
lie between the two curves.
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T/T L1 we have the relation

He=H1—3n(kT/e0)?], (343)

or

HaH[1—1.07(T/To?]. (3.44)

This approximation corresponds to neglecting the free-
energy change of the superconducting state, the total
effect coming from F,.

The electronic specific heat is most readily obtained
from the entropy, (3.34): -

s ds dfs
Cowm=T—=—f—=—4k3 Y. BE—, (3.45)
ar ag - E>EF ag
or
Co=2k8 Y ful )[E i J (3.46)
es ™ k —Jk k I O .
K>kF ! 2 dB

The expression for C,, is simply interpreted as the
specific heat due to electrons and holes with the
modified spectrum (3.21) plus the change in conden-
sation energy with temperature.

At the transition temperature, the energy gap van-
ishes and the jump in specific heat associated with the
second order transition is given by

d602
(Cee—'cen) l Tc=2k.33 Z fkn(l"‘fkn)[——_]
E>kr dg ir,
2

.
=kN(0)6c2l éL . (3.47)

where

fren=1/(ePx+1). (3.48)

The derivative de?/d8 can be obtained from the

relation between ¢ and T, (3.27). After some calculation
we find

ded® 10.2
— == (3.49)
aglr. B
and the jump in specific heat becomes
Ceos—T.
—— =1.52. (3.50)
¥T. Te

The Gorter-Casimir model gives 2.00 and the Koppe
theory?® gives 1.71 for this ratio. The experimental data
in general range between our value and 2.00.

The “initial slope of the critical-field curve at the
transition temperature is given by the thermodynamic

relation
T, fdH \?
"-( ) = (Cs—"Cn) (351)
4r \ dT T, T,
With use of (3.47) this becomes
‘ 1/dH\?
—( ) =194, (3.52)
y\dT T,
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F16. 3. Ratio of the electronic specific heat to its value in the
normal state at T'; vs T/T . for the Gorter-Casimir theory and for
the present theory. Experimental values for tin are shown for
comparison. Note added in proof—The plotted theoretical curve
is incorrect very near T'; the intercept at T, should be 2.52.

or with (3.39),
dH,

ar

1.82H, (3.53)
Tc—— Tc . .

When Bep>1, the specific heat can be expressed in
the form

€ 3 (2 ) T”)QDK( )+ Ka(Ber)
~T. 22°\ET, (T 1(Bea) +Ko(Beo) ]

=8.5¢71-44TelT | (3.54)
where K, is the modified Bessel function of the second
kind.

The ratio C../(yT.) is plotted in Fig. 3 from (3.46)
and compared with the 73 law and the experimental
values for tin. The agreement is rather good except
near 7', where our specific heat is somewhat too small.
The logarithm of the same ratio is plotted in Fig. 4 to
bring out the experimental deviation from the 7° law.
The recent work of Goodman ef al.® shows that the
data for tin and vanadium fit the law:

Cos/ (¥T o) = ae™¥TeI", (3.55)

with high accuracy for T'.,/T>1.4, where ¢=9.10 and
b=1.50. These values are in good agreement with our
results in this region, (3.54).

Thus we see that our theory predicts the thermo-
dynamic properties of a superconductor quite accu-
rately and in particular gives an exponential specific
heat for T/T <1 and explicitly exhibits a second-order
phase transition in the absence of a magnetic field.

IV. CALCULATION OF MATRIX ELEMENTS

There are many problems for which one would like
to determine matrix elements of a single-particle scat-
tering operator of the form U=} ; H; where H;
involves only the coordinates of particle 7. In terms of
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creation and destruction operators,

U=Z sz Z Bkak’a’ck'o"*ckﬂy (41)
7 k,k’, 0,0’
where
Bkvk’a’=f¢k'v’*H]¢kade (4'2)

is the matrix element for scattering of a single electron
from ko to K'¢’. In this section we shall determine
matrix elements of U between two of our many-particle
excited-state wave functions for a superconductor and
give tables which should be useful for application to
perturbation theory and transport problems. We first
give a brief review of the corresponding problems for
the normal state.

The matrix element of cx/o*cx, between two normal
state configurations is zero unless the occupation num-
bers differ only in transfer of an electron from ke in the
initial to k’¢’ in the final configuration, in which case it
is unity. If one wishes to calculate the probability that
at temperature T an electron be scattered from a state
of spin ¢ in an element Ak to one of spin ¢’ in Ak’, one
must multiply the usual single-particle expression by
f(1—f"), the probability that ke be occupied and k's’
unoccupied in a typical initial configuration. A similar
factor occurs in the second-order perturbation theory

expansion of U: )
| Bgwar |*f (1= f')
- .

€—E€

(4.3)

k,o,k’, 0’
If H; is independent of spin, ¢’ =¢ and the sum reduces

to
By |2f(1— /) ’__
ZZl_Lf(_;f._=_Z|Bkk,]2(f S

kK k,k’

(4.4)

€—€

9.7 (1501
exp DSOE:]

1 1 .
20 25 30 35 40
/T

i (5]

F16. 4. A logarithmic plot of the ratio of the electronic specific
heat to its value in the normal state at T vs T,/T. The simple
exponential fits the experimental data for tin and vanadium well
for To/T>1.4.
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TaBLE II. Matrix elements of single-particle scattering operator.

Wave functions®

Initial, ¥; Final, ¥;  Ground (+) Energy Matrix elements
kt, (k% (kp, (k', orexcited (=) difference Probability of cxrp¥erq or Ccoxy¥c_xry or
—-ky), —k%¥) —k{), —Kk{) k ! W;—W; initial state c_xry¥exp —c-k¥cxrt
(2) + + E-F s(1—s'—p") [A-nQA—-r)T — (ki)
X0 00 00 X0 - - E'—E 3sp’ (hi')} —[A=-n(A-r)T]}
X0 XX XX X0 + - E+E asp’ —[A-mKT —[r(1—=1)T
-+ —(E+E) 3s(1—s'—p) —[r(1—#) ] —[(A—-h)K]E
(b) + + E'—E ' (1—s—p) (hh')} —-[A-m(1-#)]
XX 0Xx 0X XX - - E—FE' is'p [A=-A-r)] — (hi')}
00 0x 0X 00 + - —(E+E) 3’(1—s—p) [r(1—H)T F(—hnTt
- + E+FE 3s'p [A=-mn] [r(1—m) Tt
(c) + + E+F iss’ CA—nr)nr7t [r(1—h")T¢
X0 0x 00 XX - - —(E+E) xss’ —[r1—r)} —[(1-n7
XX 00 + - E-F iss’ [A=r(A-r)T] — (hi')}
-+ E'—E iss’ — (hi')} [A—BA-n)T]t
(d) + + —(E+E") A=s—p)(1—=5"—2") Ch(1—1) 2 CA-mrD
XX 00 0X X0 - = E+-E’ pp’ —[A=mw] —[h(1—2")]t
00 XX + - E'—E (1—=s—p)p’ — (i)} [A-nA-r)T
-+ E—-F p(1—s"—p") [A-mQA-r)] — (hi')}

a For transitions which change spin, reverse designations of (k’4,

The factor of two comes from the sum over spins in the
initial configuration and the second form from the fact
that | By |? is symmetric in k and k'.

The calculation of the corresponding factors for the
superconducting case is complicated by the fact that
any given state ko may be occupied singly or by either
ground or excited pairs, and these possibilities must be
weighted by the probability that they occur in a
typical initial wave function. First consider matrix
elements of an operator which does not give a spin
change:

(‘I’fl Zk, K, o ByxrCw ¥ Cxo i ‘I’z)

Nonvanishing matrix elements of cwt¥cxt are obtained
only when the single and excited-pair occupancy of ¥;
and ¥, is the same except for those designated by wave
vectors k and k’. Further, ¥; must contain a configura-
tion in which k¢ is occupied and k4 unoccupied and
¥, one in which k’4 is occupied and k¢t unoccupied.
The various possible transitions along with the matrix
elements are listed in Table II. While the individual
matrix elements are complicated, fairly simple results
are obtained when a sum is made over all transitions in
which k is in a volume element Ak and k' in AK/, it
being assumed that By is a continuous function of k
and K'.

The first type of transition, (a), listed in Table II
corresponds to single occupancy of k4 in the initial and
of k’¢ in the final state. Pair occupancy of k’ (i.e., the
pair k', —K'}) in ¥; and of k in ¥; may be either
excited or ground, giving the four possible combinations
listed in the second column. These have components in

(4.5)

—k’}) in the initial and in the final states.

which the pair states k’ in ¥; and k in ¥, are unoccupied,
designated by X000 for ¥; and 00 X0 for ¥,. There
is a nonvanishing matrix element of cw1*cxt between
these components. Other components of the same wave
functions have the pair states k' in ¥; and k in ¥,
occupied, as is indicated by the designations X0 XX
and XX X0, respectively. While the matrix element of
cwt¥crt between these latter vanishes, that of c_ry*c_iy
does not. Since both ¢y t*cit and ¢_yy*c_y+y are included
in the sum in (4.5), they will give coherent contributions
and must be considered together. Matrix elements
between these states of all other terms in the sum are
zero.

Matrix elements of type (b) are for single-particle
occupancy of —k’} in ¥; and of —k{ in ¥,, while k in
¥, and k' in ¥, may be occupied by either excited or
ground pairs. With interchange of spin and of k and k’,
they are similar to type (a). Type (c) represents single
occupancy of kt and —k’} in ¥; and either excited or
ground pair occupancy of both k and k’ in ¥,. Transi-
tions of cx4¥ckt are allowed for the component 00 XX
of ¥; and of ¢ xi*c_xy for the component XX 00.
Again, these are coherent. Finally, type (d) represents
excited or ground pair occupancy of ¥; and single
particle occupancy of —ky, k’4 in V.

The energy differences W;— W/ listed in the third
column are obtained by taking an energy 2E for an
excited pair, E for single occupancy, and zero for a
ground pair. We have used the notation E=E(k);
E'=E(), etc.

In column 4 are given the probabilities of the initial
state designations, based on taking %s for a specified
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single occupancy, p for an excited pair, and (1—s—p)
for a ground pair. For example, ¥; in the top row
corresponds to kt occupied and a ground pair in K/,
and the fraction of the states k in the volume element
Ak and k' in Ak’ which have this designation is
Fs([1—s(k)—p(Kk)].

To calculate the matrix elements, it is convenient to
decompose the wave functions into components corre-
sponding to definite occupancy of excited and ground
pairs as in (3.10). Thus, for the top row in which k’
in ¥; and k in ¥, are both ground pairs,

V= ka*[h'%sam (Ok,l k’)+ (1 - h’)%%o(ok:()k')]a
V= crt*[ M 010(11,0) + (1= 1) 000 (01, 0x) ],

where

(4.6a)
(4.6b)

e10="bx*bys po1.
The matrix element of cyxt¥*ckt is

(W s exrt*ert [ 05) =[ (1= k) (1—A) T} (cxrt™ poo| ¢ 1™ 00)

=[(1—hA-K)]. 4.7
The matrix element of ¢_xy¥c_yy is given by
(¥s]emxi¥enrs | W)
= (hhl)%(ck’T*bk*bk’ ®o1 [ C—kl*€—~k’l0kT*§001)- (4-8)
Since .
Cat¥bi*bir oo1=— 1 1bi* oo, 4.9
c_xi¥eir yext* por= w1 bx* oo, (4.10)

the matrix element is — (4%')}. The other matrix
elements of types (a) and (b) may be calculated in a
similar manner.

For types (c) and (d) we make use of the decompo-
sition (3.10). For example, for type (d),

‘I’i=€¥11<P11(1 k,l k') +0110<P10(1 k,Ok')
+ 01001 (0k,1x7) +aoo<poo(0k,0kr) , (4.11)

where the o’s are as listed in Table I. The final wave
function is

¥ r=crt¥cxt or0. (4.12)

Thus the matrix element of cw1¥cxt is just aio. The
matrix element of ¢_yxy¥*c_xsy is found from

c—xi¥e_wion= C—x¥c_xr3bi*Dror0
=cprt¥cxt @10,

(4.13)
so that we find

(¥ s]ea*ews | W) =ao. (4.14)

Those for type (c) can be obtained by interchanging
initial and final states and spin up and spin down.

We have so far assumed a spin-independent inter-
action. Oneinvolving a spin flipmay be treated by exactly
similar methods. Initial and final states differ from the
parallel spin case by interchange of spin designation of
k’ in the initial and in the final state. There is a coher-
ence between the matrix elements for c_p-4¥cxt and
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c—xy*cwt. They are the same as the corresponding
matrix elements for parallel spin, except for a reversal
of sign of the reverse spin transitions. For example,
for the type (a) -transition of the top row, the final
state is now

V= c_wi* [ 10(11,01) + (1= 1)} 000 (0x,01) ].

The matrix element of ¢_yy¥cxt is [(1—h)(1—4') ]t as
before. To obtain matrix element of c_xi*cyrt, we now
have, corresponding to (4.9) and (4.10),

(4.15)

C—k’l*bk'bk*¢01= Ck'tbk*mb
C—kl*ck/wkt* ©01= Ck'fbk* ©o1,

giving + (k%')}. We have indicated the change in sign
in the table by listing —c¢_xy*ck-t at the top of column 6.

In a second-order perturbation theory calculation,
one is interested in determining

| (] X Brwcwo*cxs| %) |2
k,k/ 0

2 )
f W,""‘Wf

(4.16)

where the sum is over all intermediate states, f. The
initial state should be a typical one for a given temper-
ature 7. In general, one might have either

Bkkr = +B_k', —ky (case I) (4:.17)
or

(case II) (4.18)

Byyxr=—B_y, k.

The latter applies to the magnetic interaction. To take
the coherence into account, one may take the spin-
independent sum over k and k’, which designate initial
and intermediate states:

| By 12<| (‘I’fl Cx! 1*Ck1ic—k¢*c—k’i ]‘1’1) |2>Av
Wi—W,

, (4.19)

k k/

where the average is taken over volume elements Ak
and AK’ for the initial state.
For terms with an energy denominator W,—W,
=E—FE', we have
{LA=m)(A—r)PF (")} [Gs(1—s"—p')
+ips'+iss'+p(1—5"— )]

€€

,;602] (1—7). (4.20)
-l a

-1+

Table IIT lists the average matrix elements for the
various values of W,—W .

The second-order perturbation theory sum may be
written

- Z |Bkk’|2L(e:€,)) (421)
k,k’/
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TasLE III. Mean square matrix elements for possible
values of W;—Wj.

-Wy (| (| owr*exte i ey [0 [ D
€€’ 2
E-E 11+ ) -1
’ ec- Fe "
B-F y(1+GeT) =
’ 1 __ee?eo _ o
~(E+E) (1-“Fp)a-na-n
, N ee’ Fe?\ .,
E+E 1(1-55%)sr
where
1 €€’ F e f—f
L(e,€ =~(1% )
2 EE E—FE

S5 )G
B! ((1—2f>E~ (1=2/)E )

2

/!
62—52

AR

(4.22)

The upper signs correspond to case I, the lower to
case II.

To determine the probability of a transition in which
an energy quantum /v is absorbed, we have a sum of
the form

27
— & |Bus | X (sl owrrzosooses |2
k’kl .

X6(W,—Wi—hy). (4.23)

For the matrix elements for which W;—W;=E—E/,
we may interchange k and k’ in the sum and combine
them with those for which W;—W;=E'—E. This just
gives either one multiplied by a factor of two:

e’ Teg?
EE' )
Xf(A—=fe(W;—

One may interpret the factor of two as accounting for
the sum over the two spin possibilities of the initial
state. If | By |2 is symmetric with respect to the Fermi
surface, so that we may sum over + and — values of
eand ¢, terms odd in e and ¢ drop out, and we find

27
-2 2lBkk'|2%(1+
7 kK

Wi— hV) . (424)

2- > 4|Bkk112(1q:E2)

% k' >kp E’

X f(l—f)8(E'—E—hv). (4.25)
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The corresponding expressions for W;—W,=E-+E’ and
— (E+FE’) are:
2 2
— 2|Bkk;|2(1:!:———)
ANESd EFE’
XA—=A—f)e(E+E —hv), (4.26)

Z ZIBWIZ( )ff’a(E—f—E’—{—hu) (4.27)
h k,k'>kF

respectively, where again we have dropped terms odd
in eand €.

Hebel and Slichter® have used (4.25) to estimate the
temperature dependence of the relaxation time for
nuclear spin resonance in the superconducting state
from the corresponding value in the normal state. They
are able to account for an observed initial decrease in
relaxation time in Al as [the temperature is lowered
below T.. The increased density of states in energy in
the superconducting phase more than makes up for the
decrease in number of excited electrons at temperatures
not too far below T'.. For this problem, the lower sign
(+) is appropriate.

These expressions may also be used to determine
transport properties, such as electrical conductivity in
the microwave region and thermal conductivity.

Note added in proof.—The marked effect of coherence on the
matrix elements is verified experimentally by comparing absorp-
tion of ultrasonic waves, which follows case I, with nuclear spin
relaxation or electromagnetic absorption, both of which follow
case II. For frequencies such that Zv<kT, one expects for case
II an initial sncrease in absorption just below T, followed by a
‘decrease to values below that of the normal state as the tempera-
ture is lowered, as is observed experimentally. On the other hand,
for case I one expects the absorption to drop with an infinite
slope at T, such as is found for ultrasonic waves.

The expressions for the transition probabilities are simplified
if we change our convention for the moment to give E the same
sign as ¢, so that E= — (4 €2)? below the Fermi surface. One
may then write (4.26) and (4.27) in the same form as (4.25), with
E and E’ now taking on both positive and negative values.
Considering both direct absorption and induced emission, the net
rate of absorption of energy in the superconducting state is
proportional to

avs f[(1F e LI U= DB EVE,  (@.29)

where E'=E+hv and p(E)=N(0)E/(E*— &?)? is the density of
states in energy.

With the upper sign (case I) and with kv<<kT, the density of
states terms are cancelled by the first factor, and the expression
reduces to

a, < 2[N(0) e: (f=f)E=2[N (0) Thv f(e0),
The factor 2 comes from adding contributions above and below
the Fermi surface. The corresponding expression for the normal

3#T,. C. Hebel and C. P. Slichter, Phys. Rev. 107, 901 (1957).
We are indebted to these authors for considerable help in working
out the details of the calculation of matrix elements, particularly
in regard to taking into account the coherence of matrix elements
of opposite spin.
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state is similar, except that e¢,=0. We thus find
as/an=2f(e). (4.29)

R. W. Morse and H. V. Bohm (to be published) have used (4.29)
for analysis of data on ultrasonic attenuation in an indium
specimen for which the electronic mean free path is large compared
with the wavelength of the ultrasonic wave, so ‘that one might
expect the theory to apply. Values of &(7) estimated from the
data by use of (4.29) are in excellent agreement with our theo-
retical values (Fig. 1).
For case II, the integral may be expressed in the form:

o _1p B
an ) {(B2—e)[(E+hr):—e? ]}

The integral diverges at E=¢, if /v is set equal to zero in the
denominator. Numerical evaluation of the integral indicates that
for hiv~3%kT. or less, (4.30) gives an increase in absorption just
below T, as observed by Hebel and Slichter in nuclear magnetic
resonance and by Tinkham and co-workers (private communi-
cation) for microwave absorption in thin superconducting films.

In order to have absorption at I'=0, 4» must be greater than
the energy gap, 2¢p. We take E negative and E’ positive, and find
for this case:

(4.30)

a1 f—eo [E(E+hv)+e?]dE

an ) ety {(B2— ) [(E+ )i — e}
The integral may be evaluated in terms of the complete elliptic
integrals, E(vy) and K (v) as follows:

(4.31)

Osg 260 Zeo
o () ORE ) 130} (4.32)
where
v=(hv—2e)/ (hv+2e). (4.33)

This expression is in excellent agreement with data of Glover and
Tinkham (reference 20, Fig. 6) on infrared absorption in thin
films.

V. ELECTRODYNAMIC PROPERTIES

The electrodynamic properties of our model are
determined using a perturbation treatment in which the
first order change in the wave function is used to
calculate the current as a functional of the field. For
such properties as the Meissner effect this approach is
quite rigorous since we are interested in the limit as
A(r) approaches zero. It is assumed that the medium
is infinite and that the sources of the field may be
introduced by inserting current sheets in the interior.
This method has been applied previously to the calcu-
lation of the diamagnetic properties of an electron gas.3®

We first derive an expression, valid for arbitrary
temperatures, relating the current density to the total
field (the field due to the sources and to the induced
currents). The fact that the system displays a Meissner
effect is established by investigating the Fourier trans-
form of the current density in the limit that ¢—0. In
this limit we obtain the equation,

1
{li_I}.}i ()= —CT“(Q), (5.1)
T

3 This method was first applied to the calculation of the
diamagnetic properties of an electron gas by O. Klein, Arkiv Mat.
Astron Fysik, A31, No. 12 (1944). Our treatment follows that of
one of the authors as given in reference 7, pp. 303-321, where
further references to the literature may be found.
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where Az is a function of temperature, increasing, in the
free-electron approximation, from the London value
A=m/ne* at T=0 to infinity at the transition temper-
ature.

The limiting expression (5.1) is valid only for values
of ¢ smaller than those important for most penetration
phenomena. In general we find the current density is a
functional of the vector potential A which, with div A
=0, may be expressed in a form similar to that proposed
by Pippard (1.3):

3 R[R-A(r) V(R,T)dr’
. f[ (VR D

dmcAréo Rt

The kernel, J(R,T), is a relatively slowly varying
function of temperature, and at 7’'=0°K is not far
different from Pippard’s exp(—R/&).

To calculate penetration depths, it is more convenient
to use the Fourier transform of (5.2), which may be
expressed in the form

1@ =—(c/4m) K (g)a(a), (5.3)

where K (g) is a scalar which approaches the constant
value 4r/(Arc?) in the limit ¢—0. One may determine
K(g) directly from the perturbation expansion of the
wave function, or one may first calculate J(R,T) and
then find the transform of (5.2). The latter procedure
is followed in Appendix C, where an explicit expression
for K(g) valid for ¢ not too small is derived. In this
section we shall give a direct derivation of the transform
which can be used to investigate the limit ¢—0, and
then give the derivation of (5.2). A comparison of
calculated and observed values of penetration depths is
given at the end of the section.

In the absence of the electromagnetic field, the
system at a given temperature is characterized by the
complete orthonormal set of wave functions which we
denote by

‘IIO(T)y ‘I’I(T)> ot \I’W(T)y R

with corresponding energies
Wo(T), Wi(T) - - Wa(T)---. (5.4)

We choose for ¥(7) a typical wave function of the
type described in the previous sections, where the
occupation of “single particles” and ‘“‘excited pairs” is
given by the s and p distributions, respectively,
appropriate to the temperature T'; the rest of the phase
space is available for “ground pairs”’ whose distribution
is specified by % which is also a function of 7". The set
of orthogonal states is obtained by varying s and p (in
analogy with the normal metal) and not changing #.
We thus are choosing a representative configuration of
the most probable distribution and taking system
averages with respect to this representative configur-
ation.

The electromagnetic interaction term for an electron
of charge g=—e, ¢>0, is, in second quantized form,
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—ieh
ai= [ dnp*<r>[ R A

mc

+

62
wam.ﬁw
2mc?

m

We choose a gauge in which ¥V-A=0 and in which A=0
if the magnetic field is zero.

We expand ¢ and ¢* in creation and annihilation
operators®®:

1
V() =— 2 ci, othoe™ %,
k,o

Qz

(5.6)

1 .
k0

where the ¢’s satisfy the usual fermion anticommutation
relations, (2.1) and (2.2), %, is a two-component spinor,
and Q is the volume of the container. The interaction
Hamiltonian becomes, when one neglects the term of
higher order in A,

e (2m)t
[=———— 2 Ckiqo Cko0(q) K, (5.7)
mc @ kao
where o
a(q)= (—) fdr A(r)eiar
2
The current operator J(r) is
ieh é
J () =—(@*vy—Herm. conj.) ——¢*Ay
2m me
=Jp(0)+Jp (). (5.8)
Expanding ¢ and ¢* as in (5.6), we get
eh )
Sp()=—— 2 Citqo 004" (2k+q),
2mQ k,q,0
(5.9
e2
Jp(X)=———= 2 Cirq o Cr 0 ' "A(T).
me Q k,q,0

In the presence of the electromagnetic field the wave
function for the system may be written

®(A) =&+, + (terms of order A2--.),

where the usual perturbation expression for &, is

(W:|Hr [ W)
=3 ——| ).
= Woe—W;

36 At this point we insert plane waves for the Bloch functions.
It would be possible to carry through an analogous procedure
formally with Bloch functions. The average matrix elements
which enter cannot be evaluated explicitly, but can be expressed
in terms of empirically determined parameters. The appropriate
modifications of the free-electron expressions are as indicated in
the introduction.

(5.10)

(5.11)
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To the lowest order in A(r), the expectation value of
the current operator is then

1) =(@|I@|2)=(@:]| Jr(r)[20)
+(@o| Jp (1) [21)+ (@o| I (1) [20),

where the last equality follows if the current in the
field free state, jo(r) = (®o| J(r) | ®0), vanishes.362

If (5.7), (5.9), and (5.11) are combined with (5.12)
and the condition q-a(q)=0 is used, we obtain for the
paramagnetic part of the current density,
eh?(2m)?

2m2cQ?

(5.12)

2 X (k+qk

%0 k,q,0 k’,q/,0’

iP(f) =
.[a(q/)e_iq.,(%m‘ck,ﬂ,, e [ EATY)

X (¥i(T) | cxrq, v*Ck,vl‘I’o(T))m

~+complex conjugate], (5.13)

while for the diamagnetic part we have
in(1)=— (ne*/mc)A(r),

where # is the number of conduction electrons, of both
spin directions, per unit volume.

The spin sums and the calculation of the average
matrix elements can be carried out as indicated in
Sec. IV, (4.16) to (4.22). We then obtain

en (2m)t
> (Zk+qk
2mP*c QP k,q

(5.14)

jp(n)=

: a(_ q)e_iq.rl‘(ekyek+q):

where L(ex,exiq) is given by (4.22) with the lower
signs, corresponding to case II. Setting ex=¢ and ex4q
=¢/, the explicit expression for L is

1/1—f—Ff '+ eg?
L(e,e'):—(——.-f-——f—)(l—-ee €0 )
2\ E+FE EFE’

=7
)(v
E—FE'

362 Note added in proof.—We neglect the effects of the momentum
dependent cutoff on the expression for the current density; as
shown explicitly by P. W. Anderson (private communication)
errors introduced are negligible in the weak coupling limit. In a
general gauge, A=A,+gradp, with div Ay=0, it would be neces-
sary to include in the perturbation expansion collective excitations
of the electrons, the simplest of which corresponds to a uniform
displacement of all of the electrons in momentum space. Energies
and matrix elements of collective excitations are nearly the same
in normal and superconducting phases. We assume the collective
excitations make a negligible contribution to the current form A,
(see J. Bardeen, Nuovo Cimento 5, 1766 (1957)).

(5.15)

e+
). (5.16)

1
e
2 EFE’
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To show how (5.16) reduces to the usual expression
for a free-electron gas in the limit ¢c—0, we note that
E is defined so that it is intrinsically positive, while the
Bloch energy e may be either positive or negative. As
e—0, E—|¢|. If ¢ is negative,

fO=f(=le)=1—=f(leh=1—f(B), (5.17)

To get a nonvanishing contribution from the first line,
¢ and ¢’ must have opposite signs, while for the second
line they must have the same signs. We thus find that
L(e,)—(f'—f)/(e—¢), as it should [see (4.4)].

The Meissner Effect

To establish the existence of the Meissner effect,
we investigate the Fourier transform of j(r) in the
limit q—0. If j(q) does not go to zero in this limit,
and is opposite in sign to a(q), then the system will
expel the field from its interior and behave like a
perfect diamagnet.

The Fourier transform of the paramagnetic part of
the current density, jp(r), is given by

ir(@)= (i—r)ifdr je(r)e-iar,

Referring to (5.15)', this can be written as

(5.18)

JP((I)=—( ) [ak Ot Ok 6@ Lews10), (519

where in the limit that q—0, ex=exyq and L(ex,€itq)
becomes

. e

lql_rgL(Ek,ek+q) zm- (5.20)
Thus we want to evaluate
hm;p<q>=—( ) 28 [k @) (520

Choosing a(q) as the polar axis, the angular integration
can be done; then, using the relations n=~%7*/37% and
Er=12ks%/2m, we get

hm,P(q)=_ 1——)a(q>, (522
where
A 288F p*
—= f kidkePE (14€PE)~2, (5.23)
Ar  kr® Y

Letting y=¢/kT, and using the sharp maximum of the
integrand at ¢=0, we find

1——=

0 2 602 3
f - exp(y*+F%) (5.24)
0

“[+exp(y+Bed)iT
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The London constant Ar can also be expressed in terms
of derivatives of e, as is done in Appendix C where the
following result is derived

B deo
AT=A(1+'—'—). (5.25)
€ dS
The total induced current thus becomes:
A neé ‘ 1
hml (@=jpt+ip=———, a(q)=——2a(q). (5.26)
Ar mc Arc

In the two limiting situations 7—0 and T—7T,, A/Ar
can very easily be evaluated. As 7—0, 8 becomes
infinite, so that Ar becomes equal to A, the London
value

;riné(A/AT) = 1—2f dy exp[— (v*+B%e2)¥|=1. (5.27a)
0

This could have been seen immediately from (5.19)
since in the 7—0 limit L(ex,exsq)=0 and the para-
magnetic part of the current density is zero. This limit
just gives the equation obtained by London assuming
complete rigidity of the unperturbed system wave
function in the presence of an electromagnetic field.
When T—T., €8 goes to zero and A/Ar also goes to
zero, since

“ evdy
lim ( ) 1— =0.
T—T, AT (1+ey)2

The small Landau diamagnetism would appear only in
a higher order. We thus find that when the system is in
the superconducting phase, the current density in the
London limit has the form (5.1), with Az varying from
A to « as T goes from 0 to T..

It is interesting to note that the Meissner effect
occurs for any value of €>£0. If =0 (for example if
we let V=0), then, for T>0, Bep=0 and from (5.27b)
we see that A/Ar=0. The paramagnetic part of the
current density is then

(5.27b)

. ne
limj»(q) =—a(q), (5.28)
0 me
and the total current in the q—0 limit becomes
lin(}j (q)=0. (5.29)
L g .

This is also true when 7'=0, though in this case one
must be careful of the order in which the various
limits are taken.

Current Density

We now evaluate the spacial distribution of the
current density and exhibit it in a form similar to that
proposed by Pippard. The method we use follows that
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of one of the authors” who carried out a similar calcu-
lation for an energy-gap model.

Beginning with (5.15), setting g=k’—k, and using
the fact that q-a(q)=0 and that we can write terms
like ke®'r as

keik-r= _iveik-r,

(5.30)

we can reduce all of the angular integrations to integrals
of the form

T 2
J sinfdfex i (=) = — ginkR, (5.31)
0 kR
where R=|r—r'|. Then, using the relation
sinkR\ &R coskR—sinkR
( ) = - VR, (5.32)
kR kR?
we finally obtain
en’ (A(r')- V'R)VRG(R)
ip(= f dr’ , (5.33)
2mPemt R*
where

Go(R) = f “a f “aK R TR [ R L(ed)  (5.34)

and

f(k,R)=ER coskR—sinkR. (5.35)

These equations correspond to (21.4)—(21.6) of reference
7. The entire current density j(r) can now be written

ne?
J(0)=ip(r)——A(1).
mc

(5.36)

It is convenient to subtract and add G.(R) inside the
integral (5.33), where G,(R) is G,(R) evaluated at eo=0.
The integral evaluated with G.(R) gives the para-
magnetic current contribution of a free electron gas and
just cancels the term — (ne2/mc)A(r), leaving the small
Landau diamagnetic term in which we are not inter-
ested. We have left the interesting part of the current
density:

en f dr,[Gs(R) —G.(R)JR[A(r)-R]
RS )

ﬂﬂ=2 (5.37)

micm?

An inspection of G,(R), (5.34), reveals that the
major contribution to the integral comes from the
region k, K'~Fkr (i.e., very close to the Fermi surface).
Since we are interested in values of RZpenetration
depth which is ~107% cm, in the region of the major
contribution, kAR~F'R>>1. With this in mind, the
product f(k,R)f(k'R) becomes

f(R,R) f(k',R)~Ekk'R? coskR cosk’R
=%1kk' R cos(k+k')R+cos(k—k')R]

~AEE'R cos(k—F)R, (5.38)
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as cos(k+%)R is very rapidly oscillating in the region
of interest.

Now, making the change of variable dk= (dk/d 8)de,
approximating the slowly varying terms k-k'~2kp
and dk/d 8~1/#v,, where v, is the velocity of an electron
at the Fermi surface, and using the rapid convergence
of the integral to extend large finite limits to infinite
ones, we obtain

GAR)~Ga(R) I
='-%kr‘*RZ(—ég)erzeo(O)X;f(R,T), (5.39)

where
J(R,T)=I(R,0)—I(R,e0) (5.40)
and
+0
IRy =T ffd de' L(e,€)
1€0) = €de €€
’ A’n’2€0(0) _

R
Xcos[(e— e’);—]. (5.41)

Vo
The current density then becomes
. —3 weo(0) J(R,T)R[A(r)-R]
0= f dr" 7

. (5.42)

where Ar has been given by (5.25).

The current density has now been written in a form
in which it is easily comparable to Eq. (1.3), proposed
by Pippard for a pure superconductor, where we
identify 1/&, with the microscopic quantities:

1 me(0)

Eo hvo ’

and where J(R,T) is to be compared with the expo-
nential function, exp[ — R/&o]. We have defined J(R,T)
so that it has the same integral as exp[ —R/&0]:

(5.43)

| f mJ(R,T)dR=£o. (5.44)

As evaluated in Appendix C, J(R,T) is given by

A €0 T €0 T
J(R,T)=~f EO))[tan 2;T)
20(T) (=, (2R \1—2f(E)
— . j;de sm(%;;e )~————GIE, ], (5.45)

from which (5.44) can be established. In the London
limit, where A(r) varies so slowly compared to the
coherence distance &, that it may be taken out of the
integral sign, we obtain

1
i()=——oA(),
A

CAT

(5.46)

as has been shown previously.
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Fic. 5. The kernel J(R,0) for the current density at 7=0°K vs
R/%o, compared with the Pippard kernel, exp(—R/&o).

With this normalization of J(R,T) it turns out that
most of the temperature variation of the current density
is contained in Ay, and that the integral does not
produce effects that vary very much with the tempera-
ture. This will be made clear later in the calculation of
the penetration depth as a function of the temperature.

At T=0, J(R,0) has the simple form

2 0
J(RO)== f Ko)dy,  (547)
T 2e0(0)R/%vo
and when R=0
J(0,0)=1. (5.48)

Thus J(R,0) not only has the same integral as the
exponential but also the same value at R=0. A com-
parison of the two given in Fig. 5 shows that they are
quite similar.

We may express & in a form similar-to that suggested
by Faber and Pippard?®:

¢o=a(Two/kT.), (5.49)

where ¢ was adjusted empirically from observed pene-
tration depths. From (5.43), we find

h’()o 1 ch hvo

=0.
TGQ(O) ™ 60(0) ch ch

(5.50)

Our theoretical value of 0.18 is between the empirical
estimates of 0.15 by Faber and Pippard? and of 0.27
by Glover and Tinkham.?” Thus at the absolute zero
our theory gives a current density very much like that
proposed by Pippard. Since J(R,T) varies slowly with
T, most of the temperature variation is contained in
the constant Az.

Penetration Depths

A most important application of the equations we
have derived for the current density is to the calculation
of field penetration at a plane surface. The results
depend to some extent on the boundary conditions for
scattering of electrons at the surface. Pippard?® has
given general solutions for the limiting cases for specular
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reflection and for random scattering, based on corre-
sponding expressions derived by Reuter and Sond-
heimer®” for the anomalous skin effect. The penetration
depth, defined by

1 -]
A=——| H(x)dx, (5.51)
H(0)Y,
is given by
2 r* dg
A== f L (5.52)
7o ¢+K(g)
for specular reflection and by
™
A= , (5.53)

[ motgx]

0

for random scattering, where K (¢) is defined by (5.3).

Limiting expressions have been given for &/A large
or small compared with unity. The London limit
corresponds to £<<N\, in which case K(q) is a constant
=4m/Arc® over the important range of integration. The
penetration depth is then

)\L(T)= (47r/AT62)%. (554)

For a free-electron gas, this reduces to the London
value (mc?/4mrne?) at T=0°K. Since, for most metals,
£e~10"* cm and A~5X10-% cm, it is the opposite
limit, £>>\, which is more applicable (except possibly
near 7). In this limit J(R,T") does not vary much over
the penetration depth, so that it is only the value at
R=0, J(0,T), which enters. Pippard? has given expres-
sions for A in this limit, called A,. For random scattering,

31/6 50)\ L2 3
ey
(2m)*\J(0,T)
while the value for specular reflection is smaller by a
factor 8/9.

(5.55)

v

.
L [Aglo)] _[€m €.(T)
Yon] |0 1O By

0.2

o | 1 | | 1
03 04 o5} o1} o7 o8 Q9 [Xe)

teT/T

F16. 6. The temperature variation of the penetration depth,
A, in the infinite coherence distance limit, (£,/A\)— =, compared
with the empirical law, [A(Q)/A(T) =1—#.

37G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc.
(London) A195, 336 (1948). - - .
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Taste IV. Penetration depth, A, at T=0°K.®

(¢))] 2) 3) )

(5) (©) ) ®) )

108AL, 104%v0/E T o 10¢%, Specular reflection Random scattering ?(l))ssx

Metal cm cm cm £o/AL NAL 106z NAL 106\ cm
Tin 3.5 14 0.25 7.3 14 4.8 1.6 5.7 5.1
Aluminum 1.6 8.2 1.5 93. 2.8 44 3.2 5.2 4.9

a Values of Az and 9o are those estimated by Faber and Pippard?s from high-frequency skin resistance and normal electronic specific heat. The value
of %o is 0.18hwvo/kT., as in (5.43). Ratios in columns 5 and 7 are taken from Fig. 6. Observed values are from reference 25.

The temperature dependence of A, can be obtained
directly from (5.45). The second term vanishes when
R=0, so that we have

A2(0) =[en(T) tanh[ 38 (7T) ] ]*
Aa2(T) €(0) ’

A plot of this quantity on a reduced temperature scale
is given in Fig. 6. It is plotted in this way so that a
comparison can be made with the empirical law:

A(0)/N(f)=1—1¢, (5.57)

based on the Gorter-Casimir two-fluid model. It is seen
that our theory is very close to the empirical law except
for temperatures very close to T.. It is in this region
that the approximation #>>\ becomes invalid as a
result of A increasing with T'. The corrections are such
as to reduce the theoretical values so as to bring them
closer to the experimental values.

To determine A(T) for intermediate cases, we plot in
Fig. 7 the quantity A(T)/AL(T) as a function of &/
AL(T). The calculations are based on use of the asym-
totic forms for K(g) near T=0° and T=T, given in
Appendix C, and numerical integrations of (5.52) and
(5.53). The curves for the two limiting temperatures
are quite close together, indicating that the effect of
the variation of J(R,T) with temperature is rather
small. This procedure is analogous to that of Pippard®
who gave a plot by means of which one can determine
A from known values of & and \r for the case J(R,0)
=exp(—R/%).

Using our theoretical expression (5.50) for & and
empirically estimated values of v and A (0) for tin and
aluminum,?® we have obtained £,/A1(0), and, using
Fig. 7, have determined A (0)/A1(0) for these two metals
(Table IV). The agreement between theory and experi-
ment is reasonably good, the experimental values falling
between the theoretical values calculated for random
scattering and specular reflection.

The theory we have presented applies to a pure
metal. Pippard® has shown experimentally that the
existence of a finite mean free path, /, due to impurity
scattering, has the effect of increasing the penetration
depth, and has suggested that it may be taken into
account by introducing an extra factor, exp(—R/l),
into the kernel for the current density. One of the
authors” has shown why such a factor may be expected
from a theory of the diamagnetic properties based on

(5.56)

an energy-gap model. Similar considerations apply to
the theory developed in this section; however, effects
of coherence on the scattering matrix elements intro-
duce complications and the proper correction factor has
not yet been worked out. _

To complete the electrodynamics we should give a
relation corresponding to the second London equation,
the one which gives the time-rate of change of current
when an electric field is present. Such a theory would
require a calculation, not yet completed, of transport
properties with our excited-state wave functions. We
expect to find something similar to a two-fluid model,
in which thermally excited electrons correspond to the
normal component of the fluid. For frequencies such
that hv<ey, one may determine 9j/9¢ for the super-
conducting component by taking the time derivative
of the integral relation (5.2) and then setting dA/d¢
= —¢E in the result (see reference 7).

3.0
2.5

AT Random T=0°K

Scattering T =T,

Aum ¢
2.0+

Specular T=0°K
Reflection 1= 71,

0.10 1.0 10 100
& /hL (M

F1G. 7. The ratio A(T)/Ae(T) vs &/A(T) for the boundary
conditions of random scattering and specular reflection and for
temperatures near 7'=0°K and near T'=T7.. The temperature
variation of A (7)) is given by AL(T) = (Apc?/4mr)t.
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V1. CONCLUSION

Although our calculations are based on a rather
idealized model, they give a reasonably good account
of the equilibrium properties of superconductors. When
the parameters of the theory are determined empirically,
we find that we get agreement with observed specific
heats and penetration depths to within the order of
10%. Only the critical temperature involves the super-
conducting phase; the other two parameters required
(density of states and average velocity at the Fermi
surface) are determined from the normal phase. This
quantitative agreement, as well as the fact that we can
account for the main features of superconductivity is
convincing evidence that our model is essentially
correct.

The basis for the theory is a net attractive interaction
between electrons for transitions in which the energy
difference between the electron states involved is less
than the phonon energy, 7%w. For simplicity we have
assumed a constant matrix element, — V, for transitions
within an average energy 7w of the Fermi surface and
have neglected the repulsive interaction outside this
region. In more accurate calculations one should take
an interaction region dependent on the initial states of
the electron and the transition involved, and also take
into account any anisotropy in the Fermi surface and
in the matrix elements. The fact that there is a law of
corresponding states is empirical evidence that such
effects are not of great importance. Neglect of the
repulsive part of the interaction is in the spirit of the
Bloch approximation for normal metals, and appears to
be well justified in first approximation. Our theory may
be regarded as an extension of the Bloch theory to
superconductors in which we introduce only those
interactions responsible for the transition.

An improvement in the general formulation of the
theory is desirable. We have used that of Bardeen and
Pines in which screening of the Coulomb field is taken
into account by the Bohm-Pines collective model, and
the phonon interaction between electrons is determined
only to second order. Diagonal or self-energy terms in
the net interaction have been omitted with the assump-
tion that they are included in the Bloch energies of the
normal state. When the phonon interaction is so large
as to give superconductivity, higher order terms than
the second may well be important. One should really
have used a renormalized interaction in which such
higher order terms are taken into account as well as
possible. Very likely the assumption of two-particle
interactions is a reasonably good one, so that the only
effect would be a redefinition of the interaction constant
V in terms of microscopic quantities.

The discussion of the matrix elements in Sec. IV
should be a good starting point for calculation of
transport properties in the superconducting phase. Our
excited state many-particle wave functions are not
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much more difficult to use in such calculations than the
determinantal wave functions of the Bloch theory.

For calculation of boundary energies and related
problems, one would like to introduce an order param-
eter which can decrease continuously from an equi-
librium value for the superconducting phase to zero in
the normal phase as the boundary is crossed. The
Ginsburg-Landau theory and its extensions’ appear to
give a good phenomenological description of such effects.
Perhaps the energy gap, 2, or, what is equivalent,
the coherence distance, &, could be used for such a
parameter.

Another problem, not yet solved, is the calculation
of the paramagnetic susceptibility of the electrons in a
superconductor, such as is required to account for
Reif’s data®® on the Knight shift in the nuclear para-
magnetic resonance of colloidal mercury. Our ground
state is for total spin S=0. It is possible that there is
no energy gap between this state and those for S50.
While a finite energy is required to turn over an
individual spin, it might be possible to construct states
analogous to those used in spin-wave theory in which
each virtual pair has a small net spin, and for which
the energy varies continuously with .S. The explanation
of the observed electronic paramagnetism (about two-
thirds that of the normal metal) would then be similar
to that suggested by Reif himself.

In view of its success with equilibrium properties,
it may be hoped that our theory will be able to account
for these and for other so far unsolved problems.

The authors are indebted to many of their associates
for discussions which have helped to clarify the prob-
lems involved. We should like to mention particularly
discussions with C. P. Slichter and L. C. Hebel on
calculation of matrix elements, with D. Pines on the
criterion for superconductivity, and with XK. A.
Brueckner on the exactness of the solution for the
ground state.

APPENDIX A. CORRECTIONS TO GROUND
STATE ENERGY

We may estimate the accuracy of our superconducting
ground state energy, W, measured relative to that of
the normal state, by making a perturbation theory
expansion, using the complete set of excited state
superconducting wave functions as the basis functions
of the expansion. We first consider the reduced, Hreq,
which includes only pair transitions for pair momentum
¢=0, and then the effect of the neglected portion of
the Hamiltonian, H'=H — H yeq.

To the second order, the ground state energy of Hreq
is:

l(\I'ilHredl‘Ilo)lz
Wo= (Wo| Hrea| ¥o)+ X2 4.
i70

Wo—W;

(A1)

=Wt W@+ ---.
3 F. Reif, Phys. Rev. 106, 208 (1957).
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Since the smallest excitation energy is 2eo, the second
order energy is overestimated by setting |W,—W,|
=2¢ and performing a closure sum. We obtain the
inequality

W <[(Vo| Hrea? | Wo) — (¥o| Hrea| ¥0)2]/ (— 2e0)

Watwpt+w,
—_— (A2)
—2eo
where
wa= (Wo| He*|Wo) — (Wo| Ho| ¥0)?, (A3)
Wp= (‘I’olHoHv+HuH0|‘I’o)

—2(Wo| Ho|Wo) (Wo| H, | o), (A4)
we= (Wo| Hy2|¥o)— (Wo| H, | ¥0)?, (AS)
and

Hy= Z exdi*bp+ Z Ifklbkbk*’ (A6)
k>kF k<kp
H,=—V Y by*by, (A7)
K,k

the sum in (A7) being carried out over the region |ex|
and |ey| <#w. If terms in W@ linear in the volume
of the system are evaluated, the following expressions
may be derived with the aid of the decomposition
(2.25):

fiw
=8N (0) f deh(O[1—h(e)]e, (AS)

hw fiw
Wp= — 16N(O)Vf dey,f dez{h(el)tl—h(el)]

Xh(e)[1—h(e) ]} [1—2h(e)) Jer, (A9)

wc=é[N(0)V]2[ f hwdelmeo[w(eoj]?

hw
% f de[1—2h(e)T. (A10)

With the use of the relations (2.35), (2.36), and (2.37),
terms linear in the volume in (A2) become

fiw
— 2eqW4® <8N (0) f de ezlh(e)[l-—h(e)]
0
——6—°~+f—°~]=o, (A11)
4F?

and therefore Wy®/W, vanishes in the limit of a large
system.

It is likely that (Wo|H rea®™|Wo)— (Wo|Hrea| ¥o)™ also
vanishes in this limit for # small compared with the
total number of valance electrons in the system. For
¥, to be an exact eigenfunction of H .4, in the statistical
limit, it is required that the above condition hold for
all #. Since this requirement can be shown to hold in
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the strong coupling limit, it is possible that ¥, is exact
in the statistical limit for all values of the coupling
constant, although no proof has been found at this time.

We may estimate the effect of the neglected portion
of the Hamiltonian, H'=H— H,.q by a similar pertur-
bation calculation. To second order in H’ the correction
to the superconducting ground state energy W, (meas-
ured relative to the normal ground state) is

s O

, (A12)
i Wo—Wi

where

(@] H'[0) = — V{ [ (ko)1 — (ko) (k) (1~ A (k")) ]}
— [0 )1 =R (ko) (K)(A—A() . (A13)

The first term in (¢|H’|0) may be identified with
breaking up a pair in ko, the spin-down member going
to —k¢'} and breaking up a pair in k, the spin-up
member going into k4. The second term arises from
ko and k’ being occupied in the ground state and
arriving at the same intermediate state by kot—kot
and —k’}J——k{. The transitions involving particles
with parallel spin have been neglected since their
contribution is reduced by exchange.

Since the distribution of particle changes differs only
over an energy region several eo wide, it is to be expected
that most of W’ will cancel between the normal and
superconducting phases. To estimate the energy differ-
ence, we shall carry out the sums over a region 6e¢g wide.
Inserting typical values in (A12), we find

V23N (0)eq J?
2¢p

~

3eo
(-E—)N10—3Wo, (A14)

F

where the factor (3eo/Er) comes from the average
reduction in phase space as a result of conservation of
momentum of the pairs making transitions.

These estimates indicate that although the total
energy associated with H' may be significant, the effect
of H’ on the condensation energy is very small. It should
be possible to obtain any required quantitative cor-
rections to Wy by use of perturbation theory.

APPENDIX B. CHANGE IN ZERO-POINT ENERGY
OF LATTICE VIBRATIONS

The contribution to the condensation energy from
the change in zero-point energy of the lattice can be
estimated on the basis of the Bardeen and Pines
collective ion-electron treatment.'® Their theory gives

Wzp®—W zp™

[ M2 (D = 1) — (1 — My ™) }

= kZ;E » (BD)

€x— €k hw

where #,® is the average occupation number in the
superconducting state and #x™ that for the normal
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state. The sum over x ranges over the first zone and
k+x is to be interpreted as the corresponding reduced
wave vector so that Umklapp processes may be taken
into account. If k-4« is replaced by k and x by —« in
the terms containing #iy,, (B1) reduces to

W 25 —W zp™
2| M| *(ex— €xct) (n1’D —ma™)

(ex— €xp)?— (Trco,)?

=2 (B2)

kK

If the sum over « is carried out, it is seen that the
quantity multiplying the difference in occupation num-
bers is almost independent of k. Since 7@ —ny™ is
antisymmetric with respect to the Fermi surface and
differs from zero only in a range of the order of several
€o, it follows that the change in zero-point energy will
be small compared to W.

A rough estimate of the sum gives

#hw
Wzp®—W zp™ = —2(| M| 2>f N(0)A(e)de
0

&z e—¢ e+¢
X N(€) [ } dé
&r (e— €)= (w)®  (ete€)— ()

#w
~— 2| M) f N (O)h(de- 2N (82)/ ]

(1%

z

~—2

[V (0) e s/ 82) W 10-3W,, (B3)

where & is the energy at the zone boundary and typical
values have been inserted for the parameters. Thus, it
appears that the lattice zero-point energy should have
little effect on the condensation energy.

APPENDIX C. EVALUATION OF THE KERNEL
IN THE PIPPARD INTEGRAL

According to (5.41), the kernel of the Pippard integral
expression for the current density at any temperature
T may be written

J(R,T)=I(R,0)—I(R,e0)

N H:(T())Afiw! {f(e;)__ ::(6) ~ L) | cosale—e)dede,

(C1)

where a=R/#%ve. The limits should really be ==7w, but
the convergence is sufficiently rapid in the weak
coupling limit so that we may replace 7w by % without
appreciable error. One integration can be performed if
use is made of the symmetry of the integrand in € and
¢/. We shall use the second form given for L(ee€’) in
(4.22), with the lower (+) signs. From the symmetry
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for positive and negative values of e and €/, the integral
may be written as the sum of two integrals with limits
0 and o

J(R,T)=[Ar/m*(0)A](I1+12), (C2)
where
© n® [F(e)—F(€)] cosae cosae’
I=2 dedd,  (C3
j; j; €—¢? )
© 0 [G(e)—G(€)]e€ sinae sinae'dede’
12=2 s C
fo J — (co)
and
F(e)=[1-2f(e)Je—[1—-2f(E)J(E+eE™), (C5)
Gle=[1-2f(eJe*—[1—2f(E)JE. (Co)

Unless the argument is given explicitly, eo=eo(T).

If integration over the region about ¢ = ¢ is made by
principal parts, each of the two terms in I; (and each
of the two terms in Ij) will give equal contributions.
Care must be taken to take the same limits for e and €.
Thus we may write

b b F(e) cosae cosae'dede
=t tim [ f . ()
00 J, 2—

Here @’ indicates the principal part of the integral of
¢ past ¢ =e is to be taken. Since F(e)—0 as e—>, the
value of the integral does not depend on how the upper
limits of the integrals over ¢ and € are approached.
Thus we may set b=« for both, and integrate over €
first. This would not have been true if we had not
included 7(R,0), the normal state contribution, which
is equivalent to the term proportional to A in the
expression for the current density. The lower limit is
more critical ; we must take @ the same for both e and
¢’ and approach the limit ¢=0 only in the final result.
The integral over ¢ may be obtained from

f°° cosae’de f“’ cosae'de
e—¢’? o €e—¢€?

a

o dé
Jfo o (©

In the second integral on the right we have assumed
that @ is sufficiently small so that cosae’ may be replaced
by unity. The first integral on the right may be evalu-
ated by contour integration and the second directly to

give
® cosae'de sinee 1 eta
@'f —ir ———In( ) (c9)
e—a

¢ E—e? € 2e

Similarly, to evaluate I,, we have

© ¢ sinwe’'de’
(P'f ——————=—17 cosae. (C10)
0

/
62_‘62
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In this integral we may take ¢=0, since the integrand
is not singular at the origin. Combining I; and I», we
find

® e+a\ de
11+Ig=—2f F(e)ln( )—'

a €eE—a/ €

sin2ae
7 de. (C11)
€

. f “Lr(9—e6(9

In the limit a—0, the first integral gives a contribution
only near e=0. We may therefore replace F(¢) by F(0).
The logarithmic integral may then be evaluated, and
we find

I1+12=7|'250[1"' Zf(eo)]

© 1—2f(E) sin2ce
—21r€ozf v
0 E €

de. (C12)

Note that this expression vanishes in the two limits
e—0 and a (or R)—, as it should. The second term
vanishes as R—0.

From (C2) and (C12), we may write

FRT)— 2Ared j;w ‘ 1—2f(eo)

meo(0)A

€0

B 1-2f(E) }szaede, (c13)

E

€

which is equivalent to (5.45) of the text.
Since f=0 when 7'=0, we can write

JRO)= Zeij) ( Ze:r(o) jﬁ*‘” sinZaede). (C1)

eE

This can be put into a form convenient for evaluation
by using

da 0 EE

3 * sin2ae ® cos2ae
€= f de (C15)
0

=2Ko(2aey),

where K is a modified Bessel function® which falls off
exponentially for large values of its argument. If we
now observe that fo*Ko(y)dy=m/2, we obtain

0

2
J(R,0)=~ Ko(y)dy.

T 2R/wéo

(C16)

We next consider the integral of J(R,T") with respect
to R. If we introduce a convergence factor, we may

39 See Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher
Transcendental Functions (McGraw Hill Book Company, Inc.,
New York, 1953), Vol. 2, pp. 5 and 19,
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integrate under the sign in (C13):

0

lim | e 7 sin(2eR/%vo)dR=1#vo/ €.

0
i 0

(C17)
Thus, remembering that &= kve/[re(0)], we find

1 00
— f J(R,T)dR
£ovo

LY

€

According to (5.44) of the text, Ar is defined so that the
expression on the left is equal to unity. If we integrate
the right hand side by parts, we find that

A ©d 1-2f(E)\de
=T

Ar o dE E E

This integral may be expressed in terms of € and its
temperature derivative by differentiating the defining

integral for ¢ with respect to 8=1/kT. By a change
of variable, Be=x, Beo=7y, we may write

how {1 —
1 _ f 1 2f(E)dé
NOYV J, E
[ 1-2f((a+5)")
= _—dx
0 (a7t

We now differentiate with respect to 8, remembering
that y depends on. 8. In the weak-coupling limit
[eoKPew, f(Bhw)~0], we find:

1 d(Ber) € e d f1—2f(E)\de
0="f—2.2 ——(—f)—. (C21)

B d3 BYe dE E E
The integral converges sufficiently rapidly so that we

may replace the upper limit by «. Comparing (C19)
and (C21), we find that

AT 1 d (ﬁE())

A e d8

(C19)

(C20)

(C22)

as stated in (5.25).

Finally, we shall derive an approximate expression
for the transform K(¢) valid when ¢hvo> €0(0). First
we express K (¢) as an integral of J(R,T). The transform
of j(r) may be written

(@)= ——G—K(q)a(q)
4rr

3 fRI:R-a(q)]ei‘l'R

- J(R,T)dr.
4rcAréo R¢

(C23)
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To carry out the integration over angles, we take the
polar axis in the direction of q and set #=cosf. This
gives

3r

*Aréo

© L1
K(g)= f f (1—12)eieJ (R, T)dudR. (C24)

When (C13) is substituted for J(R,T), we require the
following integral:

©
g(b)=f f e'Bev(1—4?) sin(eRq/ e1)dudR
0 -1

145
=(1-0% ln(——~—)+2b,
1-%

where e;=3%¢%vo and b=¢/e;. We thus find

6re? p2(1—2f(en) 1—2f(E)
qc%hvoj; { B E

(C25)

de
K(g9)= ] g(b)—. (C26)

€0

Expansions of g(b) for b small and b large are

1 1
b<1: g(b =4(b——b3——b5~--), C27)
g(®) Py (

11
b>1: (b)=4(——+———+--- . C28)
8 3b 15b% (
Further,
©  db
[ so==1r. (C29)
0 b

We may change the variable of integration in (C26)
from € to b, and then use different expansions for <1
and 6> 1. One of the integrals required is

11-2f(E 1 1 db
4f ——f){b———bs——~b5—— .. ]_
0 E 3 15 b

©1-2f(E)( 1 1 db
+4f { et }—. (C30)
1 E 3b 156 b
In terms of b,
E=e(0+ b3, (C31)
where
bo= 60/61. (C32)

An approximate expression valid in the limit 5,1
may be obtained by neglecting &, in the integral for
b>1, and also in terms in & and higher in the integral
for < 1. The only integral in which &¢® is not neglected
in comparison with 5? is the first term,

112 a1—2f(E
4f —————f—g—ﬁ—:)—db=i i__z_]_(g_)de’ (C33)
0 E e1vo
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which can be determined from (C20), the defining
integral for e,. For ¢>¢; we may take f(E)=0. Thus
we find

4 pal1—2f(E) 4/ 1 hw)

— N | ——

€
€1v ¢ E €1 N(O)V €1

4 qhvo
=—In
€1 €0

(C34)

The latter form follows from the expression for €o(0)
in the weak-coupling limit. The remaining terms cancel
when b¢? is neglected :

fl{lﬁ bs }db
o 03 15 b2

@1 1 db’
+f {——-l—————-l—' x ]—=0- (C35)
1 130 1583 b?
Thus we find that for ghve/eo(0) =mwqte>1,
3nr%e 16¢
K@= | 1-25(e) = nrgt | (C30)
qc*A v, w2qhvg

For ¢ very small, K(g) approaches the constant value,
K(@=M%T)=4x/(Arc), (¢—0) (C37)

where Ar is the temperature-dependent London con-
stant defined by (C22). For intermediate values of ¢,
one may interpolate between this constant value for
7gq£o<<1 and the asymptotic form (C36) for large ¢.

The two limiting cases are 7=0°K and 7 close to T..
At T=0°K, e;—€0(0) and f(e0)—0, and we find

K(q)=4r/(A)=1/A:%(0), (g—0); (C38)

3r 16
K(g)= 1—- In(wgéo) p, (large q). (C39)

4206l Tk
Near T, one may determine Ay from (C22) and (3.49):
A/Ar=0.2382e(T)=2(1—1), (C40)

where 8,=1/kT; and t=T/T.. When (T is small,
1—2f(e)) =tanh(38e0)—>3Bce0(T).  (C41)

Thus the limiting expressions for K (q) as T—T, are

K@= 20 (q—0); (C42)
NET)  A0)

K@= [ 189 1n<1rqso>}, (large ). (C43)
4q)\L2(T)£01 7r3q£o

The close similarity of the expressions for the two
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limiting cases is evident. The reason for the similarity
is that J(R,T) varies slowly with 7.

At temperatures very close to T, A becomes larger
than %o, so that A(T) approaches A.(T). A comparison
of penetration depths measured near 7', to those meas-
ured at low temperatures would then be expected to
give

A0)  A(0) AL(0) A (0)
MT) A(0) MT) Ap(0)

This is to be compared with the ratio 2(1—£)# which the
empirical law, (1—#)}, gives as —1.

VI(1—f)h  (Cad)

APPENDIX D. CORRELATION OF ELECTRONS
OF OPPOSITE SPIN

Insight into the coherent structure of our ground
state wave function may be obtained by an investiga-
tion of the correlation function for electrons of opposite
spin. For the normal metal (in the Bloch approxima-
tion), electrons of antiparallel spin are entirely uncorre-
lated while for electrons of parallel spin there is the
exchange correlation.

The correlation function p,,(r',x"’) for an n-electron
system is defined as

2n
poren(F )= 3. f f dry- - dr W (11 - - 72)

2,7=1

XE (11 + #n)do (£;— )5, (r;—1"). (D1)

This can be written in second quantized form, following
the notation of Sec. V, as

parerr (X' X7) = (Wo o * (X Wor* (X Woor (X )Wor (') | o)
= X (To|c*(kno")c* (keyo")e(ks,o")c(kao™) [ o)

ki, k2, k3, ky
xei(kq—kﬂ-r"+i(ka—k2)or’, (DZ)

where ¥, is our ground-state wave function.
Of particular interest is the correlation function for
electrons of opposite spin. If we define

(D3)

use the matrix elements obtained in Sec. IV, and set
r=r'—r1", we get at the absolute zero of temperature

pa(r)=n[3n+P4(r)],

pa=pritpin,

where

PA(r)=—( ) f dkdk’{e““’ k)-r ;g),)|' (D4)

The integration is over ®, the region of interaction
(||l <#w), and % is the number of electrons of both
spin directions per unit volume. The terms in the
bracket give the number of electrons of opposite spin
per unit volume one would find a distance  away from
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an electron of given spin direction. The first term is
just the average density, whlle the second gives the
effects of correlation.

The integral of P4(r) gives the number of electrons
of opposite spin correlated with a given electron. This is

f st 60;;0) (51;) 3f o :o2 ©)

«?(0) 1 dk he (e
s - ——] kp2f — . (DS)
2n 7w d&lr o €+e(0)

3 1 T W
‘4kF$0 2 n’

where we have given slowly varying functions their
value at the Fermi surface, and have used (5.43) and
n.=N(0)eo(0). Thus the number of electrons of given
spin correlated to one of opposite spin is of the order of
the ratio of the number of electrons in coherent pairs
to the total number of electrons in the system.

The range of the spacial correlation may be deter-
mined by investigating P4 (r). We must then evaluate

( ) fd krtd Pk sinkrdk
2 ®

27r?r kr—s €+ 602(0)]%
To evaluate this, we make use of the sharp maximum
of the integral near ¢=0 and the fact that the sine
function is rapidly oscillating in this region for values
of r of interest, kpr>1. We set (as in Sec. V)

ezk T

e=kr+e/ (hvo),

F

dk
kzkp—l———] (D7)
a8

and

sm(k F-l———)rNsmk rr cos(——r) , (D8)

]’L‘Do

give slowly varying functions their value at the Fermi
surface, and drop terms ant1symmetr1c in e. Then,
setting &= ¢/ e, we get

(D9)

w2 hvo

kr 1 e cos(rx/wo)dx
A
0 (224-1)%

where a=7%w/e>>1. The integral may be expressed as

;)
cos (rx/ 1r£o)

_ f o dx, (D10)

where K, is a modified Bessel function.®® Since ¢>>1
except for very small values of 7, (x241)~x in the

f cos(r/vréo)x
o (1)}
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last integral. Then, setting {=7x/(w&), we have

kr
[=—— smkpr[Ko( ) f -——dt] (D11)
w2 hvo & ar/nto

Asymptotically

® cost sinx
— —di~——r, 1,
z t x

(D12)

while Ko(x) falls off exponentially. Thus the asymptotic
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behavior of P4 (r) is given by .

€ 7
sin?k pr sin? (-—— ——)
()] fw &0

2 (7o) (kpr)*

(D13)

PAf'\'

Since a=hw/e>>1, the range of correlation is deter-
mined by the K, function which drops off rapidly when
r/(w&0) 2 1. Thus correlation distance is the order of
rEe~10~* cm.
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Residual Resistivity of Gold Alloys : Dependence on Periodic Table*
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The residual resistivities of dilute alloys of gold are calculated by the same method which was employed
in a similar study of the residual resistivities of copper and silver alloys. Asin the earlier work, the calculated
results agree well with experiment with the exception of the alloys gold-copper and gold-silver. The
application of the modification of the Friedel sum condition to other problems is suggested.

I. INTRODUCTION

N a previous paper! attention was directed to the
fact that the residual resistivities of dilute noble
metal alloys exhibited a very systematic dependence on
the position which the solute occupies in the periodic
table of the elements. The most pronounced dependence
is on the valence of the solute: Ap, the residual resistiv-
ity per atomic percent solute, increases approximately
as the square of the valence difference Z. Since we are
concerned here with monovalent solvent metals,
we have Z=27'—1 where Z’ is the valence of the solute.
In addition to this well-known Z? dependence, for which
Mott? and Friedel® have provided satisfactory explana-
tions, Ap, for a given Z, also depends systematically
on the row, or period, of the periodic table to which
the solute belongs. Solutes which occupy the silver row
of the periodic table invariably give rise to smaller
values of Ap in every one of the noble metals than do
solutes which belong to the copper row. In the notation
of I, we can express this experimental observation by
the following inequalities

Cu(Cu) Ag(Cu)
Cu(Ag) Ag(Ag)

* Supported in part by the Air Force Office of Scientific Research,
Air Research and Development Command.

1F. J. Blatt, Phys. Rev. 108, 285 (1957). Hereafter, we shall
refer to this paper as I.

2 N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936).

3J. Friedel, Advances in Physics (Taylor and Francis, Ltd.,
London, 1954), Vol. 3, p. 446.

Au(Cu)
Au(Ag)

Calculations of Ap based on a free electron model,
such as those of Mott, Friedel and others*® differ in
their numerical results but do all lead to the conclusion

Cu(Cu) 3 Ag(Cu) _Au (Cu) B
Cu(Ag) Ag(Ag) Au(Ag)

Calculations of the residual resistivities of dilute
alloys of copper and silver where found to be in good
agreement with experimental results if the expansion of
the lattice in the neighborhood of a solute atom was
taken into account in a manner suggested by Harrison.®
In the present article we report results of similar
calculations on dilute alloys of gold.

II. CALCULATION AND RESULTS

It was shown in I that the discrepancy between
the observed values of the ratios Cu(Cu)/Cu(Ag)
and Ag(Cu)/Ag(Ag) and those calculated in a free
electron approximation could be obviated by a suitable
modification of the Friedel sum condition.? The Friedel
sum rule states that

(2/m)21(214+-1)8:=N, 1)

where §; are the phase shifts evaluated for electrons
at the Fermi surface and N is the excess charge,

F. J. Blatt, Phys. Rev. 99, 1708 (1955).
5 P. de Faget de Casteljau and J. Friedel, J. phys. radium 17,
27 (1956).
6 W. A. Harrison (to be published).



